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lm,j

ð�ü�þÅö-ï-ì���÷ôö��}ì«úxê#î��óÄí,�#ö-ð���ü��}óèï�î-ö����¸ü�	
(j − 1)/2m−1

�
j/2m−1 � m = 1, 2, . . .

�
j = 1, 2, . . . , 2m−1 ��µ}í�ù�órù�ì¹ï-ñæòN�#ö-ðì��oÿ2ï-ö-ó��ðö-û¹öq÷ôö��}ì«úxê#î��¸üÛí¹ö-ï-÷�üÓÿ+ü
ì«îíM¶2�î-ö¶ø
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î��ôñÕî-ñ$�}ó��I¹rì¹ï
ê��ó�÷ô�ü
ï
ê�� ÷ö�ù�ö-ï-óðñ
lm,j º ø-ì«þõí¹ì¹ôì¾ÿ2óðñ»L«î-ö-û¹öqÿ2ï-ö-ó��ðö-û¹öo÷ôö��}ì«úxê#î��¸üQ¼�ø
êÅÿ2ì���ö-ø-ö
þÅð�ü���ü�î�� l−m,jó

l+m,j

í¹ö-ö
î-ï-ì«î-í«î-ï-ì¹ððö��é�óí«î-ì���ü1Êê¸ð����óò�<Êü-ü
ô�ürí«î-ôö-ó%î-í¼ýèû¹ô%ê¸÷÷�ü��}ó�½%û¹ô%ê¸÷÷�ü�ðö��}ì¹ô
m
í¹ö¹ÿ2ì¹ô�ú¶ó%î

2m−1
Êê¸ð����óò

χm,j(x)
��ûÍÿ2ì

m = 1, 2, . . . , j = 1, 2, ..., 2m−1
��¾!ê¸ð����óóN<Êü-ü
ô�ü

χm,j(x)
ö-÷ôì¾ÿ2ì�ù�ó��Xí�ù�ì¾ÿ�ê��kë�ó��ö-ø-ô�ü�þÅö��$½

χm,j(x) =
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m−1
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÷ôó
x ∈ l−m,j

�
−2

m−1

2

÷ôó
x ∈ l+m,j

�
0

÷ôó
x ∈ [0, 1] \ lm,j

�
1

2
[χm,j(x− 0) + χm,j(x + 0)],

ì¹í�ù�ó
x · ï-ð%ê#î-ôì¹ðð%ý%ýî-ö����¸ü�ô�ü�þÅôñæï�ü2�

º @�¼

lm,j =

[

j − 1

2m−1
,

j

2m−1

] �
m = 1, 2, . . .

�
j = 1, . . . , 2m−1

�D5 í¹óí«î-ì���ê.Êê¸ð����óò.<Êü-ü
ô�üÄï��¸ù��6��ü��kî
î�ü��%útìVÊê¸ð����ó��

χ0(x) ≡ 1
�5>A@��¿T�Bqÿ2ï-ö-ó��ðñæìm÷ôö��}ì«úxê#î��ó í��ó%î�ü��kî-í¼ý þÓü��9�ð%ê#î-ñ$�}ó í�ù�ì¹ï�ü2�kü�ì¹í�ù�ó ÷ô�ü
ï-ñæòÀ�#ö-ðì��ÿ2ï-ö-ó��ðö-û¹ör÷ôö��}ì«úxê#î��¸ürí¹ö-ï-÷�üÓÿ+ü
ì«î!íV@��-î-ör÷ôö��}ì«úxê#î-ö��¶í��ó%î�ü
ì«î-í¼ýÑî�ü��%útìõþÓü��9�ð%ê#î-ñ$� í¹÷ô�ü
ï�ü2ÁÊê¸ð����óó:<Êü-ü
ô�ütö-÷ôì¾ÿ2ì�ù�ý��kî-í¼ýäí�ù�ì¾ÿ�ê��kë�ó��@ö-ø-ô�ü�þÅö��$½

