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m = (m1, . . . , mn) � óñ%ð-î���þ�òÎô�ù-í�ýùtù���þ�ò
ñóöî�ññù-øiù���ô2ò
ï¼ð-óiï�ýù-ú�ù
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KNf

def
=

N∑

k=1

ck,Nf(x(k)).

� ù-þú�ò�� õÞñ����óù-ñ�òÎô2ò£ýù���þî¼÷�ñù-ï¼ð-ó
lΩN(f)

def
=
∫
Ω

f(x) dx−KNf � Ω b Rn � ú�óñóú�ó%ì�óþù-í�ò
ññ�ò�ÿ
ýù�þ�ò
ï�ýù�ô�ù×ûÛî�ñó��õ#ì¼ô�ù-í {x(k)} ó��#ù�������ó��óî�ñ%ð�ò
ú {ck,N},

óú�î�î¼ðÚù��î�ñ��%õ

min
{x(k)},{ck,N}
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∥∥
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n
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j=1
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h 9;:=< (h1, . . . , hn), hm1
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n .
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õÞú�î�þñù-ú�ï¨ô�õÞö�ò
î�ñ�ò
óÞô�õÞö%÷�óø!ýù-þ�ÿ��2ù��!ò
ýýþù��#ï�óú�ò
�óó��2ù-ï¼ð-ó��¨ò
î¼ð-ïÉÿÛózñ�ò�%õ��-óöî�ï��ó�� þî¼÷�î¼ð��Þò�� ì×òzï�öî¼ð�ýù-í-ù-þù
ð�ò!ñ�ò�õ���ù�ô

θ � ð�ò
ñ���î�ñïo�#ù
ð-ù-þù���ù�î�ï¼ð��]�Äì�ù�ô�ù
ð-ù-îoï�î�öî�ñóîA� �
tg θ =

1 +
√

5

2
� ð�'¯î
'�ï¨ô�î1��õ-î¼ð í
ì�ÿ%ð��âýù-ï¨ô�î1�2ù-í�ò�ð-î¨ô$�-ñù-ï¼ð��Úþî¼÷�î¼ð-ù���õ#ì¼ô�ù-í � ýþó h→ 0 �

{hHk}, k ∈ Z
2,
ï�ú�ò�ð-þó��î�ø

H
def
=

(
cos θ sin θ
− sin θ cos θ

)
.

� ð-ú�î¼ð-óú � ö%ð-ùT�¼ð�ò�þî¼÷�î¼ð��Þò�õ#ì¼ô�ù-íÛñî£ì×ò
í-óï�ó%ð�ù
ð��¯ô2ò"�#�#ù-ï¼ð-î�ø m1
ó
m2
'�� þó í-üxöóï¨ô�î�ñó%ÿ�� �ù��2ñ�ò
�#ù � ú�ü9ñ�ò
�Þô2ò"�2üxí�ò
î�ú�ð-îA�%ñóöî�ï��#ù-î�õ-ï¨ô�ù-í-óî min {m1, m2} > 3/2
í-ú�î�ï¼ð-ùNî�ï¼ð-î�ï¼ð-í-î�ññù���ù

min {m1, m2} > 1
'��ù��Þò�ì×ò�ð-î¨ô$�-ï¼ð-í
õªï¼õ�	�î�ï¼ð-í-ù-í�ò
ñó%ÿ��Þô2ò
ï�ï�ò�� õÞñ����óù-ñ�òÎô�ù-íNýù���þî¼÷�ñù-ï¼ð-óIï ñ�ò
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W µ

2 (R2)
ó
W̃ µ

2 (Q)
ï

µ(ξ)
def
= ν(Hξ),

�L�2î
ν(η)

def
=

√
1 + |η1|2m1 + |η2|2m2 ,ótñù-þú�ò
ú�ó

‖f‖W
µ
2 (R2)

def
=



∫

R2

dξ
∣∣∣f̃(ξ)µ(ξ)

∣∣∣
2




1
2

, ‖f‖fW
µ
2 (Q)

def
=



∫

Q

dξ

∣∣∣∣∣
∑

k∈Z2

fk µ(k) e2πi〈ξ,k〉

∣∣∣∣∣

2



1
2

,

�L�2î
Q

def
=

{
x = (x1, x2) : xi ∈

[
− 1

2
,
1

2

)
, i = 1, 2

}
, f̃(ξ)

def
=

∫

R2

dx f(x) e−2πi〈x,ξ〉

« ýþî�ù��-þ�ò�ì�ù-í�ò
ñóî]¬!õÞþ��-îo� õÞñ����óó f(x) � ò fk
« î�îo�#ù�������ó��óî�ñ%ð-ü%¬!õÞþ��-î
'$³ò Wm

2 (R2)
ýþó��ñóú�ò
î�ú

W ν
2 (R2) .

