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A discrete-stochastic algorithm for approximation of an integral with laboriously cal-

culated integrand which also depends on a parameter is investigated. To reduce the

calculation cost it is proposed to use the double-sided geometrical method. Recommenda-

tions for the choice of conditionally optimal parameters of the algorithm are formulated.

The results of test calculations are presented. These results confirm the correctness of the

choice of conditionally optimal parameters.
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ÊVË+Ì
ÍÍÎ-Ï�Ð�Ì
Ñ-Î
Ò-Ó¸Ð�Ì
Ô�Ô�Õ�ÌÖÒ-Ð×Ø�Ì
ÓÙÒ-ÔÛÚNÜÝÌÝË+ÌÝÞ�ÌqßÐ×ÑÖà�×%áâÓ�Í×%Úã×Í%Ò-Ó�ä�Ð�Ìåà2Ì%æsÜÝÌ
Ø-×ÔÛÚ%ç�Ó�ä�ÎèÎ
Òéß�Ì
Ð�ÌåêÕsÓÙÒ-Ð�Ì

I(x) =

∫

Y

g(x,y) dy, x ∈ X ∈ Rm. (1)

ë½Ü�ìíÞ�Ì
ÓÙÒ-ÔÛÚ�Ë2×Ô�îÐÓÙÒ-ÍÎÖêïÔÙÒ-Î~ð#Ì
ÔÙÒ-×ÞÓ�Ô�î×ÏñÌåà�ä�Î-Ð×%Ò-Õóòõô�ö÷æ�Øèî#Î
Ò-Î-ÐÎ-Õ³ßÎèß�Ì
Ð�Ì
ÕsÓÙÒ-Ð%ì
x
Ø-Ø-Î�Ë2×%Ò-ÔÛÚÔ�ÓÙÒ-îíÌ {x1, . . . ,xM} ø Ø!îíÌÖáâË2Î-Õ?ì#ÜÙà�Ó xi ù ìíÍîú×%Úéûüôåý�Ø-þ»Þ×Ô�à�ÚÓÙÒ-ÔÛÚ¸ÕsÓÙÒ-Î�Ë2Î-ÕÿÜÝÌ
Ø-×Ô�×Õsþ�ðb×Ô�ßþ�êÒÖÌ
Í×Ï

I(xi) =

∫

Y

g(xi,y)

f(y)
f(y) dy ≈ Ĩn1(xi) =

1

n1

n1
∑

j=1

ζ
(1,i)
j , (2)

ä Ë2Ó
ζ(1,i) = q(xi, ξ) =

g(xi, ξ)

f(ξ)
,

ßÐ× � Ò-Î-Õ?Ø-þ»Ñ-Î-ÐÎ-ÞÍþ»Ó Ü~Í�ÌÝÞÓ�Í×%Ú {ξ(j)} ÐÓ~Ìåà�×%Ü�ì�� Ò-ÔÛÚbÞ×Ô�à�Ó�ÍÍÎ�Ô�Î-ä¢à2Ì
Ô�ÍÎ�ßíà�Î
Ò-ÍÎ-ÔÙÒ-× f(x)
û Î�Ë�êÍÎ-Ï × Ò-Î-Ï áâÓ�Ë�à�Ú Ø-Ô�Ó�ð

i = 1, . . . ,M
ý � � ÌÖÒ-Ó�Õ�ßÐÎ-×Ô¢ð�Î�Ë2×%Ò Ø-Î-Ô�ßÎÖà�ÍÓ�Í×Ó ù ìíÍîú×× ûüôåýbßÎßÎÖà�ìíÞÓ�ÍÍþ»ÕNßÐ×ÑÖà�×%áâÓ�ÍÍþ»ÕãÜ~Í�ÌÝÞÓ�Í×%ÚÕNØâì#ÜÙà2ÌåðdÔ�ÓÙÒ-î×��

I(x) ≈ LM Ĩ(x) =

M
∑

i=1

Ĩn1(xi)ϕi(x). (3)
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�ÀÎÂÌ
Í�Ìåà�Î-ä�××lÔÂòõô�ö-ØÂîíÌÝÞÓ�ÔÙÒ-Ø-Ó.Ñ�ÌÖÜ~×Ô�Íþ�ð ù ìíÍîú×Ï {ϕi(x)} Ø-Î
Ü-�-ÕsÓ�Õdî#Î-ÍÓ�ÞÍþ»Ó � à�Ó�ÕsÓ�Í%Ò-þ��.Ò-ÐÓ�Ííêä�Ì�����×î#Ô~Ìdò �íæq�Öö�Ô|î%ì-Ô�Î-ÞÍÎÖê÷à�×ÍÓ�ÏÍÎ-Ï�Î-Ñ-Ð�ÌÖÜ�ì�� ç�Ó�Ï ù ìíÍîú×Ó�Ïÿû ×íà�×�� ù ìíÍîú×Ó�ÏíêïîÐþ%��î#Î-Ï�� ý �
��±³²����âµ�º½¾l·¸¾l¼¸¼¸´¸Å È.¹»¾lÉ ¹»º½·¸´¸Ä¸¹Âµ�¶¸´¸Å É ¹»º½¾,�
� Ì ù ×î#Ô�×Ð%ì-Ó�ÕèÍÎ-ÕsÓ�Ð i ×�Ð�Ì
Ô�Ô�ÕsÎ
Ò-Ð×ÕéÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-Íþ»Ï Ìåà�ä�Î-Ð×%Ò-ÕNû��-ý�Ë�à�ÚâÔ�à�ìíÞ�ÌÖÚ�æ-î#Î-ä Ë+Ì ù ìíÍîú×%Ú
g(xi,y)

îíÌ
î ù ìíÍîú×%Ú Î
Ò l êïÕsÓ�ÐÍÎ-Ï ßÓ�ÐÓ�ÕsÓ�ÍÍÎ-Ï y = (y1, . . . , yl)
ÚØÖà�ÚÓÙÒ-ÔÛÚ Ò-Ð%ì~Ë2ÍÎ-Ø-þ»Þ×Ô�à�×ÕsÎ-Ï �Ê Ð�Ì
Ñ-Î
Ò-Óéò �
ö�Ë�à�Ú � Ò-Î-ä�ÎèÔ�à�ìíÞ�ÌÖÚãØ�îíÌÝÞÓ�ÔÙÒ-Ø-Ó_Ìåàq�ÝÒ-Ó�ÐÍ�ÌÖÒ-×Ø-þ\ÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-Õvì�ÕsÓÙÒ-Î�Ë�ìZû��-ý!ßÐÓ¯Ë�êÔÙÒÖÌ
ØÖà�Ó�Í�Ô�à�Ó¯Ë�ì�� ç�×ÏéÌåà�ä�Î-Ð×%Ò-Õ»æ�Í�ÌÖÜ~Ø�Ì
ÍÍþ»ÏJ���N���q���
�
�(�\�����(�
�
 >��¡�¢*����¢�£ �q�
¤k¢*¥�¦§���¨��¢�£|�N�����

©ª�N�
£|¢�«�¬[���§\� ��ÀÐ×Í×Õ�Ì
Ó�Õ»æ2Þ%Ò-Î
0 ≤ q(xi,y) ≤ ψ(xi,y) � �ÀÐÓ¯Ë�à2Ì
ä�Ì
ÓÙÒ-ÔÛÚqØ-Ø-Ó�ÔÙÒ-×bË2Î-ßÎÖà�Í×%Ò-Ó�àq�-Í%ì��³î#Î-Î-Ð
Ë2×íêÍ�ÌÖÒ
ì

yl+1
×_Ø

(l + 1)
êïÕsÓ�ÐÍÎ-ÕNßÐÎ-ÔÙÒ-Ð�Ì
ÍÔÙÒ-Ø-Ó

(y1, . . . , yl, yl+1) = (y, yl+1)
Ð�Ì
Ô�Ô�ÕsÎ
Ò-ÐÓÙÒt�¸Î-ÑÖà2Ì
ÔÙÒt�

Y
(i)
ψ = Y × (0, ψ(xi,y))

æ*Ì¸ØdÍÓ�ÏJ�7Ô�à�ìíÞ�Ì
ÏÍ%ì��TÒ-Î-Þî%ì
(ξ1, . . . , ξl, ξl+1) = (ξ, ξl+1)

æ*Ð�Ì
Ô�ßÐÓ¯Ë2Ó�êà�Ó�ÍÍ%ì��VÔ�Î-ä¢à2Ì
Ô�ÍÎ�ßíà�Î
Ò-ÍÎ-ÔÙÒ-×

f̃i(y1, . . . , yl, yl+1) = f̃i(y, yl+1) =
f(y)

ψ(xi,y)
, y ∈ Y.