χm,j(x) =
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��÷ôóð�üÓÿ�ù�ì«ú¶ó%îr÷ôö-í«î-ô�ü
ðí«î-ï
ê
Sp,
ì¹í�ù�ó�ö-ð�üq÷ôì¾ÿ2í«î�ü
ï-ó���üoô�ü
ï-ðö��}ì¹ôðöÊí+	�ö¹ÿ�ý%ë�ó��}í¼ýxô�ý#ÿ2ö��¾!ê¸ô��-ì · <Êü-ü
ô�ü

f(x) = c0 +

∞
∑

m=1

2m−1

∑

j=1

cm,jχm,j(x) ºÃÂ ¼
ó:�#ö-ðì��ð�ü�ðö-ô���ü

||f ||Sp
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∞
∑

m=1

2
m−1

2

[

2m−1

∑
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Ä�ÿ2ì¹í��Ê÷�ü
ô�ü��}ì«î-ô
p · ù��qø-ö-ì
�óí�ù�ö���êÅÿ2ö-ï�ù�ì«î-ï-ö-ô�ý��kë�ì¹ìõðì¹ô�ü
ï-ì¹ðí«î-ï
ê 1 < p <∞.

é�ö-÷ô�ý%útì¹ððñæò÷�ü
ô�ü��}ì«î-ô
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ö-÷ôì¾ÿ2ì�ù�ýì«î-í¼ýäí¹ö-ö
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5Ç> È�B�ï-ï-ö¹ÿ2ó%î-í¼ýä÷ö-ð%ý%î-óì!÷ôö-í«î-ô�ü
ðí«î-ï�ü

L∞
��í¹ö-í«î-öÓý%ë�ì¹û¹ö½ó%þ!ï-í¹ìZ	�ó%þ��}ì¹ôó��}ñ
	ä÷ö��%î-ó�ï-í��.ÿ�ê�#ö-ðì��ðñ
	ÉÊê¸ð����óò

g(x)
��ÿ�ù�ý �¸ü�útÿ2ö-ò�ó%þ¿�#ö
î-ö-ôñ
	xð�ü
ò#ÿ2ì«î-í¼ýK�óí�ù�ö

Cg

�
î�ü��#ö-ì��Q�%î-ö
|g(x)| 6 Cg÷ö��%î-óÄï-í��.ÿ�ê��PÊ�ü��óì,Êê¸ð����óóÄð�ü�þÅñæï�ü��kîxí«ê#ë�ì¹í«î-ï-ì¹ððöÑö-û¹ô�ü
ðó��ì¹ððñ$�}ó��I!Äñ ø
êÅÿ2ì���ô�ü
í¹í���ü�î��ôóï�ü�î��.Êê¸ð����óó���í«ê#ë�ì¹í«î-ï-ì¹ððö�ö-û¹ô�ü
ðó��ì¹ððñæìäð�ü

[0; 1]
�ËUrù�ý³Êê¸ð����óó

g ∈ L∞
ö-÷ôì¾ÿ2ì�ù�ì¹ðóí«î-óððñæò º í«ê#ë�ì¹í«î-ï-ì¹ððñæò�¼kí«ê¸÷ôì���ê��@ì¹ìV�}ö¹ÿ�êÓù�ý

vrai sup
x∈[0,1]

|g(x)|

�¸ü��Äóð�oó���ê��³�}ðöÓútì¹í«î-ï�üÉ�óí¹ì�ù
α ∈ R

�%î�ü��ó�	*�I�%î-öÉ�}ì¹ô�ü �}ðöÓútì¹í«î-ï�ü
{x ∈ [0, 1] : |g(x)| > α}

ô�ü
ï-ð�üÊð%êÓù��S�
L∞

ýï�ù�ýì«î-í¼ý�ù�óðì¹òðñ$� ÷ö¹ÿI�}ðöÓútì¹í«î-ï-ö�� ïV�}ðöÓútì¹í«î-ï-ìkó%þ��}ì¹ôó��}ñ
	¶÷ö��%î-óxï-í��.ÿ�ê�#ö-ðì��ðñ
	:Êê¸ð����óò��I7Êö-ô���ütð�ü
L∞