�ÛòÎô�î�î õZ�2ù��-ñù�ï�öó%ð�ò�ð��
m2 > m1 > 1

'��õ-ï¼ð��
Ω
ù���ô2ò"�+ò
î¼ð®�%õ-ï�ù-öñù,�b�¯ô2ò"�#�#ù-ø¯��þ�ò
ñó��î�ø�ó�ô�î¼ûÚó%ðÚí°�þ%õ���î {x : |x| < σ < 1} '#¬!õÞñ�����óù-ñ�òÎô�ýù���þî¼÷�ñù-ï¼ð-ó¯�%õ���ò�ð
õÞþñù-ø���ù-þú�õ×ô�ü ï�þî¼÷�î¼ð��#ù-ø�õ#ì¼ô�ù-í {hHk}, k ∈ Z2 � óú�î�î¼ð í-ó��

lΩ,H
h (f)

def
=

∫

Ω

dx f(x) − h2
∑

k∈Z2,
hHk∈Ω

ck,h f(hHk). � ( �
³ò
ú�î¼ð-óú � ö%ð-ù

∥∥∥lΩ,H
h

∥∥∥
(W m

2 (R2))∗
=



∫

R2

dη

∣∣∣l̃Ω,H
h (η)

∣∣∣
ν2(η)
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= |η = Hξ| =
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∫

R2

dξ

∣∣∣l̃H
−1Ω,I

h (ξ)
∣∣∣
2

µ2(ξ)




1
2

=
∥∥∥lH

−1Ω,I
h

∥∥∥
(W µ

2 (R2))∗
.

��ò\� õÞñ����ó%ÿ�� ó%ì
C m2

0 (|x| 6 σ < 1)
ñù-þú�ü ýþù-ï¼ð-þ�ò
ñï¼ð-í

W µ
2 (R2)

ó
W̃ µ

2 (Q)
���í-óí�òÎô�î�ñ%ð-ñüþ�ò
í-ñù-ú�î�þñùâýù�í-ï�î�í-ù
ì�ú�ù×ûÚñüxú ú�ò�ð-þó���ò
ú ýù-í-ù-þù
ð-ù-í

HHT = I � ð�'¯î
'
∃C ∀f ∈ C m2

0 (|x| 6 σ < 1)
1

C
‖f‖fW

µ
2 (Q) 6 ‖f‖W

µ
2 (R2) 6 C‖f‖fW

µ
2 (Q).Ã�ù��L�+ò

C‖l‖fW
µ
2 (Q) > ‖l‖W

µ
2 (R2) >

1

C
‖l‖fW

µ
2 (Q),

ò���ô�ÿ�ô$~�-ü����#ù�������ó��óî�ñ%ð-ù-í {ck} ótô$~�-ù-ø�ú�ò�ð-þó��ü ýù-í-ù-þù
ð�ò H ñù-þú�ò ∥∥∥lH−1Ω,I
h

∥∥∥
(W µ

2 (R2))∗óú�î�î¼ðT�2í
õ-ï¼ð-ù-þù-ñ�~?ù��î�ñ��%õ öî�þî¼ì ∥∥∥lH−1Ω,I
h

∥∥∥
(fW

µ
2 (Q))∗

'
�zô�ÿtù-ý%ð-óú�òÎô$�-ñù���ùâýùâýù-þ�ÿ��#�%õ0� õÞñ����óù-ñ�òÎô2ò

lω,I
h

ñ�ò�ýþù-ï¼ð-þ�ò
ñï¼ð-í-î
W̃ µ

2 (Q)
í-üxýù�ô�ñ%ÿî¼ð-ïÉÿù��î�ñ��Þò & � +

∃C :
1

C
6

∥∥∥lω,I
h

∥∥∥
(fW

µ
2 (Q))∗

‖l∞h ‖(fW
µ
2 (Q))∗

6 C. � ) �
/�2î�ï��

l∞h (x)
def
= χQ(x) − h2

∑

k∈Z2,
hk∈Q

δ(x− hk).