ë½Ü � Ò-Î-ä�ÎlÔ�Î-Î
Ò-ÍÎ(��Ó�Í×%Ú�Ô�à�Ó¯Ë�ì-ÓÙÒåæ#Þ%Ò-Î|Ø-Ó�î%Ò-Î-Ð ξ
ßÎÖêïßÐÓÙá ÍÓ�Õvì�Ð�Ì
Ô�ßÐÓ¯Ë2Ó�à�Ó�Í�Ô�Î-ä¢à2Ì
Ô�ÍÎlßíà�Î
Ò-ÍÎ-ÔÙÒ-×

f(y)
Ø
Y
æ�ÌèÔ�à�ìíÞ�Ì
ÏÍ�ÌÖÚNØ-Ó�à�×Þ×Í�Ì

ξl+1
Ð�Ì
Ø-ÍÎ-ÕsÓ�ÐÍÎ û ì-Ô�à�Î-Ø-ÍÎ#ý�Ð�Ì
Ô�ßÐÓ¯Ë2Ó�à�Ó�Í�ÌÿÍ�Ìè×Í%Ò-Ó�ÐØ�Ìåà�Ó

(0, ψ(xi, ξ)) �® 	��
�q¯�����=ô ��° Ó~Ìåà�×%Ü�ì-Ó�Õ n2
Ü~Í�ÌÝÞÓ�Í×Ï

l
êïÕsÓ�ÐÍÎ-ä�ÎéÔ�à�ìíÞ�Ì
ÏÍÎ-ä�ÎèØ-Ó�î%Ò-Î-Ð�Ì

ξ ∈ Y
Ô�Î-ä¢à2Ì
Ô�ÍÎßíà�Î
Ò-ÍÎ-ÔÙÒ-×

f(y) �� �N± à�Ú j êïÏâÐÓ~Ìåà�×%ÜÝÌ
ú×× ξ(j) Ø-Ó�î%Ò-Î-Ð�Ì ξ
ÕsÎ�Ë2Ó�à�×Ð%ì-Ó�ÕèÔ�à�ìíÞ�Ì
ÏÍ%ì�� Ø-Ó�à�×Þ×Í%ì

ξ
(j)
l+1

æ
Ð�Ì
Ø-ÍÎ-ÕsÓ�ÐÍÎ
Ð�Ì
Ô�ßÐÓ¯Ë2Ó�à�Ó�ÍÍ%ì��XÍ�Ì�Î
Ò-ÐÓÙÜ~î#Ó

[0, ψ(xi, ξ
(j))]

æ�ä Ë2Ó
j = 1, . . . , n2 �� � �.Ò-ÐÎ-×ÕãÎ-úÓ�Íî%ì¸×Í%Ò-Ó�ä�Ð�Ìåà2Ìk�

I(xi) ≈ În2(xi) =
1

n2

n2
∑

j=1

ζ
(2,i)
j , ζ

(2,i)
j = ψ(xi, ξ

(j))χ
Y

(i)
q

(ξ(j), ξ
(j)
l+1), (4)

ä Ë2Ó
χ
Y

(i)
q

(y, yl+1)
�L×Í#Ë2×îíÌÖÒ-Î-Ð_ÕsÍÎÝáâÓ�ÔÙÒ-Ø�Ì

Y (i)
q = {(y, yl+1); y ∈ Y, yl+1 ∈ [0, q(xi,y)]}

�LßÎ�Ë2ä�Ð�Ì ù ×îíÌ ù ìíÍîú×× q(xi,y) �² à�ä�Î-Ð×%Ò-ÕTôb×%Ü�ò �
ö.ÚØÖà�ÚÓÙÒ-ÔÛÚ�ÕsÎ�Ë2× ù ×ú×ÐÎ-Ø�Ì
ÍÍþ»ÕVßÎ_Ô�Ð�Ì
Ø-ÍÓ�Í×4� Ô ä�Ó�Î-ÕsÓÙÒ-Ð×ÞÓ�Ô�î×Õ³ÕsÓ�êÒ-Î�Ë2Î-ÕV×%Üéò ³åö÷ævî#Î
Ò-Î-Ðþ»Ï�Ô ù Î-ÐÕvìÝà�×ÐÎ-Ø�Ì
ÍèË�à�ÚÿÔ�à�ìíÞ�ÌÖÚ ψ(xi,y) = const �!´ Ó�Ô�à�ÎÝá ÍÎ�ßÎ-îíÌÖÜÝÌÖÒt�æÞ%Ò-Î
Eq(xi, ξ) = Eψ(xi, ξ)χ

Y
(i)
q

(ξ, ξl+1) = I(xi),

Ò � Ó � Î-úÓ�Íî× ζ(1,i), ζ(2,i) ×%Ü û��-ý�×èûµ�#ý�ÚØÖà�Ú4� Ò-ÔÛÚdÍÓ�Ô�ÕsÓÙç�Ó�ÍÍþ»Õs×q×�æîÐÎ-ÕsÓÀÒ-Î-ä�Îæ
Dq(xi, ξ) ≤ Dψ(xi, ξ)χ

Y
(i)
q

(ξ, ξl+1), (5)

Ò � Ó � Ìåà�ä�Î-Ð×%Ò-Õ ô¸ÍÓ Ë+Ì
ÓÙÒéìíÕsÓ�Í4�(��Ó�Í×%Ú�Ë2×Ô�ßÓ�ÐÔ�××NßÎéÔ�Ð�Ì
Ø-ÍÓ�Í×4�óÔ�ÎèÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-Íþ»Õ ÕsÓÙÒ-Î�Ë2Î-Õ¶dÎ-Í%Ò-Ó�ê#·|Ì
Ðíà�Î �
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Ê Ð�Ì
Ñ-Î
ÒÖÌåðÿò �æ9³åö�ìíîíÌÖÜÝÌ
ÍÎæ+Þ%Ò-Î ßÐ×ÕsÓ�ÍÓ�Í×Ó � Ò-Î-ä�Î¸Ìåà�ä�Î-Ð×%Ò-Õ�Ì ÕsÎÝáâÓÙÒ Î-îíÌÖÜÝÌÖÒt�-ÔÛÚqßÎÖà�ÓÙÜ~Íþ»ÕØâÔ�à�Ó¯Ë�ì�� ç�×íð?û Ë2Î-ÔÙÒÖÌÖÒ-Î-ÞÍÎ�ÐÓ¯Ë2î×íð�ý Ô�à�ìíÞ�ÌÖÚíð9�Ø-þ»Þ×Ô�à�Ó�Í×Ó|Ü~Í�ÌÝÞÓ�Í×Ï
q(xi,y)

ÚØÖà�ÚÓÙÒ-ÔÛÚbÒ-Ð%ì~Ë2ÎÖêÓ�Õsî×Õ»æ�Ì�ßÐÎ-Ø-Ó�Ðî%ìbÍÓ�Ð�Ì
Ø-Ó�ÍÔÙÒ-Ø�Ì
ξ

(j)
l+1 < q(xi, ξ

(j)) (6)

û ßÐ×éØ-þ»ßÎÖà�ÍÓ�Í××éî#Î
Ò-Î-ÐÎ-ä�Î
χ
Y

(i)
q

(ξ(j), ξ
(j)
l+1) = 1

ý ì~Ë+Ì
ÓÙÒ-ÔÛÚéìíßÐÎ-ÔÙÒ-×%Òt�æ*ÜÝÌ
ÕsÓ�Í×ØdÓ�ä�Î¸Í�ÌbÐ�Ì
Ø-ÍÎÖêÔ�×íàq�-ÍÎ-Ó �Ê�Ð�Ì
Ñ-Î
ÒÖÌåð�ò »%æ�¼åö#ßÐÓ¯Ë2ÔÙÒÖÌ
ØÖà�Ó�Í�ÌfÓÙç�Ó.Î�Ë2Í�Ì � ù|ù Ó�î%Ò-×Ø-Í�ÌÖÚlÕsÎ�Ë2× ù ×îíÌ
ú×%Ú!ä�Ó�Î-ÕsÓÙÒ-Ð×ÞÓ�Ô�î#Î-ä�ÎÀÕsÓ�êÒ-Î�Ë+Ì�������½`¥�£|�'�\�N�
�
�
¾¿¡�¢*����¢�£ �q�
¤k¢*¥�¦§�
¾���¢�£|�N�åæíî#Î
Ò-Î-Ðþ»ÏbßÐÓ¯Ë2ßÎÖà2Ì
ä�Ì
ÓÙÒ�Ô�Î-îÐ�ÌÖç�Ó�Í×Ó½î#ÎÖà�×ÞÓ�êÔÙÒ-Ø�Ì�Ø-þ»Þ×Ô�à�Ó�Í×ÏdßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú×× q(xi,y)
ßÐ×bßÎ�Ë2Ô�ÞÓÙÒ-Ó|×Í%Ò-Ó�ä�Ð�Ìåà2Ì

I(xi) � ·ÀÐÎ-ÕsÓÕ�ÌÖáâÎ-Ð�Ì
Í%Ò-þ³ÔÙÒ-ÐÎ-×ÕñÕs×ÍÎ-Ð�Ì
Í%Ò
ìéßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú××�� φ(xi,y) ≤ q(xi,y) ≤ ψ(xi,y) �² à�ä�Î-Ð×%Ò-Õ(Ë2Ø
ì-ÔÙÒ-Î-ÐÎ-ÍÍÓ�ä�ÎqÕsÓÙÒ-Î�Ë+Ì�Ì
Í�Ìåà�Î-ä�×ÞÓ�ÍèßÐ×Ø-Ó¯Ë2Ó�ÍÍÎ-ÕvìéØ-þ%��Ó Ìåà�ä�Î-Ð×%Ò-Õvì-æ*Ò-ÎÖàq�-î#Î�ßÐ×ßÐÎ-Ø-Ó�Ðî#Ó
æ ßÎ-ß�ÌÝË+Ì
ÓÙÒ�à�×(ÐÓ~Ìåà�×%Ü~Î-Ø�Ì
ÍÍ�ÌÖÚ Ô�à�ìíÞ�Ì
ÏÍ�ÌÖÚ Ø-Ó�à�×Þ×Í�Ì
(ξ(j), ξ