ï-ï-ö¹ÿ2ó%î-í¼ý�÷öÉoö-ô���êÓù�ì
‖g‖L∞ = vrai sup

x∈[0,1]

|g(x)|. º O�¼
5Ì> O�B�ô�ü
í¹í���ü�î-ôóï�ü��kî-í¼ý��ï�üÓÿ2ô�ü�î
ê¸ôðñæìSoö-ô���êÓù�ñ ï-ó#ÿ+ü

I[f ] =

1
∫

0

g(x)f(x)dx ≈

N
∑

i=1

Cif(xi) = Q[f ], º TQ¼

ûÍÿ2ì
xi ∈ [0, 1] · ê#þ«ù�ñ�oö-ô���êÓù�ñ)Á Ci ∈ R · ì¹ìS�#ö�L�Voó��óì¹ð%î-ñ ÷ôó�ê#þ«ù2ü�	 (i = 1, 2, . . . , N)

�+üÊê¸ð����óó
f(x)

ó
g(x)

í«ê��9�}óô%ê-ì��}ñáð�ü¶ö
î-ôì«þ��#ì
[0, 1]

��8Êö�ù�óðö��}ñ�<Êü-ü
ô�ü¶í«î-ì¹÷ì¹ðó
d = 1, 2, . . .ö-÷ôì¾ÿ2ì�ù�ý��kî-í¼ýÉ�¸ü��!ù�óðì¹òðñæì$�#ö��}ø-óð�ü��óó Êê¸ð����óò

χ0(x)
�
χm,j(x) Í ÿ2ì¹òí«î-ï-ó%î-ì�ù��-ðñ$�}ó��#ö�L�,�oó��óì¹ð%î�ü��}ó��2ûÍÿ2ì

m = 1, 2, . . . , d
�
j = 1, 2, . . . , 2m−1 ��ó(	�ö
îÓý�ø-ñ ö¹ÿ2óð�ó%þM�#ö�L�Voó��óì¹ð%î-ö-ïÑ÷ôó

χd,j(x)
�
j = 1, . . . , 2d−1

��ö
îÅù�ó��ì¹ð�ö
îXð%êÓù�ý���8Êö¹ÿ�÷ö�ù�óðö���ü��}ó¤<Êü-ü
ô�üäð%êÓù�ì¹ï-ö-ò í«î-ì¹÷ì¹ðó�÷ö-ðó����ü��kî-í¼ý%�#ö-ðí«î�ü
ð%î-ñ)�*5�ï-ö¹ÿ2ó%î-í¼ý�î�ü��%útìo÷ö-ð%ý%î-óìMoö-ô���êÓù�ñ ï-ó#ÿ+ü º TQ¼Z�ö-ø�ù2üÓÿ+ü��kë�ì¹ò d �±í¹ï-ö-òí«î-ï-ö��<Êü-ü
ô�ü2� · oö-ô���êÓù�ñ)��î-ö��ðö-ò�ÿ�ù�ýmù��qø-ö-û¹öX÷ö�ù�óðö���ü%<Êü-ü
ô�ü�í«î-ì¹÷ì¹ðó��}ðì½÷ôì¹ï-ö-í+	�ö¹ÿ�ý%ë�ì¹ò�þÓü��ÿ+ü
ððö-û¹öÉ�óí�ù2ü
d
�

Î ¦ÐÏ â$ÑÉ«MÒ,«M¯(¬DâÓ¯èâÕÔÕÖn°%×6Ò¿ØVÒ,¬ÚÙJ®(«)°:ÖKÛèâæåèå(¬DâÝÜ ¦iÞ ¦0ß «MàM«)°�â$á
5�> T�B�/1�=!4��é�ö-ø-ö�ù�ì���óí¹í�ù�ì¾ÿ2ö-ï�ü
ðñ�oö-ô���êÓù�ñ(ï-ó#ÿ+ü º TQ¼�íÊ÷ôö-ó%þÅï-ö�ù��-ðö-òèí«ê��9�}óô%ê-ì��}ö-òäï-ì¹í¹ö-ï-ö-òÊê¸ð����óì¹ò

g(x)
ó%Êê¸ð����óì¹ò

f(x)
��÷ôóð�üÓÿ�ù�ì«ú�ü�ë�ì¹òä÷ôö-í«î-ô�ü
ðí«î-ï
ê

Sp

ïx÷ôì¾ÿ2÷ö�ù�öÓútì¹ðóó��*�%î-öï-í¹ìõê#þ«ù�ñâoö-ô���êÓù�ñ@ô�ü�þ«ù�ó��ðñ)�¸ï-í¹ì6�#ö�L�Voó��óì¹ð%î-ñ ÷ôó¶ê#þ«ù2ü�	¶ö
îÅù�ó��ðñ ö
î�ð%êÓù�ý¶ó¶êÅÿ2ö-ï�ù�ì«î-ï-ö��ô�ý��kî¶í¹ö-ö
î-ðö���ì¹ðó��
N