� ù��¼ð-ù-ú�õzí-üxöóï¨ô�î�ñóîqýù-þ�ÿ��#�ÞòY�2ù-ï¼ð�ò�ð-ù-öñù ýþù-í-î�ï¼ð-ó]��ô�ÿ!ù��2ñù-þù��2ñù���ù�� õÞñ����óù-ñ�òÎô2òoýù���þî¼÷]�
ñù-ï¼ð-ó

l∞h (x)
'#Ätü ýù��Þò�ûÛî�ú � ö%ð-ùâýþó α def

= tg θ =
1 +

√
5

2

∃ c : ‖l∞h ‖(fW
µ
2 (Q))∗ 6 c h

2
1

m1
+ 1

m2 . �ÆÅ��
.�ú�î�ï¼ð-î�ïÛù��î�ñ��#ù-ø � 1 � �¼ð-ù�ù
ì�ñ�ò×ö�ò
î¼ð � ö%ð-ù�ù-ý%ð-óú�òÎô$�-ñüxø ýù-þ�ÿ��2ù��Ç�%õ���ò�ð
õÞþñù-øÈ��ù-þú�õ×ô�ü�ï� õÞñ����óù-ñ�òÎô�ù-ú ýù���þî¼÷�ñù-ï¼ð-ó � 2 � ýþó H = cos θ

(
1 α
−α 1

) ÿí�ô�ÿî¼ð-ïÉÿ�ñ�ò
óÞô�õÞö%÷�óúY'
É3�ËÊ�Ì çxé0¨ ¢ é0  �0ÍÏÎ  xè�é0  �  xè�é0 ]Ð5 ÒÑËÓÚé0¨ Ì ê0 zé ¢�Ô¯¢
Õ�ò
ï�ï�ú�ù
ð-þóú

‖l∞h ‖2
(fW

µ
2 (Q))∗

=
∑

k∈Z2\{0}

1

µ2

(
k

h

) =
∑

k∈Z2\{0}

1

ν2

(
H
k

h

) ,

�L�2î
ν(η) =

√
1 + |η1|2m1 + |η2|2m2 , 1 < m1 6 m2...ì�ÿí�ì×òÛñù-í-ù-î

h
ýþî¼ûÚñî�î � ýù��2î¨ô�î�ññù-îzñ�ò cos θ � �
õZ�2î�ú ù��î�ñóí�ò�ð��Úýù-þ�ÿ��2ù��

ϕ(h)
def
=

∑

k∈Z2\{0}

1

1 +

∣∣∣∣
k1 + αk2

h

∣∣∣∣
2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

ýþó
h→ 0.
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ð-þî¼ûÛî�ú×��ù��þî�ï¼ð-ñù-ï¼ð����-î�ï��#ù-ñî�öñù-ï¼ð-ó�ýÞô�ù-ï��#ù-ï¼ð-ó

(k1, k2)
'�� ù��#�-î�þî�útð�ò
�#ù-î

K(h) �ö%ð-ù��-ü í-üxýù�ô�ñ%ÿÞô�ù-ï���õ-ï¨ô�ù-í-óî
∑

k∈Z2\{0},

|k|>K(h)

1

ν 2

(
H
k

h

) = O
(
h

4m1m2
m1+m2

)
= O

(
N

−
2m1m2
m1+m2

)
.

�zô�ÿ��¼ð-ù���ù��2ù-ï¼ð�ò�ð-ù-öñù � ö%ð-ù��-ü
∫

|k|>K(h)

dk
1

ν 2

(
H
k

h

) = O
(
h

4m1m2
m1+m2

)
.

³ò
ú�î¼ð-óú � ö%ð-ù
1

ν2

(
H
ξ

h

) 6
C

1 +

∣∣∣∣
ξ

h

∣∣∣∣
2m1

.

ë ï�ýù�ô$�
ì�õ
ÿ��¼ð-ùâñî�þ�ò
í-î�ñï¼ð-í-ùÚótýî�þîA��ù���ÿ�í�ýù�ô�ÿþñüxî]�#ù-ù-þ
�2óñ�ò�ð-ü � ýù�ô�õÞö�ò
î�ú
∑

k∈Z2\{0},

|k|>K(h)

1

ν 2

(
H
k

h

) �
∫

|ρ|>K(h)

dρ
ρ

1 +
(ρ
h

)2m1
� h2m1

∫

|ρ|>K(h)

dρ ρ−(2m1−1) = h2m1(K(h))−2m1+2.