(j)
l+1)

Ø�ßÎ�Ë2ä�Ð�Ì ù ×î Y
(i)
qßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú×× q(xi,y)

æíÔ�Í�ÌÝÞ�Ìåà2Ì!ßÐÎ-Ø-Ó�Ð�ÚÓÙÒ-ÔÛÚ�æ�ßÎ-ß�ÌÝË+Ì
ÓÙÒ!à�× � ÒÖÌ!Ò-Î-ÞîíÌâØ!ßÎ�Ë2ä�Ð�Ìåê
ù ×î?Õs×ÍÎ-Ð�Ì
Í%Ò-þÀ� ξ(j)

l+1 ≤ φ(ξ(j)) � �ÀÎÖà�ÎÝá ×%Ò-Ó�àq�-Íþ»ÏÿÐÓÙÜ�ìÝàq�ÝÒÖÌÖÒ�×%Ü~Ñ�Ì
ØÖà�ÚÓÙÒqÍ�Ì
Ô Î
Ò�Ò-Ð%ì~Ë2Î-Ó�Õsî#Î-ÏßÐÎ-Ø-Ó�Ðî×dÍÓ�Ð�Ì
Ø-Ó�ÍÔÙÒ-Ø�Ì_û8»�ý � �ÀÐ× � Ò-Î-ÕãØ�Ô�Î-Î
Ò-ÍÎ(��Ó�Í××ÿûµ�#ý

ζ
(2,i)
j = ψ(xi, ξ

(j))
(

χ
Y

(i)
φ

(ξ(j), ξ
(j)
l+1) + χ

Ỹ
(i)
φ,q

(ξ(j), ξ
(j)
l+1)
)

, (7)

ä Ë2Ó
χ
Y

(i)
φ

(y, yl+1)
�L×Í#Ë2×îíÌÖÒ-Î-Ð_ÕsÍÎÝáâÓ�ÔÙÒ-Ø�Ì

Y
(i)
φ = {(y, yl+1); y ∈ Y, yl+1 ∈ [0, φ(xi,y)]}

�XßÎ�Ë2ä�Ð�Ì ù ×îíÌlÕs×ÍÎ-Ð�Ì
Í%Ò-þNßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú××�æíÌ χỸ (i)
φ,q

(y, yl+1)
�³×Í#Ë2×îíÌÖÒ-Î-Ð ÕsÍÎÝáâÓ�êÔÙÒ-Ø�Ì

Ỹ
(i)
φ,q = {(y, yl+1); y ∈ Y, yl+1 ∈ [φ(xi,y), q(xi,y)]}�LÎ-ÑÖà2Ì
ÔÙÒ-×dÕsÓÙáâË�ìbä�Ð�Ì ù ×î#Î-ÕãÕs×ÍÎ-Ð�Ì
Í%Ò-þZ×dä�Ð�Ì ù ×î#Î-ÕãßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú×× q(xi,y) �ÁsÔ�à�×�Õ�ÌÖáâÎ-Ð�Ì
Í%ÒÖÌ

ψ(xi,y)
×!Õs×ÍÎ-Ð�Ì
Í%ÒÖÌ

φ(xi,y)
Ë2Î-ÔÙÒÖÌÖÒ-Î-ÞÍÎÀÑÖà�×%Ü~î×�æÝÒ-Î Ü~Í�ÌÝÞÓ�Í×%Ú�ßÎ�Ë2þ»Í%Ò-Ó�êä�Ð�Ìåàq�-ÍÎ-Ï ù ìíÍîú×× q(xi,y)

Ø-þ»Þ×Ô�à�Ú4� Ò-ÔÛÚâÐÓ¯Ë2î#Î � ��à�Ó¯Ë�ì
ÚâÐ�Ì
Ñ-Î
Ò-Ó½ò ¼åö÷æåÑ
ì~Ë2Ó�ÕqßÐÓ¯Ë2ßÎÖà2Ì
ä�ÌÖÒt�æ
Þ%Ò-ÎÕ�ÌÖáâÎ-Ð�Ì
Í%ÒÖÌ
ψ(xi,y)

×�Õs×ÍÎ-Ð�Ì
Í%ÒÖÌ
φ(xi,y)

ßÐÓ¯Ë2ÔÙÒÖÌ
ØÖà�Ú4� Ò_Ô�Î-Ñ-Î-Ï�î%ì-Ô�Î-ÞÍÎÖêïßÎ-ÔÙÒ-ÎÝÚÍÍþ»Ó ù ìíÍîíêú××�æÖÎ-ßÐÓ¯Ë2Ó�à�ÚÓ�Õsþ»Ó�Ü~Í�ÌÝÞÓ�Í×%ÚÕs×�Õs×Í×ÕvìíÕ�Ì
φ

(i)
m
×!Õ�Ì
î#Ô�×ÕvìíÕ�Ì

ψ
(i)
m ù ìíÍîú×× q(xi,y)

ØÂÚÞÓ�ÏîíÌåðÔ�ÓÙÒ-î×
Bm
æÍ�Ì�î#Î
Ò-Î-Ðþ»ÓlÐ�ÌÖÜ~Ñ-×%ÒÖÌ�Î-ÑÖà2Ì
ÔÙÒt��×Í%Ò-Ó�ä�Ð×ÐÎ-Ø�Ì
Í×%Ú

Y �
Â ±ÄÃV·dÃ��l¼¸¹»¼¸´¸¹Æº½¾lÄ¸¼¸¾!µ�º½´ ¾[Å¸¹»¼¸¾l¶ ´ ¾[Æ¸º½´¸É ´ÈÇÂÃ�Å¸´ÈÉÊÆ¸¾ Ä¸´dµ�ÇË�

º½¾lÄ¸¹»¶ ·dÃÀÇ,Ìl´¸¹»¼¸´ÈÉ�±ÍÃñÇË� ÄdÃ|Å
l = 2

�½ì-ÔÙÒt�èË�à�Ú ßÐÎ-ÔÙÒ-Î
Ò-þ
Y = [0, 1] × [0, 1]

×
f(y1, y2) ≡ 1

ßÐ×
(y1, y2) ∈ Y

û Ø � Ò-Î-ÕTÔ�à�ìíÞ�Ì
Ó
q(xi, y1, y2) = g(xi, y1, y2)

ý � �.Ò-ÐÎ-×ÕYÐ�Ì
Ø-ÍÎ-ÕsÓ�ÐÍ%ì��VÔ�ÓÙÒ-î%ì�ÔÀ�âÌ
ä�Î-Õ h = 1/Ki � �ÀÎÖà2Ì
ä�Ì
Ó�Õ φ(i)
m ≤

g(xi, y1, y2) ≤ ψ
(i)
m
ßÐ×

(y1, y2) ∈ Bm
æ�ä Ë2Ó|ÚÞÓ�ÏîíÌ�×ÕsÓ�ÓÙÒ Ø-×#Ë

Bm = {(y1, y2) : (t
(m)
1 − 1)h ≤ y1 ≤ t

(m)
1 h, (t

(m)
2 − 1)h ≤ y2 ≤ t

(m)
2 h}.

� Ë2Ó�Ô*�
t
(m)
1 , t

(m)
2

�LúÓ�à�þ»ÓlÞ×Ô�à2Ì�Ø�ßÐÓ¯Ë2Ó�à2ÌåðdÎ
Ò
1
Ë2Î

Ki
æßÐ× � Ò-Î-Õ m = 1, . . . , K2

i
�Ê � Ò-Î-ÕñÔ�à�ìíÞ�Ì
Ó Î-úÓ�ÍîíÌÿûµ�#ý�æ.û�¼-ýÀ×Í%Ò-Ó�ä�Ð�Ìåà2Ì I(xi) Ø-þ»ä¢à�Ú#Ë2×%ÒqÔ�à�Ó¯Ë�ì�� ç�×ÕVÎ-Ñ-Ð�ÌÖÜ~Î-Õ �>° ÌÖÜ~þ»ä�êÐþ»Ø�Ì
ÓÙÒ-ÔÛÚ(Ô�à�ìíÞ�Ì
ÏÍ�ÌÖÚ Ò-Î-ÞîíÌ

(ξ1, ξ2, ξ3)
Ô�Î-ä¢à2Ì
Ô�ÍÎ�ßíà�Î
Ò-ÍÎ-ÔÙÒ-×

f̃(y1, y2, y3)
æ Ð�Ì
Ø-ÍÎ-Ï

1/ψ
(i)
m
ßÐ×
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(y1, y2) ∈ Bm
×
y3 ∈ (0, ψ