∑

i=1

Ci =

1
∫

0

g(x) dx = G. º ´�¼
U�ö��¸ü�þÓü
ðö����%î-ö¶÷ôóèê-í�ù�ö-ï-óó

Ci > 0
�
i = 1, 2, . . . , N

��ðö-ô���ü Êê¸ð����óö-ð�ü�ù2ü�÷ö-û¹ôì"��ðö-í«î-ó

δN (f) =

N
∑

i=1

Cif(xi) −

1
∫

0

g(x)f(x) dx º ÈQ¼



�n� ���I�]�����,�I�������]�S�I���������9�����������P�����
�:�����������
�(�����Z ��3���Z¡Q�*���
�0¢V�"�*�D¡��¤£�£�£ G�´
î�ü��ó�	:�ï�üÓÿ2ô�ü�î
ê¸ôðñ
	%oö-ô���êÓùÄêÅÿ2ö-ï�ù�ì«î-ï-ö-ô�ýì«îÑðì¹ô�ü
ï-ì¹ðí«î-ï
ê

‖δN‖S∗

p
> GN−1/p. ºÃã ¼

5@í�ù�ê���ü
ì
g(x) > 0

÷ö-í«î-ôö-ì¹ð�üÉoö-ô���êÓù2ü2�#ÿ�ù�ý:�#ö
î-ö-ôö-ò
‖δN‖S∗

p
6 2GN−1/p. º @�¶Q¼

8Êôóï-ì¾ÿ2ì�� í+	�ì���êäï-ñæï-ö¹ÿ+ü¶÷ôö��}ì«úxê#î-ö��ðñ
	äôì«þ¹êÓù��Óî�ü�î-ö-ïèï#> T�BH�2í!÷ö��}ö
ëN���Ç�#ö
î-ö-ôñ
	�þÓü�î-ì��ê-í«î�ü
ðö-ï-ó�� ï-ì¹ô�	%ð��6� ö��ì¹ð��%êmðö-ô��}ñ;Êê¸ð����óö-ð�ü�ù2üä÷ö-û¹ôì"��ðö-í«î-ó��}óðó���ü�ù��-ðñ
	¤�ï�üÓÿ2ô�ü�î
ê¸ô��ðñ
	(oö-ô���êÓù��5 ôì«þ¹êÓù��Óî�ü�î-ì!÷ö¹ÿ2í«î�ü
ðö-ï��ó ºÃÂ ¼�ï º ÈQ¼�÷ö�ù�ê���ü
ì«î-í¼ýäï-ñæô�ü�útì¹ðóì

δN(f) =

∞
∑

m=1

2m−1

∑

j=1

cm,j

1
∫

0

[

N
∑

i=1

Ci δ(x− xi) − g(x)

]

χm,j(x) dx.

Urù�ýÑù��qø-ö-û¹öx÷ôö��}ì«úxê#î��¸ü
l ⊆ [0, 1]

ö-÷ôì¾ÿ2ì�ù�ýì«î-í¼ý#Êê¸ð����ó%ý

θ(l) =
∑

i :xi∈l

Ci −

∫

l

g(x) dx,

ø�ù2ü
û¹ö¹ÿ+ü
ô�ý:�ì���ê½ï-ñæô�ü�útì¹ðóìÛÿ�ù�ý
δN (f)

÷ôóï-ö¹ÿ2ó%î-í¼ý%�Äï-ó#ÿ�ê

δN(f) =
∞

∑

m=1

2
m−1

2

2m−1

∑

j=1

cm,j

[

θ(l−m,j) − θ(l+m,j)
]