/�2î�ï��âó®�+òÎô�î�îzï�óú�í-ù�ô � ù
ì�ñ�ò×ö�ò
î¼ðÚï¼õ�	�î�ï¼ð-í-ù-í�ò
ñóîo�2í
õ-ï¼ð-ù-þù-ññî�ø�ù��î�ñ��ó8'
� ù-ï¨ô�î1�2ñî�î!í-üxþ�ò�ûÛî�ñóî�ù��î�ñóí�ò
î¼ð-ïÉÿ�ï�í-î�þ��Þõtöî�þî¼ì

h
4m1m2
m1+m2

ýþó
K(h) > C h

−
1−

m1
m2

(1+
m1
m2 )(1− 1

m1 )
'� ð��-þù-ï�óí���ô�ÿ�õZ�2ù��-ï¼ð-í�ò3�#ù-ñï¼ð�ò
ñ%ð
õ � ýù�ô�ù×ûÚóú

K(h) = h
−

1−
m1
m2

(1+
m1
m2 )(1− 1

m1 ) .

�ÛòÎô�î�î��
õZ�2î�ú þ�ò
ï�ï�ú�ò�ð-þóí�ò�ð��âð-ù�ô$���#ù�ð-î�ð-ù-ö��ótýÞô�ù-ï��#ù-ï¼ð-ó � ��ô�ÿ��#ù
ð-ù-þü��
k ∈ K

def
= {k ∈ Z

2 : 1 6 |k| 6 K(h)}.
.�ü5�2î¨ô�óúIó%ìzï¼õÞú�ú�ü

ψ(h) ≡
∑

k∈K

1

1 +

∣∣∣∣
k1 + αk2

h

∣∣∣∣
2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

��þ%õÞýý%õ�ï¨ô2ò
�¨ò
î�ú�ü�� � ��ô�ÿ0�#ù
ð-ù-þù-øtð-þî��
õ-î�ú�ò�ÿ�ù��î�ñ��Þò�ýù�ô�õÞö�ò
î¼ð-ïÉÿ�ï�þ�ò
í-ñó%ð-î¨ô$�-ñùÚýþù-ï¼ð-ù�'ÄtüTóú�î�î�úfí!í-ó���õ�ö�ò
ï¼ð��!ï¼õÞú�ú�ü � óñ��2î��#ï�ü ï¨ô2ò
�¨ò
î�ú�ü��P�#ù
ð-ù-þü��Úýù-ý�ò"�+ò
£ð�ízù��-ù
ì�ñ�ò×öî�ññüxîñ�òÛþóï¼õÞñ��#î\�-ù�ô$�
÷�óî�ù���ô2ò
ï¼ð-ó
A1,A2,A3,A4,

ù���þ�ò
ñóöî�ññüxî�÷!ð-þó���ù-í-üxú�ótô�óñó%ÿú�ó8'³ò
ýó%÷�î�úªõÞþ�ò
í-ñî�ñó%ÿ�ýþ�ÿú�ü�� � ù��-ù
ì�ñ�ò×öî�ññü��tñ�òÛþóï¼õÞñ��#î\�ó���þ�ò
ú�ó87� « k2 = (α + δ)k1 � Ø « k1 = −(α + δ)k2 �( « k2 = αk1 +
1

2
� � « k1 = −αk2 +

1

2
�) « k2 = αk1 � � « k1 = −αk2 �

Å « k2 = αk1 −
1

2
� * « k1 = −αk2 −

1

2
�Ù « k2 = (α− δ)k1 � �"Ö « k1 = −(α− δ)k2
'
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k1

k2 1 2 3 4 5

6

7

8

9

10

A1

A4

A3

A2

Ú8Û�ÜAÝZÞ�ß;àtÞ�ß�á�â�ã"ä;å
ã"ä;æ"Þ
.�ï�îqöî¼ð-üxþîxù���ô2ò
ï¼ð-ó

A1,A2,A3,A4
ù��î�ñóí�ò
£ð-ïÉÿÛù��2óñ�ò
�#ù-í-ù�'Z�zô�ÿ�ýþóú�î�þ�òoì×ò
øú�î�ú�ïÉÿÛù��î�ñ���#ù-øtï¼õÞú�ú�ü\ï�ù�ú�ñù×ûÛî�ï¼ð-í-ù-úIóñ��2î��#ï�ù-í�7