(i)
m )

×YÍ%ìÝàq�H×Í�ÌÝÞÓ ø Ô�Î-Î
Ò-Ø-ÓÙÒ-ÔÙÒ-Ø
ì�� ç�×ÓèÕsÎ�Ë2Ó�à�×Ð%ì�� ç�×Ó ù Î-ÐÕvìÝà�þÒÖÌ
î#Î-Ø-þÀ�
ξ1 = α1, ξ2 = α2

æ�×éÓ�Ô�à�×
(ξ1, ξ2) ∈ Bm

æ�Ò-Î
ξ3 = ψ

(i)
m α3

æ�ä Ë2Ó
αi
��ÐÓ~Ìåà�×%ÜÝÌ
ú××èÔÙÒÖÌ
ÍíêË+Ì
Ð%Ò-ÍÎ-ä�ÎÿÔ�à�ìíÞ�Ì
ÏÍÎ-ä�ÎÿÞ×Ô�à2Ì

α
û Ò � Ó � Ô�à�ìíÞ�Ì
ÏÍÎ-ÏYØ-Ó�à�×Þ×ÍþÀæ Ð�Ì
Ø-ÍÎ-ÕsÓ�ÐÍÎ?Ð�Ì
Ô�ßÐÓ¯Ë2Ó�à�Ó�ÍÍÎ-Ï(Ø×Í%Ò-Ó�ÐØ�Ìåà�Ó

(0, 1)
ý �Ê�Ø-Ó¯Ë2Ó�Õ Ô�à�ìíÞ�Ì
ÏÍ%ì��³Ø-Ó�à�×Þ×Í%ì

ζ(2,i) æ2Ð�Ì
Ø-Í%ì�� ψ
(i)
m
ßÐ×

(ξ1, ξ2) ∈ Bm
×_Ø-þ»ßÎÖà�ÍÓ�Í××qÎ�Ë2ÍÎ-ä�Î

×%Ü½ì-Ô�à�Î-Ø-×Ï��
ξ3 ≤ φ

(i)
m
×íà�×

φ
i)
m < ξ3 ≤ g(xi, ξ1, ξ2) ø ×Í�ÌÝÞÓ ζ (2,i) = 0 � ¶�ÌÖÒ-Ó�Õ�ÌÖÒ-×ÞÓ�Ô�î#Î-Ó|ÎÝá ×#Ë+Ì
Í×ÓÔ�à�ìíÞ�Ì
ÏÍÎ-Ï�Ø-Ó�à�×Þ×Íþ

ζ(2,i) Ð�Ì
Ø-ÍÎ

Eζ (2,i) =

K2
i

∑

m=1

ψ(i)
m × (P{ξ3 ≤ φ(i)

m , (ξ1, ξ2) ∈ Bm} + P{φ(i)
m < ξ3 ≤

≤ g(xi, ξ1, ξ2), (ξ1, ξ2) ∈ Bm}) =

K2
i

∑

m=1

ψ(i)
m × P{ξ3 ≤ g(xi, ξ1, ξ2), (ξ1, ξ2) ∈ Bm}.

Ê�þ»Þ×Ô�à�Ú%ÚdØ-Ó�ÐÎÝÚ%Ò-ÍÎ-ÔÙÒt�

P{ξ3 ≤ g(xi, ξ1, ξ2), (ξ1, ξ2) ∈ Bm} =

∫

Bm

dy1 dy2

g(xi,y1,y2)
∫

0

f̃(y1, y2, y3) dy3 =

1

ψ
(i)
m

∫

Bm

g(xi, y1, y2) dy1 dy2,

ßÎÖà�ìíÞ�Ì
Ó�Õ
Dζ(2,i) =

K2
i

∑

m=1

ψ(i)
m

∫

Bm

g(xi, y1, y2) dy1 dy2 − I2(xi) ≥ Dζ (1,i), (8)

ä Ë2Ó
Dζ(1,i) = Dg(xi, ξ1, ξ2)

�VË2×Ô�ßÓ�ÐÔ�×%Ú¸Î-úÓ�Íî×�Ë�à�Ú ÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-ä�Î�ÕsÓÙÒ-Î�Ë+Ì|¶dÎ-Í%Ò-Ó�ê#·|Ì
Ðíà�Îdû��-ý��

Dζ(1,i) =

K2
i

∑

m=1

∫

Bm

g2(xi, y1, y2) dy1 dy2 − I2(xi) =

∫

Y

g2(xi, y1, y2) dy1 dy2 − I2(xi). (9)

ÎvÌ
î×ÕÿÎ-Ñ-Ð�ÌÖÜ~Î-Õ»æ#ßÎ�Ë�Ò-Ø-Ó�Ð�áâË2Ó�ÍÎ�Ô�Î-Î
Ò-ÍÎ(��Ó�Í×Ó�û�³-ý�Ë�à�Ú Ð�Ì
Ô�Ô�Õ�ÌÖÒ-Ð×Ø�Ì
Ó�ÕsÎ-ä�Î�Ô�à�ìíÞ�ÌÖÚ �k´ Ì
Ï#Ë2Ó�Õì-Ô�à�Î-Ø-×ÓéÍ�Ì�î#ÎÖà�×ÞÓ�ÔÙÒ-Ø-ÎãÒ-Î-ÞÓ�î Ð�ÌÖÜ~Ñ-×Ó�Í×%Ú
Ki
ßÎãîíÌÖáâË2Î-Ï ×%Üèî#Î-Î-Ð
Ë2×Í�ÌÖÒNÎ-ÑÖà2Ì
ÔÙÒ-× ×Í%Ò-Ó�ä�Ð×íêÐÎ-Ø�Ì
Í×%Ú�ÒÖÌ
î�æ�Þ%Ò-Î-Ñ-þ�ßÐ×�Ó�ä�ÎèØ-þ»ßÎÖà�ÍÓ�Í××ãÎ-úÓ�ÍîíÌ

ζ(2,i) ×%Üÿû�¼-ý!Î-îíÌÖÜÝÌåà2Ì
Ô*�éÑ-þLÒ-Ó�Õ³ÍÓ¸ÕsÓ�ÍÓ�ÓßÐÓ¯Ë2ßÎ-Þ%Ò-×%Ò-Ó�àq�-ÍÓ�Ï�Î-úÓ�Íî×
ζ(1,i) ×%Ü�û��-ý �>Ï ì~Ë2Ó�Õ ßÐÓ¯Ë2ßÎÖà2Ì
ä�ÌÖÒt�æ�Þ%Ò-ÎqßÎ�Ë2þ»Í%Ò-Ó�ä�Ð�Ìåàq�-Í�ÌÖÚ ù ìíÍîíêú×%Ú

g(xi, y1, y2)
ì~Ë2Î-ØÖà�ÓÙÒ-Ø-Î-Ð�ÚÓÙÒdì-Ô�à�Î-Ø-×4�ÑÐl×ßk��×ú�ÌbÔâî#Î-ÍÔÙÒÖÌ
Í%Ò-Î-Ï

L
ßÎ¸î#Î-Î-Ð
Ë2×Í�ÌÖÒÖÌ
Õ

y1
×
y2û Î�Ë2ÍÎ-Ïq×�Ò-Î-Ï_áâÓÀË�à�ÚqØ-Ô�Ó�ð

i
ý � �½ì-ÔÙÒt� a �\Ø-ÐÓ�ÕvÚ�æ+î#Î
Ò-Î-ÐÎ-Ó!ÜÝÌÖÒ-Ð�ÌÝÞ×Ø�Ì
ÓÙÒ-ÔÛÚéÍ�Ì Ô�Ð�Ì
Ø-ÍÓ�Í×ÓlË2Ø
ì�ðÞ×Ô�Ó�à*æ

b
�SØ-ÐÓ�ÕvÚ?Ø-þ»Þ×Ô�à�Ó�Í×%Ú ù ìíÍîú×× g(xi, y1, y2)

Ø_ÍÓ�î#Î
Ò-Î-ÐÎ-Ï?Ò-Î-Þî#Ó
(y1, y2)