. º @�@�¼

é.ê��9��ü�÷ö
j
ï º @�@�¼�ö��ì¹ðóï�ü
ì«î-í¼ý�ío÷ö��}ö
ëN��� ðì¹ô�ü
ï-ì¹ðí«î-ï�üK-�ä�ù���ÿ2ì¹ô�ü2½

|δN(f)| 6

∞
∑

m=1

2
m−1

2

[

2m−1

∑

j=1

|cm,j|
p

]

1

p

ψq(m) 6 ‖f‖Sp
sup

16m<∞

ψq(m),

ûÍÿ2ì
ψq(m) =

[

2m−1

∑

j=1

∣

∣θ(l−m,j) − θ(l+m,j)
∣

∣

q

]

1

q

. º @�E�¼
Ä�ü�î-ì�� ÿ2ö��¸ü�þÅñæï�ü��kî-í¼ý ö-û¹ô�ü
ðó��ì¹ððö-í«î��Xï-ì�ù�ó��óðñ

ψq(m)
ó�í«ê#ë�ì¹í«î-ï-ö-ï�ü
ðóì½÷ôó ù��qø-ö��Àoó����í¹óôö-ï�ü
ððö��

m
Êê¸ð����óó

fm(x) ∈ Sp,
î�ü��#ö-ò����%î-ö

|δN(fm)| = ‖f‖Sp
ψq(m),

ð�ütö-í¹ðö-ï�ü
ðóó:�ì¹û¹öxï-ñæï-ö¹ÿ2ó%î-í¼ý%oö-ô���êÓù2ü!ÿ�ù�ý
‖δN‖S∗

p

½
‖δN‖S∗

p
= sup

16m<∞

ψq(m). º @ Â ¼
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5ô> O�Bmê-í«î�ü
ðö-ï�ù�ì¹ðö��0�%î-ö ïTí�ù�ê���ü
ì^÷ö��%î-ócï-í��.ÿ�êFö
îÅù�ó��ðö-òcö
î ð%êÓù�ýeï-ì¹í¹ö-ï-ö-òÚÊê¸ð����óó
g(x) > 0

�î�ü��#ö-ò����%î-ö�ÿ�ù�ýÑù��qø-ñ
	:�ì�ù�ñ
	
1 6 k < l 6 2m

l
∑

i=k

(−1)i

i/2d
∫

(i−1)/2d

g(x) dx 6= 0 º @�G�¼

�óí�ù�ö
N
ê#þ«ù�ö-ï ù��qø-ö-òõ�}óðó���ü�ù��-ðö-òâ�ï�üÓÿ2ô�ü�î
ê¸ôðö-òRoö-ô���êÓù�ñ)�Õö-ø�ù2üÓÿ+ü��kë�ì¹ò

d
�±í¹ï-ö-òí«î-ï-ö��$�ô�ü
ï-ðö

2d ���¸ü�útÿ2ñæòtÿ2ï-ö-ó��ðñæò¶÷ôö��}ì«úxê#î-ö�� ld+1,i

ÿ�ù�óðñ
2−d í¹ö¹ÿ2ì¹ô�ú¶ó%îtôö-ï-ðör÷örö¹ÿ2ðö���êtê#þ«ù�ê���#ö
î-ö-ôñæò'�}öÓútì«î�ô�ü
í¹÷ö�ù2ü
û�ü�î��-í¼ý ïèù��qø-ö-ò�î-ö����#ì�L«î-ö-û¹öä÷ôö��}ì«úxê#î��¸ü2��ü:�#ö�L�Voó��óì¹ð%î

Ci

÷ôóê#þ«ù�ì
xi ∈ ld+1,i

ï-ñ$�óí�ù�ýì«î-í¼ýä÷ö oö-ô���êÓù�ì

Ci =

i/2d
∫

(i−1)/2d

g(x) dx, i = 1, 2, . . . , N. º @�O�¼

5�ð�ü
í«î-öÓý%ë�ì�� ô�ü�þ�ÿ2ì�ù�ìkø
êÅÿ2ì��mô�ü
í¹í���ü�î-ôóï�ü�î��N�}óðó���ü�ù��-ðñæìn�ï�üÓÿ2ô�ü�î
ê¸ôðñæì6oö-ô���êÓù�ñ�ê��¸ü�þÓü
ð��ðö-û¹öxï-ó#ÿ+ütíVÊê¸ð����óì¹ò
f(x)