û ßÎÖà2Ì
ä�Ì
Ó�Õ»æÞ%Ò-Î � ÒÖÌ|Ø-Ó�à�×Þ×Í�Ì|ÍÓ»ÜÝÌ
Ø-×Ô�×%ÒlÎ
Ò i ý�× c �XØ-ÐÓ�ÕvÚ�ßÎÖà�ìíÞÓ�Í×%Ú ÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-ä�Î!Ô�à�ìíÞ�Ì
ÏÍÎ-ä�ÎlÞ×Ô�à2Ì|ÔßÎ-ÕsÎ
ç��t� Ô�Î-Î
Ò-Ø-ÓÙÒ-ÔÙÒ-Ø
ì�� ç�Ó�ä�Î Ë+ÌÖÒ-Þ×îíÌ�Ô�à�ìíÞ�Ì
ÏÍþ�ð�Þ×Ô�Ó�à � �ÀÎÖà2Ì
ä�Ì
Ó�Õ�ÒÖÌ
î%áâÓ
æ�Þ%Ò-Î a� b, c� bû Ò � Ó � ù ìíÍîú×%Ú g(xi, y1, y2)
ÚØÖà�ÚÓÙÒ-ÔÛÚ¸Ò-Ð%ì~Ë2ÍÎ-Ø-þ»Þ×Ô�à�×ÕsÎ-ÏË�Ñ�üÐ�Ì
Ø-ÍÎ-ÕsÓ�ÐÍÎ��ÀßÎ

i
ý �� ÌÖÒ-Ð�ÌÖÒ-þTÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-ä�Î�ÕsÓÙÒ-Î�Ë+ÌJ¶dÎ-Í%Ò-Ó�ê#·|Ì
Ðíà�Î�û��-ý|Ð�Ì
Ø-Íþ

s1 = 2n1c + n1b � � Ë2Ó�Ô*�_ßÓ�ÐØ-Î-ÓÔ�à2Ì
ä�Ì
Ó�ÕsÎ-ÓÒ� � Ò-ÎqÜÝÌÖÒ-Ð�ÌÖÒ-þLÍ�Ì_ÐÓ~Ìåà�×%ÜÝÌ
ú×4�\Ô�à�ìíÞ�Ì
ÏÍþ�ð�Þ×Ô�Ó�à ξ1 = α1
×
ξ2 = α2

æ�Ø
Ò-Î-ÐÎ-ÓÒ�ÜÝÌÖÒ-Ð�ÌÖÒ-þZÍ�Ì�Ø-þ»Þ×Ô�à�Ó�Í×ÓlÜ~Í�ÌÝÞÓ�Í×Ï
g(xi, ξ1, ξ2) �



ô-� ¸ ~'¹1~4º�m(r
u�h�o4p�w`h

� ÌÖÒ-Ð�ÌÖÒ-þ Ë2Ø
ì-ÔÙÒ-Î-ÐÎ-ÍÍÓ�ä�Î ä�Ó�Î-ÕsÓÙÒ-Ð×ÞÓ�Ô�î#Î-ä�ÎbÕsÓÙÒ-Î�Ë+Ì�ûµ�#ý�æ*û�¼-ý�Ð�Ì
Ø-Íþ
s
(i)
2 = b(Ki + 1)2 + 3aK2

i + 3cn2 + n
(i)
2 (ap+ (1 − p)(a+ b)).

� Ë2Ó�Ô*��ßÓ�ÐØ-þ»ÓfË2Ø�Ì�Ô�à2Ì
ä�Ì
Ó�Õsþ�ðÈ� � Ò-Î�ÜÝÌÖÒ-Ð�ÌÖÒ-þ Í�ÌâßÎ-ÔÙÒ-ÐÎ-Ó�Í×ÓlÕ�ÌÖáâÎ-Ð�Ì
Í%Ò-þ(×¸Õs×ÍÎ-Ð�Ì
Í%Ò-þÀæÒ-ÐÓ�êÒt�-Ó!�(ÜÝÌÖÒ-Ð�ÌÖÒ-þ?Í�ÌÂÐÓ~Ìåà�×%ÜÝÌ
ú×4��Ô�à�ìíÞ�Ì
ÏÍþ�ð!Þ×Ô�Ó�à
ξ1, ξ2

×
ξ3
æ~ÞÓÙÒ-Ø-Ó�Ð%Ò-Î-Ó��(ÜÝÌÖÒ-Ð�ÌÖÒ-þ?Í�ÌÂßÐÎ-Ø-Ó�Ðî%ìÒ-Î-ä�Îæ#ØlîíÌ
î%ì��(Î-ÑÖà2Ì
ÔÙÒt�!ßÎ-ß�Ìåà Ô�à�ìíÞ�Ì
ÏÍþ»Ï Ø-Ó�î%Ò-Î-Ð � Ê�Ó�à�×Þ×Í�Ì p Ð�Ì
Ø-Í�Ì|Ø-Ó�ÐÎÝÚ%Ò-ÍÎ-ÔÙÒ-×bßÎ-ß�ÌÝË+Ì
Í×%ÚÔ�à�ìíÞ�Ì
ÏÍÎ-ÏdÒ-Î-Þî×

(ξ1, ξ2, ξ3)
Ø�ßÎ�Ë2ä�Ð�Ì ù ×î�Õs×ÍÎ-Ð�Ì
Í%Ò-þÀ�

p = P((ξ1, ξ2, ξ3) ∈ Y
(i)
φ ) =

K2
i

∑

m=1

P{ξ3 < φ(i)
m }P{(ξ1, ξ2) ∈ Bm} = h2

K2
i

∑

m=1

φ
(i)
m

ψ
(i)
m

.

Ó Ò-Ô*�.Ë+Ì
s
(i)
2 = b(Ki + 1)2 + 3aK2

i + 3cn
(i)
2 + n

(i)
2



a+
b

K2
i

K2
i

∑

m=1

ψ
(i)
m − φ

(i)
m

ψ
(i)
m



 ≤

≤ b(Ki + 1)2 + 3aK2
i + 3cn

(i)
2 + n

(i)
2

(

a+
2Lbh

ψ̃(i)

)

,

ä Ë2Ó
ψ̃(i) = min1≤m≤K2 ψ

(i)
m � �ÀÎÖà2Ì
ä�Ì
Ó�Õ

b(Ki + 1)2 + 3aK2
i + 3cn

(i)
2 + n

(i)
2

(

a +
2Lbh

ψ̃(i)

)

≤ 2n1c+ n1b, (10)

Þ%Ò-ÎdÔ�Î-Î
Ò-Ø-ÓÙÒ-ÔÙÒ-Ø
ì-ÓÙÒ�Ô�à�ìíÞ�Ì(�!æ�î#Î-ä Ë+Ì¸ÜÝÌÖÒ-Ð�ÌÖÒ-þ Ë2Ø
ì-ÔÙÒ-Î-ÐÎ-ÍÍÓ�ä�Î_ä�Ó�Î-ÕsÓÙÒ-Ð×ÞÓ�Ô�î#Î-ä�Î_ÕsÓÙÒ-Î�Ë+Ì?ûµ�#ý�æ�û�¼-ýÕsÓ�Í4�(��Ó|ÜÝÌÖÒ-Ð�ÌÖÒ ÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-ä�Î ÕsÓÙÒ-Î�Ë+ÌÒ¶dÎ-Í%Ò-Ó�ê#·|Ì
Ðíà�Î_û��-ý ���Î-ä¢à2Ì
Ô�ÍÎÔ�üßÐ�Ì
Ø-×íà�ì Ò-ÐÓ�ðbÔ�×ä�Õ/�¯æßÐ×¸ßÐ×ÑÖà�×%áâÓ�Í××¸Õ�ÌÖÒ-Ó�Õ�ÌÖÒ-×ÞÓ�Ô�î#Î-ä�Î ÎÝá ×#Ë+Ì
Í×%Ú
Eζ
Ô�ÐÓ¯Ë�ê

Í×Õ³Ì
Ð× ù ÕsÓÙÒ-×ÞÓ�Ô�î×Õ (1/n)
n
∑

j=1

ζ(j) Ë�à�ÚèË2Î-ÔÙÒÖÌÖÒ-Î-ÞÍÎ?Ñ-ÎÖàq�(��Î-ä�Î n Ô¸Ñ-ÎÖàq�(��Î-Ï�Ø-Ó�ÐÎÝÚ%Ò-ÍÎ-ÔÙÒt�t�
û Î-î#ÎÖà�Î

0.997
ýsØ-þ»ßÎÖà�ÍÓ�ÍÎâÔ�Î-Î
Ò-ÍÎ(��Ó�Í×Ó

γ2 = 3
√

Dζ/n
æíä Ë2Ó

γ2
� Î-ß%ì-ÔÙÒ-×Õsþ»Ï¸ìíÐÎ-Ø-Ó�Í4�âßÎ-ä�ÐÓ��lêÍÎ-ÔÙÒ-×bû ×Í#Ë2Ó�î#Ô!�'�N�sÍ%ì#áâÓ�ÍÀË�à�Ú½Ë+Ìåàq�-ÍÓ�Ïk��×íð!Ð�Ì
Ô�ÔÙì#áâË2Ó�Í×Ï�� Ô�Õ � Ð�ÌÖÜ�Ë � �#ý � ëÀÔ�ßÎÖàq�
Ü�ì
Ú!ßÎ-Ô�à�Ó¯Ë2ÍÓ�ÓÐ�Ì
Ø-Ó�ÍÔÙÒ-Ø-Î�×dÔ�Î-Î
Ò-ÍÎ(��Ó�Í×%Úÿû8Õ�ý�æ*û8Ö�ý�æ�ßÎÖà�ìíÞ�Ì
Ó�Õ

n
(i)
1 =

9

γ2
2





∫

Y

g2(xi, y1, y2) dy1 dy2 − I2(xi)



 ,

n
(i)
2 =

9

γ2
2





K2
i

∑

m=1

ψ(i)
m

∫

Bm

g(xi, y1, y2) dy1 dy2 − I2(xi)



 .

Ó Ò-Ô*�.Ë+Ì
n

(i)
2 − n

(i)
1 =

9

γ2
2

K2
i

∑

m=1

∫

Bm

(

ψ(i)
m − g(xi, y1, y2)

)

g(xi, y1, y2) dy1 dy2.

ëÀÔ�ßÎÖàq�
Ü�ì
Ú|ì-Ô�à�Î-Ø-×Ó�Ðl×ßk��×ú�Ì.Ë�à�Ú ù ìíÍîú×× g(xi, y1, y2)
æ~Î-úÓ�Í×Ø�Ì
Ó�ÕdÐ�ÌÖÜ~ÍÎ-ÔÙÒt�

ψ
(i)
m −g(xi, y1, y2) ≤

2Lh
×�æÔ�à�Ó¯Ë2Î-Ø�ÌÖÒ-Ó�àq�-ÍÎæ

n
(i)
2 − n

(i)
1 ≤ 18LhI(xi)

γ2
2

= Aih, Ai =
18LI(xi)

γ2
2

= const. (11)
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�ÀÎ � Ò-Î-Õvì n(i)

2 ≤ n
(i)
1 + Ai/Ki � Ó Ò-Ô*�.Ë+Ì%æ*ßÐÓ¯Ë2ßÎÖà2Ì
ä�ÌÖÚ�æ�Þ%Ò-Î Ki + 1 ≈ Ki

æ�×%Ü�ÍÓ�Ð�Ì
Ø-Ó�ÍÔÙÒ-Ø�Ì?ûüôNa�ýßÎÖà�ìíÞ�Ì
Ó�ÕãØ-þ»Ð�ÌÖáâÓ�Í×Ó

K4
i (3a+ b) +K2

i (a + c− b)n
(i)
1 +Ki

(a + 3c)Aiψ̃
(i) + 2Lbn

(i)
1

ψ̃(i)
+

2LbAi

ψ̃(i)
< 0. (12)

± à�Ú?îíÌÖáâË2Î-ä�Î_î#Î-ÍîÐÓÙÒ-ÍÎ-ä�ÎéÔ�à�ìíÞ�ÌÖÚÿÔ�Î-Î
Ò-ÍÎ(��Ó�Í×Óèûüô��-ýfË+Ì
ÓÙÒ�Ø-þ»Ð�ÌÖáâÓ�Í×Ó�Ë�à�Úÿß�Ì
Ð�Ì
ÕsÓÙÒ-Ð�Ì Ki �ÎvÌ
î_îíÌ
îdË�à�Ú_ÕsÓÙÒ-Î�Ë+Ìéûµ�#ý�ævû�¼-ý�æ+îíÌ
îqßÐ�Ì
Ø-×íà�Îæ2Ø-þ»ßÎÖà�ÍÓ�ÍÎ¸Ô�Î-Î
Ò-ÍÎ(��Ó�Í×Ó
Ki � n

(i)
2

æ2ÜÝÌÖÒ-Ð�ÌÖÒ-þXÍ�ÌßÎ-ÔÙÒ-ÐÎ-Ó�Í×Ó.Õ�ÌÖáâÎ-Ð�Ì
Í%Ò-þè×|Õs×ÍÎ-Ð�Ì
Í%Ò-þèÎ
Ò-ÍÎ-Ô�×%Ò-Ó�àq�-ÍÎfÍÓ�Ø-Ó�à�×î×�æå×|ÕsÎÝá ÍÎ»ÜÝÌ
ß×Ô~ÌÖÒt� Ô�à�Ó¯Ë�ì�� ç�Ó�ÓÌ
Ô�×Õsß%Ò-Î
Ò-×ÞÓ�Ô�î#Î-Ó�Ø-þ»Ð�ÌÖáâÓ�Í×ÓfË�à�Údß�Ì
Ð�Ì
ÕsÓÙÒ-Ð�Ì
Ki
�

K2
i (a+ c− b)n

(i)
1 +Ki

(a+ 3c)Aiψ̃
(i) + 2Lbn

(i)
1

ψ̃(i)
+

2LbAi

ψ̃(i)
< 0.

² Í�Ìåà�×%Üdî#Î-ÐÍÓ�Ï�à�Ó�Ø-Î-Ï�Þ�Ì
ÔÙÒ-×ãßÎ
Ü~Ø-ÎÖà�ÚÓÙÒéÔ Ë2Ó�à2ÌÖÒt�èØ-þ»Ø-Î�ËYÎqÒ-Î-Õ»æ�Þ%Ò-ÎéßÎ-Ô�à�Ó¯Ë2ÍÓ�ÓdÍÓ�Ð�Ì
Ø-Ó�ÍÔÙÒ-Ø-Î×ÕsÓ�ÓÙÒ ÕsÓ�ÔÙÒ-Î ßÐ×

Ki >

(
√

(

2bLn
(i)
1 /ψ̃

(i) + (a + 3c)Ai

)2

+ 8bLAin
(i)
1 (b− a− c)/ψ̃(i)+

+
(

2bLn
(i)
1 /ψ̃

(i) + (a+ 3c)Ai

)

)/

(

2n
(i)
1 (b− a− c)

)

. (13)

ÎvÌ
î×Õ Î-Ñ-Ð�ÌÖÜ~Î-Õ»æ�ØdÐ�Ì
Ô�Ô�Õ�ÌÖÒ-Ð×Ø�Ì
Ó�ÕsÎ-ÕZÔ�à�ìíÞ�Ì
Ó ßÐ×éØ-þ»ßÎÖà�ÍÓ�Í××?ÍÓ�Ð�Ì
Ø-Ó�ÍÔÙÒ-Ø�Ì?ûüôN��ýÂË2Ø
ì-ÔÙÒ-ÎÖêÐÎ-ÍÍ×Ïdä�Ó�Î-ÕsÓÙÒ-Ð×ÞÓ�Ô�î×ÏqÕsÓÙÒ-Î�Ëãûµ�#ý�æ*û�¼-ý � ù|ù Ó�î%Ò-×Ø-ÍÓ�Ó!ÔÙÒÖÌ
Í#Ë+Ì
Ð%Ò-ÍÎ-ä�Î ÕsÓÙÒ-Î�Ë+Ì�û��-ý �
×b±ÄÃV¾lÈ*Ç_Ãlµ�¾[�!Ã|¼¸¼�ØTÅÙ�[ØÚÌl¾l·ÙÆdÃ|·dÃ|É ¹»º½·¸¾[�
Ê Ò-Ó�Î-Ð××�Ë2×Ô�îÐÓÙÒ-ÍÎÖêïÔÙÒ-Î~ð#Ì
ÔÙÒ-×ÞÓ�Ô�î×íðÿÕsÓÙÒ-Î�Ë2Î-Ø¸Ø�ÌÖá Í�Ì ßÐÎ-ÑÖà�Ó�Õ�Ì Î-ß%Ò-×Õ�Ìåàq�-ÍÎ-ä�Îèû Ô�Î-ä¢à2Ì
Ô�Î-Ø�Ì
ÍíêÍÎ-ä�Î#ývØ-þ»Ñ-Î-Ð�Ì|Ô�Î-Î
Ò-Ø-ÓÙÒ-ÔÙÒ-Ø
ì�� ç�×íðbß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø òõô-æ`ÕÖö ��± à�Ú Ìåà�ä�Î-Ð×%Ò-Õ�Ì û8��ý�ÒÖÌ
î×Õs× ß�Ì
Ð�Ì
ÕsÓÙÒ-Ð�Ì
Õs×ÚØÖà�Ú4� Ò-ÔÛÚ�Þ×Ô�à2Ì½ì#ÜÙà�Î-Ø

M
Ô�ÓÙÒ-î× {xi} ×âÞ×Ô�à�Î n1

Ø-þ»Ñ-Î-ÐÎ-ÞÍþ�ð�Ü~Í�ÌÝÞÓ�Í×Ï {ξ(j)} � �.ÒÖÌ
Ø-×%Ò-ÔÛÚ�Ô�à�Ó�êË�ì�� çâÌÖÚÜÛ��(���(¤�� ½`¥#\�����q�N¾|�NÝ
£Ü���À�kÛ��(�
�
�lòõô-æ?ÕÖö��~Í�Ì
Ï%Ò-×|Õs×Í×ÕvìíÕdÒ-Ð%ì~Ë2Î-Ó�Õsî#Î-ÔÙÒ-×
minM,n1S(M,n1)ßÐ×

T (B)(M,n1) = γ
æ%ä Ë2Ó

γ
� ù ×î#Ô�×ÐÎ-Ø�Ì
ÍÍÎ-ÓÀßÎÖà�ÎÝá ×%Ò-Ó�àq�-ÍÎ-Ó|Þ×Ô�à�Îæ�Ì T (B) �TØ-Ó�Ð-ð%Í%Ú%Ú¸ä�Ð�ÌåêÍ×ú�Ì�ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×