÷ôö-í«î-ô�ü
ðí«î-ï�ü
Sp

óèðì¹ö
î-ôó���ü�î-ì�ù��-ðö-òX÷ö��%î-óÄï-í��.ÿ�êèö
îÅù�ó��ðö-ò�ö
îð%êÓù�ý í«ê#ë�ì¹í«î-ï-ì¹ððömö-û¹ô�ü
ðó��ì¹ððö-ò�ð�üäö
î-ôì«þ��#ì
[0; 1]

ï-ì¹í¹ö-ï-ö-ò'Êê¸ð����óì¹ò
g(x)

��êÅÿ2ö-ï�ù�ì«î-ï-ö-ô�ý��¿�ë�ì¹ò º @�G�¼Z�Qö.êÅÿ2ì���î�ü��%útìõí��ó%î�ü�î������%î-öoê#þ«ù�ñ ô�ü
í¹í���ü�î-ôóï�ü
ì��}ñ
	Éoö-ô���êÓù¶ðìæýï�ù�ý��kî-í¼ý�ÿ2ï-ö-ó��ðö��ô�ü��óö-ð�ü�ù��-ðñ$�}óèî-ö����¸ü��}ó���î���ì���ðìV�}ö-û«ê#î¶ø-ñÕî��x÷ôì¾ÿ2í«î�ü
ï�ù�ì¹ðñ�ïxï-ó#ÿ2ì
xij =

j

2n
, n = 1, 2, . . . , j = 0, 1, . . . , 2n.

¸,�ì¹ï-ó#ÿ2ðö���ö-û¹ô�ü
ðó��ì¹ðó%ý�ð�üXê#þ«ù�ñÐoö-ô���êÓù�ñ ó��#ö�L�Voó��óì¹ð%î-ñ ÷ôó�ê#þ«ù2ü�	*�}ê��¸ü�þÓü
ððñæì�ï÷ôì¾ÿ2ñ.ÿ�ê#ë�ì��Nô�ü�þ�ÿ2ì�ù�ì���ï ÿ+ü
ððö�� í�ù�ê���ü
ìXï-ñæ÷ö�ù�ð%ý��kî-í¼ý�½Õï-í¹ìÄê#þ«ù�ñ ô�ü�þ«ù�ó��ðñ)��ï-í¹ì��#ö�L�Voó���óì¹ð%î-ñV÷ö�ù�öÓú¶ó%î-ì�ù��-ðñVó@êÅÿ2ö-ï�ù�ì«î-ï-ö-ô�ý��kîhí¹ö-ö
î-ðö���ì¹ðó�� º ´�¼Z�ÕÊ�ü��â�¸ü�� óí¹÷ö�ù��
þ¹ê-ì��}ö-ì�ð�ü��}óö-÷ôì¾ÿ2ì�ù�ì¹ðóì º @�¼ËÊê¸ð����óòÉ<Êü-ü
ô�üÊö
îÅù�ó���ü
ì«î-í¼ý½ö
îróí¹÷ö�ù��
þ¹ê-ì��}ö-û¹ö!ïK> T�B�ö-÷ôì¾ÿ2ì�ù�ì¹ðó%ý º E�¼�î-ö�ù����#öïèî-ö����¸ü�	*��ýï�ù�ý��kë�ó�	�í¼ý¤�#ö-ð���ü��}ó ÿ2ï-ö-ó��ðñ
	�÷ôö��}ì«úxê#î��#ö-ï���üèê#þ«ù�ñ ô�ü
í¹í���ü�î-ôóï�ü
ì��}ñ
	¤�ï�üÓÿP�ô�ü�î
ê¸ôðñ
	³oö-ô���êÓù ðìèí¹ö-ï-÷�üÓÿ+ü��kî�ðó�íèö¹ÿ2ðö-ò�ó%þèî�ü��ó�	�î-ö��ì�����í¹ö-ö
î-ðö���ì¹ðó%ý ºÃã ¼Z� º @�@�¼HF º @ Â ¼ó��}ì��kîK�}ì¹í«î-ö¶óèïxð�ü���ì��hí�ù�ê���ü
ì��5Ní¹ó¸ù�ê�î-ö��ðö-í«î-ó ô�ü
í¹í���ü�î-ôóï�ü
ì��}ñ
	õ�ï�üÓÿ2ô�ü�î
ê¸ôðñ
	õoö-ô���êÓù@ð�üm÷ö�ù�óðö���ü�	?<Êü-ü
ô�ü�í«î-ìZ�÷ì¹ðì¹ò��Õðìä÷ôì¹ï-ö-í+	�ö¹ÿ�ý%ë�ó�	
d,
ÿ�ù�ý