δ(B) Ø�ÍÎ-ÐÕsÓ ù ìíÍîú×Î-Í�Ìåàq�-ÍÎ-ä�Î�ßÐÎ-ÔÙÒ-Ð�Ì
ÍÔÙÒ-Ø�Ì B � Ó Ñ
çâÌÖÚdÔ¢ð�Ó�Õ�Ì�ÐÓ���Ó�Í×%Ú� Ò-Î-ÏéÜÝÌÝË+ÌÝÞ×�ÒÖÌ
î#Î-Ø�Ìk��×%Ü�Ô�Î-Î
Ò-ÍÎ(��Ó�Í×%Ú�Ë�à�Ú T (B)(M,n1)
Î�Ë2×Íé×%Ü�ß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø?û Í�Ì
ßÐ×ÕsÓ�Ð�æ

n1
ýØ-þ»Ð�ÌÖá�Ì
ÓÙÒ-ÔÛÚ�ÞÓ�ÐÓÙÜ Ë2Ð%ìíä�Î-Ï_û

M
ý�æ-×�Ô�Î-Î
Ò-Ø-ÓÙÒ-ÔÙÒ-Ø
ì�� ç�Ó�Ó½Ø-þ»Ð�ÌÖáâÓ�Í×Ó»ßÎ�Ë2ÔÙÒÖÌ
ØÖà�ÚÓÙÒ-ÔÛÚ ØÀØ-þ»Ð�ÌÖáâÓ�Í×ÓË�à�Ú

S
æ�ßÐ× � Ò-Î-ÕYßÎÖà�ìíÞ�Ì
ÓÙÒ-ÔÛÚ ù ìíÍîú×%Ú�Î�Ë2ÍÎ-ä�Î ßÓ�ÐÓ�ÕsÓ�ÍÍÎ-ä�Î�ûM ý�æ2î#Î
Ò-Î-Ð�ÌÖÚ�×�×Ô�Ô�à�Ó¯Ë�ì-ÓÙÒ-ÔÛÚéÍ�ÌÕs×Í×ÕvìíÕ �

° Ì
Ô�Ô�ÕsÎ
Ò-Ð×Õ�ÒÖÌ
î%ì��ÿÜÝÌÝË+ÌÝÞ%ì Ë�à�Ú|ßÐÎ-ÔÙÒ-Ó�Ïk��Ó�ä�ÎfÕsÓÙÒ-Î�Ë+Ì»ÜÝÌ
Ø-×Ô�×Õsþ�ð|×Ô�ßþ ÒÖÌ
Í×ÏÀË�à�Ú C êïßÎ�Ë�ð�Î�Ë+Ìû Ò � Ó � Ë�à�ÚèÔ�à�ìíÞ�ÌÖÚ B = C(X)
ýâòõô-æzÕÖö � �ÀÎÖà2Ì
ä�Ì
Ó�Õ»æ*Þ%Ò-ÎdÒ-Ð%ì~Ë2Î-Ó�Õsî#Î-ÔÙÒt�_×ÕsÓ�ÓÙÒ_Ø-×#ËÿßÐÎ-×%Ü~Ø-Ó¯Ë2Ó�Í×%Ú

S(M,n1) = H1Mn1
æ�Ë2ÓÙÒ-Ó�ÐÕs×Í×ÐÎ-Ø�Ì
ÍÍ�ÌÖÚ�î#Î-ÕsßÎ-ÍÓ�Í%ÒÖÌ¸ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×èÐ�Ì
Ø-Í�Ì

δ
(C)
1 = H2/M

2/m æÌâÔÙÒ-Î~ð#Ì
ÔÙÒ-×ÞÓ�Ô�îíÌÖÚÞ�
δ
(C)
2 = H3/

√
n1 � ëÀÕsÓ�Ó�Õ�ìíÐ�Ì
Ø-ÍÓ�Í×Ó òõô-æqÕÖö

T (C)(M,n1) =
H2

M2/m
+

H3√
n1

= γ. (14)

��Î-Î-Ñ-Ð�ÌÖáâÓ�Í×%Ú¸Î�Ø-þ»Ñ-Î-ÐÓ|î#Î-ÍÔÙÒÖÌ
Í%Ò
H1, H2

×
H3
Ô ù Î-ÐÕvìÝà�×ÐÎ-Ø�Ì
ÍþZØdò ÕÖö � ëÀÕsÓ�Ó�Õ

n1 =
H2

3

(γ −H2/M2/m)2
,



ôN» ¸ ~'¹1~4º�m(r
u�h�o4p�w`h

×¸Ò-ÐÓ�Ñ
ì-ÓÙÒ-ÔÛÚ_Í�Ì
Ï%Ò-×�Õs×Í×ÕvìíÕ ù ìíÍîú××

S̃(M) =
H1H

2
3M

(γ −H2/M2/m)2
.

�ÀÐ×Ð�Ì
Ø-Í×Ø�ÌÖÚ¸Í%ìÝàq� ßÐÎ-×%Ü~Ø-Î�Ë2Í%ì��

dS̃(M)

dM
=

H1H
2
3

(γ −H2/M2/m)3

(

γ − H2

M2/m

(

m+ 4

m

)

)

,

Ë�à�Ú¸ì-Ô�à�Î-Ø-ÍÎÖêïÎ-ß%Ò-×Õ�Ìåàq�-Íþ�ðdß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø�ßÎÖà�ìíÞ�Ì
Ó�ÕNØ-þ»Ð�ÌÖáâÓ�Í×%Ú

Mopt =

(

H2(m+ 4)

m

)m/2

γ−m/2, nopt =
(H3(m+ 4))2

16
γ−2, (15)

S̃opt =
H1H

m/2
2 H2

3 (m+ 4)2+m/2

16mm/2
γ−2−m/2.

� Ì
ÕsÓÙÒ-×Õ»æ�Þ%Ò-Î¸Ó�Ô�à�×éÍ�Ì
Ô�×Í%Ò-Ó�ÐÓ�ÔÙì-ÓÙÒ_Ò-ÎÖàq�-î#Î¸ßÎ-Ð�Ú#Ë2Î-î�ßÎ
γ
Î-ß%Ò-×Õ�Ìåàq�-Íþ�ðéß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø

Mopt
×

nopt
æÒ � Ó � Ô�Î-Î
Ò-ÍÎ(��Ó�Í×%Ú�Ø-×#Ë+Ì

Mopt � γ−m/2, nopt � γ−2, S̃opt � γ−2−m/2,

× Ò-Ð%ì~Ë2Î-Ó�Õsî#Î-ÔÙÒt�
S
ßÐÎ-ßÎ-Ðú×Î-Í�Ìåàq�-Í�Ì�ßÐÎ-×%Ü~Ø-Ó¯Ë2Ó�Í×4�

Mn1
æ#Ò-ÎlË2Î-ÔÙÒÖÌÖÒ-Î-ÞÍÎâßÐ×Ð�Ì
Ø-Í%Ú%Òt�lË2ÓÙÒ-Ó�ÐíêÕs×Í×ÐÎ-Ø�Ì
ÍÍ%ì���×lÔÙÒ-Î~ð#Ì
ÔÙÒ-×ÞÓ�Ô�î%ì��Yî#Î-ÕsßÎ-ÍÓ�Í%Ò-þ?ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×�×|ßÎÖà�ìíÞ×%Òt� Ò-ÐÓ�Ñ
ì-Ó�Õsþ»Ï�ßÎ-Ð�Ú#Ë2Î-î×%ÜlÔ�Î-Î
Ò-ÍÎ(��Ó�Í×%Úÿûüô�³-ý ��ÀÎ-Ô�à�Ó¯Ë2ÍÓ�Ó(Ô�Î-Î-Ñ-Ð�ÌÖáâÓ�Í×Ó ßÎ
Ü~Ø-ÎÖà�ÚÓÙÒXÐÓ�î#Î-ÕsÓ�Í#Ë2Î-Ø�ÌÖÒt�XØ-Ó�à�×Þ×Í%ì

γ2 = γ/2
û Ü�Ë2Ó�Ô*�

γ
�ßÎÖêïßÐÓÙá ÍÓ�ÕvìqË2Î-ß%ì-ÔÙÒ-×Õsþ»Ï�ìíÐÎ-Ø-Ó�Í4��ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×�ýâßÐ×ÿßÎ�Ë2Ô�ÞÓÙÒ-Ódî#Î-ÍÔÙÒÖÌ
Í%Ò-þ

A
×%Üèûüô-ôåýfË�à�ÚØ-þ»Ñ-Î-Ð�Ìâß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø Ìåà�ä�Î-Ð×%Ò-Õ�Ì�Ò-×ß�Ì�û8��ý��

I(x) ≈ LM Ĩ(x) =
M
∑

i=1

În2(xi)ϕi(x) (16)

Ô|Î-úÓ�ÍîíÌ
Õs×?û�¼-ý�Ø�ì#ÜÙà2Ìåð¸Ô�ÓÙÒ-î× �ÊãúÓ�à�Î-ÕÿØ-þ»Ñ-Î-Ð ß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-ØâÌåà�ä�Î-Ð×%Ò-Õ�Ì¸ûüôN»�ýsßÐÓ¯Ë�à2Ì
ä�Ì
ÓÙÒ-ÔÛÚdÎ-ÔÙì#ç�Ó�ÔÙÒ-ØÖà�Ú%Òt��Ô�à�Ó¯Ë�ì�� ç�×ÕãÎ-ÑÖêÐ�ÌÖÜ~Î-Õ ��± à�ÚbÜÝÌÝË+Ì
ÍÍÎ-ä�Î�ìíÐÎ-Ø-Í%Ú¸ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-× γ ×%ÜlÐ�Ì
Ø-Ó�ÍÔÙÒ-Ø�Ì
H2

M2/m
=

H3√
n1

=
γ

2
= γ2

Ø-þ»Ñ-×Ð�Ì
Ó�Õ
M = (2H2)

m/2γ−m/2, n1 = (2H3)
2γ−2 ×

n
(1)
1 = . . . = n

(M)
1 = n1.