m = 1, 2, . . . , d
ï-ì�ù�ó��óð�ü

ψq(m) = 0
ó���í�ù�ì¾ÿ2ö-ï�ü�î-ì�ù��-ðö��í¹ö-ö
î-ðö���ì¹ðóì º @ Â ¼�þÓü
÷ó2��ì«î-í¼ýXï�ï-ó#ÿ2ì

‖δN‖S∗

p
= sup

d+16m<∞

ψq(m). º @�TQ¼
¸Ûø-ö
þÅð�ü��ó���í¹ó��}ï-ö�ù�ö��

η
(k)
m,j

óð%î-ì¹û¹ô�ü�ùtö
îkï-ì¹í¹ö-ï-ö-òVÊê¸ð����óór÷ö�ÿ2ï-ö-ó��ðö���êÊ÷ôö��}ì«úxê#î��%êqÿ�ù�ó��ðñ
2−m

�Åýï�ù�ý��kë�ì���ê-í¼ý�÷ö¹ÿI�}ðöÓútì¹í«î-ï-ö����}ðöÓútì¹í«î-ï�ü
ld+1,j º m = d+1, d+2, . . .

�
j = 1, 2, . . . , 2d

¼Z�8Êö¹ÿ
k
þ�ÿ2ì¹í��mø
êÅÿ2ì��á÷ö-ðó���ü�î��mðö��}ì¹ô ÿ+ü
ððö-û¹öm÷ôö��}ì«úxê#î��¸ü�ïäÿ2ï-ö-ó��ðö��á÷ôö��}ì«úxê#î��#ì

ld+1,jº k = 1, 2, . . . , 2m−d
¼Z��÷ôó��ì��äð%ê��}ì¹ô�ü��ó��h÷ôö-ï-ì¾ÿ2ì���í�ù�ì¾ÿ�ê��kë�ó�� ö-ø-ô�ü�þÅö��$��8Êôö��}ì«úxê#î��%êqÿ�ù�óðñ

2−m
�
í¹ö¹ÿ2ì¹ô�ú�ü�ë�ì���ê�ï�	�ö¹ÿ�ý%ë�óò�ï,�}ðöÓútì¹í«î-ï-ö

ld+1,j

ê#þÅì�ùKoö-ô���êÓù�ñ)�
÷ôóí¹ï-ö-ó�� ðö��}ì¹ô�@��
í¹ö-í¹ì¾ÿ2ðìZ���êÊ÷ôö��}ì«úxê#î��%êÛî-ö-òoútì�ÿ�ù�óðñ)�Åù�ì«ú�ü�ë�ì���êÊï��}ì¹í«î-ì.í}÷ôö��}ì«úxê#î��#ö��äðö��}ì¹ô @�ïõö¹ÿ2ðö��½ÿ2ï-ö-ó��ðö��
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÷ôö��}ì«úxê#î��#ì�ÿ�ù�óðñ

2−m+1 ��÷ôóí¹ï-ö-ó��Xðö��}ì¹ô1E���ö-í«î�ü�ù��-ðñæì�ÿ2ï-ö-ó��ðñæì�÷ôö��}ì«úxê#î��ó1�}ðöÓútì¹í«î-ï�ü
ld+1,j

þÓü
ð%ê��}ì¹ô%ê-ì��Xí�ù�ì¹ï�ükð�ü
÷ô�ü
ï-ö��Åð�ü��óð�ü�ý!í�÷ì¹ôï-ö-û¹öqðì¹÷ôö-ð%ê��}ì¹ôö-ï�ü
ððö-û¹öq÷ôö��}ì«úxê#î��¸ü2��÷,�ó��î-ñæï�ü�ý����%î-öqê#þ«ù�ñ ô�ü
í¹í���ü�î-ôóï�ü
ì��}ñ
	Noö-ô���êÓùtðì�ýï�ù�ý��kî-í¼ýoÿ2ï-ö-ó��ðö��±ô�ü��óö-ð�ü�ù��-ðñ$�}órî-ö����¸ü��}ó��ü�î�ü��%útì!÷ôóðó���ü�ýäï-öxï-ðó���ü
ðóìSoö-ô���êÓù�ê º @�O�¼Z��í¹ö-ö
î-ðö���ì¹ðóì º @�E�¼æ÷ì¹ôì¹÷ó2��ì�� ï¶ô�ü
ï-ðö-í¹ó¸ù����ðö���ï-ó#ÿ2ì�½
ψq

q(m) =
2d

∑

j=1





∣

∣

∣

∣

∣

∣

2η
(2)
m,j +

2m−d
∑

k=3

η
(k)
m,j

∣

∣

∣

∣

∣

∣

q

+
2m−d−1

∑

k=2

∣

∣

∣
η

(2k−1)
m,j − η

(2k)
m,j

∣

∣

∣

q



. º @�´�¼
¸,�ì¹ï-ó#ÿ2ðö��P�%î-ö

ψq
q(m) ≤

2d
∑

j=1

[

∣

∣

∣

∣

∣

∣

2η
(2)
m,j +

2m−d
∑

k=3

η
(k)
m,j

∣

∣

∣

∣

∣

∣

q−1 ∣

∣

∣

∣

∣

∣

2η
(2)
m,j +

2m−d
∑

k=3

η
(k)
m,j

∣

∣

∣

∣

∣

∣

+

+
2m−d−1

∑

k=2

[
∣

∣

∣
η

(2k−1)
m,j

∣

∣

∣
+

∣

∣

∣
η

(2k)
m,j

∣

∣

∣

]q−1 [
∣

∣

∣
η

(2k−1)
m,j

∣

∣

∣
+

∣

∣

∣
η

(2k)
m,j

∣

∣

∣

]

]

. º @�ÈQ¼
µ}í�ù�ó@ï'�¸ü��#ö-ò�� ù�óø-ö í«ê��9�}ì��Õï�	�ö¹ÿ�ý%ë�ì¹ò ï ê¸ô�ü
ï-ðì¹ðó%ý º @�´�¼Z� º @�ÈQ¼Z��þÅð�ü��ì¹ðóìXðó%ú¶ðì¹û¹ö óð#ÿ2ì��#íÅü÷ôì¹ï-ñÕ�tü
ì«î�þÅð�ü��ì¹ðóìoï-ì¹ô�	%ðì¹û¹öxóð#ÿ2ì��#íÅü2�î-ötí¹ö-ö
î-ï-ì«î-í«î-ï
ê��kë!ê��áí«ê��9��êÑí��ó%î�ü
ì��hô�ü
ï-ðö-ò½ð%êÓù��S�5@í¹ö-ö
î-ï-ì«î-í«î-ï-óóXí º O�¼

∣

∣

∣
η

(k)
m,j

∣

∣

∣
6

1

2m
‖g‖L∞ó���í�ù�ì¾ÿ2ö-ï�ü�î-ì�ù��-ðö��

∣

∣

∣

∣

∣

∣

2η
(2)
m,j +

2m−d
∑

k=3

η
(k)
m,j

∣

∣

∣

∣

∣

∣

q−1

6

(

‖g‖L∞

2d

)q−1

, m = d+ 1, d+ 2, . . . ; º @ ã ¼

[
∣

∣

∣
η

(2k−1)
m,j

∣

∣

∣
+

∣

∣

∣
η

(2k)
m,j

∣

∣

∣

]q−1

6

(

‖g‖L∞

2m−1

)q−1
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