��Î-ä¢à2Ì
Ô�ÍÎ ù Î-ÐÕvìÝà�Ó ûüô-ôåý�Ø-þ»Þ×Ô�à�ÚÓ�Õ

Ai =
18LIψ(xi)

γ2
2

, Iψ(xi) =

∫

Y

ψ(xi,y) dy.
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g-h�i4ekjJl,m4n4o4i4e\p�nqh�r
stn\p�u�p v�w�m4x-d�p�yzp�n4n\{�u�p|u�{*p�fE{-d�y9e�}`{*x�o4p�u�p6fE{-d�p�v>h�~*~*~ ô�¼
�ÀÎ-Ô�à�Ó¯Ë2Í×Ïq×Í%Ò-Ó�ä�Ð�ÌåàéÍÓ�Ô�à�ÎÝá ÍÎ Ø-þ»Þ×Ô�à�×%Òt�bØ Ô�à�ìíÞ�Ì
Ó
æ+î#Î-ä Ë+Ì

ψ(xi,y)
� î%ì-Ô�Î-ÞÍÎÖêïßÎ-ÔÙÒ-Î
ÚÍÍ�ÌÖÚ

ù ìíÍîú×%Ú³û ßÐ× � Ò-Î-Õ�Ô�ÓÙÒ-îíÌ�ßÎ y
Ñ-Ó�ÐÓÙÒ-ÔÛÚ ßÐÎ-×%Ü~Ø-ÎÖàq�-ÍÎ-Ï(× Î
Ò-ÍÎ-Ô�×%Ò-Ó�àq�-ÍÎ��üä�Ð%ìíÑ-Î-Ï�� ý ��± Ìåà�Ó�ÓØ-þ»Þ×Ô�à�ÚÓ�Õ

n
(i)
2 = n1 + Ai/Ki

æ�ä Ë2Ó

Ki =

(

√

(

2bLn1/ψ̃(i) + (3c+ a)Ai

)2

+ 8bLAin1(b− a− c)/ψ̃(i)+

+
(

2bLn1/ψ̃
(i) + (a + 3c)Ai

)

)/

(2n1(b− a− c)) (17)

û Ô�Õ � ù Î-ÐÕvìÝà�ì ûüôN��ý¢ý ø ÜÝÌÖÒ-Ð�ÌÖÒ-þ b ×�î#Î-ÍÔÙÒÖÌ
Í%ÒÖÌ^Ðl×ßk��×ú�Ì L ßÎÖà2Ì
ä�Ì(� Ò-ÔÛÚâÐ�Ì
Ø-Íþ»Õs×lË�à�Ú!Ø-Ô�Ó�ð!ì#ÜÙà�Î-Ø
{xi} � Ê�þ»Ñ-×Ð�Ì
Ó�Õ

K = max(K1, . . . , KM), n2 = max(n
(1)
2 , . . . , n

(M)
2 )×d×Ô�ßÎÖàq�
Ü�ì-Ó�Õ�Ë+Ìåà�Ó�Ó|ßÎÖà�ìíÞÓ�ÍÍþ»ÓlÜ~Í�ÌÝÞÓ�Í×%Ú�Ø�Ìåà�ä�Î-Ð×%Ò-ÕsÓ ûüôN»�ý �

ß�±áà ¹%Ç%� Ç¿âfºÂÃ|º^Ø Ä¸´dµ�Ç�¹»¼¸¼�Ø Áäã ¶ µEÆ¸¹»·¸´¸É ¹»¼¸º½¾[�
åÀ×Ô�à�Ó�ÍÍþ»Ó � î#Ô�ßÓ�Ð×ÕsÓ�Í%Ò-þ�ßÎèÔ�Ð�Ì
Ø-ÍÓ�Í×4�HÎ-úÓ�ÍÎ-îã×Í%Ò-Ó�ä�Ð�Ìåà2Ì%æ.ÜÝÌ
Ø-×ÔÛÚ%ç�Ó�ä�ÎÿÎ
Ò?ß�Ì
Ð�Ì
ÕsÓÙÒ-Ð�Ì%æ.Øì#ÜÙà2ÌåðdÔ�ÓÙÒ-î×�ßÐÎ-Ø-Î�Ë2×íà�×Ô*��Í�Ì�ßÐ×ÕsÓ�ÐÓ ù ìíÍîú××

g(x, y1, y2) = exp(−x + y1 + y2),
ßÐ× � Ò-Î-Õ I(x) = exp(−x)(e− 1)2.

æ ÒÖÌ ù ìíÍîú×%Ú(ÍÓ�ÚØÖà�ÚÓÙÒ-ÔÛÚ Ò-Ð%ì~Ë2ÍÎ-Ø-þ»Þ×Ô�à�×ÕsÎ-Ï�æ ßÎ � Ò-Î-Õvì Ø � î#Ô�ßÓ�Ð×ÕsÓ�Í%ÒÖÌåðZßÐ× Î-ßÐÓ¯Ë2Ó�à�Ó�êÍ××�îíÌÖáâË2Î-ä�ÎbÜ~Í�ÌÝÞÓ�Í×%Ú ù ìíÍîú××é×Ô�ßÎÖàq�
Ü~Î-Ø�Ìåà2Ì
Ô*�bÜÝÌÝË2Ó�Ð�á îíÌbØ-ÐÓ�ÕsÓ�Í× 7.81 · 10−5 Ô � Ê�Ó�Ð-ð%Í×ÏìíÐÎ-Ø-Ó�Í4��ßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×
γ
ÜÝÌÝË+Ì
Ø�Ìåà�ÔÛÚ�Ð�Ì
Ø-Íþ»Õ

0.03 � �ÀÐ× � Ò-Î-Õ a = 2 · 10−8 æ b = 8.038 · 10−5 æ
c = 4.01 ·10−8 Ô � ëÀÔ�ßÎÖàq�
Ü~Î-Ø�Ìåà�×Ô*�lÔ�à�Ó¯Ë�ì�� ç�×Ó½Î-úÓ�Íî×�î#Î-ÍÔÙÒÖÌ
Í%ÒåæíìíÞ�Ì
ÔÙÒ-Ø
ì�� ç�×íð ØlØ-þ»Ð�ÌÖáâÓ�Í×%ÚíðË�à�Ú�Î-ß%Ò-×Õ�Ìåàq�-Íþ�ð�Ü~Í�ÌÝÞÓ�Í×Ïãß�Ì
Ð�Ì
ÕsÓÙÒ-ÐÎ-Ø

M
×
n1
�
H2 = 1.00321

æ
H3 = 1.7217 � Ê³ÒÖÌ
ÑÖà�×úÓßÐ×Ø-Î�Ë�Ú%Ò-ÔÛÚbßÎ-ä�ÐÓ���ÍÎ-ÔÙÒ-×?û

ε1
×
ε2
ý�× Ø-ÐÓ�ÕsÓ�Í�Ì�Ô�ÞÓÙÒÖÌ¸û

t1
×
t2
ý�Ë�à�Ú ÕsÓÙÒ-Î�Ë2Î-Ødû8��ýs×�ûüôN»�ý�Ô�Î-Î
Ò-Ø-ÓÙÒÖêÔÙÒ-Ø-Ó�ÍÍÎ�ßÐ×

M = 8
æ
n1 = 13174 � åÀ×Ô�à�Î Kopt

Ø-þ»Þ×Ô�à�Úíà�Î-Ô*�dßÎ ù Î-ÐÕvìÝà�Ó�ûüô�¼-ý � ëÀÔ�Ô�à�Ó¯Ë2Î-Ø�Ì
ÍÎ×%Ü~ÕsÓ�ÍÓ�Í×Ó!Ô�×%Ò
ì�Ì
ú××�ßÐ×dÎ
Ò-îíà�Î-ÍÓ�Í××_Î
Ò�ßÐÓ¯Ë�à�ÎÝáâÓ�ÍÍÎ-ä�Î
Kopt �

ç1è*é�è-ê�ë?ìNé
Kopt = 65 K = 55 K = 75 K = 25 K = 95

n2 í�î�ï-ð�ï íNí�ñNòNî ðNî*íNíNí óNôNñNóNõ ðtö�õ*í�õ
ε1 4.48 · 10−3 13.15 · 10−3 9.70 · 10−3 1.34 · 10−3 3.22 · 10−3

t1 ót÷ ðNóNô ót÷ õ*í�ô ót÷ õNîNô ót÷ õNòNð ót÷ í�óNô
ε2 2.48 · 10−3 4.69 · 10−3 12.03 · 10−3 7.62 · 10−3 3.43 · 10−3
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