A1 =

{
k : k1 ∈ K1

def
= {k1 : 1 6 k1 6 K(h)} ∩ Z, k2 ∈

[
− 1

α + δ
k1, (α− δ)k1

]
∩ Z

}
,

�L�2î
δ « �2ù-ï¼ð�ò�ð-ù-öñùÚú�òÎô�î�ñ����#ù-îzýù�ô�ù×ûÚó%ð-î¨ô$�-ñù-î�öóï¨ô�ù�'

∑

k∈A1

1

1 +

(
k1 + αk2

h

)2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

�

�
∑

k1∈K1

(α−δ)k1∫

− 1
α+δ

k1

dk2
1

1 +

(
k1 + αk2

h

)2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

=

= |−τ = k2 − αk1| =
∑

k1∈K1

(α+ 1
α+δ

)k1∫

δk1

dτ
1

1 +

(
(1 + α2)k1 − ατ

h

)2m1

+

(
τ

h

)2m2
6

6

∣∣∣∣∣∣∣

ατ 6 (α2 + 1 − αδ)k1,

ατ − (1 + α2)k1 6 −αδk1,
|(1 + α2)k1 − ατ | > δαk1

∣∣∣∣∣∣∣
6
∑

k1∈K1

(α+ 1
α+δ

)k1∫

δk1

dτ
1

1 +

(
αδk1

h

)2m1

+

(
τ

h

)2m2
6

6

∣∣∣∣∣∣∣∣

a2m2
def
= 1 +

(
αδk1

h

)2m1

,

τ = hta

∣∣∣∣∣∣∣∣
6
∑

k1∈K1

1
ha

(α+ 1
α+δ

)k1∫

δk1
ha

dt
ha

a2m2 (1 + t2m2)
=



�"Ö ( ���V�3���Q�"���5���A�
���/���

=

∣∣∣∣
��õ-ï¼ð�� δk1

ha
≥ 1

∣∣∣∣ �
∑

k1∈K1

ha1−2m2

(
δk1

ha

)−2m2+1

=
∑

k1∈K1

h2m2 (δk1)
−2m2+1 =

=

∣∣∣∣∣A
def
=
∑

k1∈K1

(δk1)
−2m2+1 , 2m2 >

4m1m2

m1 +m2

∣∣∣∣∣ 6 A h
4m1m2
m1+m2 .

� ï¼ð�ò
î¼ð-ïÉÿ ù��î�ñó%ð�� ï¼õÞú�ú�õ�ýù ï¨ô2ò
�¨ò
î�ú�üxú ï!óñ��2î��#ï�ò
ú�óNíÚõ#ìZ�ó���ù���ô2ò
ï¼ð×ÿ���� õ��¯ô2ò��½'HÕ�ò
ï�ï�ú�ù
ð,�þóú ú�ñù×ûÛî�ï¼ð-í-ùâóñ��2î��#ï�ù-í
B1

def
=

{
k : k1 ∈ K1, k2 ∈

[
(α− δ)k1, αk1 −

1

2

]
∩ Z

}
.

� þó��¼ð-ù-ú
k1 >

1

2δ

'
��õ-ï¼ð��
K4

def
= K1∩{k1 : k1 >

1

2δ
} ',� þù-ó%ì�í-î1��ÿ!ì×ò
ú�î�ñü�ó�ýþî�ù��-þ�ò�ì�ù-í�ò
ñó%ÿ �ò
ñ�òÎô�ù���óöñüxîzýþù��2î¨ô2ò
ññüxúIí-üq÷�î � ýù�ô�õÞöóú

∑

k∈B1

1

1 +

(
k1 + αk2

h

)2m1

+

(−αk1 + k2

h

)2m2
�
∑

k1∈K4

h a1−2m2

(
1

2ha

)−2m2+1

=

= c h2m2
∑

k1∈K4

1 = c h2m2

(
K(h) − 1

2δ

)
6 c h

2m2−
1−

m1
m2

(1+
m1
m2

)(1− 1
m1

) ≡ L(h).

��ù-ï¼ð�ò�ð-ù-öñüxúIõ-ï¨ô�ù-í-óî�úIí-üxýù�ô�ñî�ñó%ÿtù��î�ñ��ó
L(h) = O (h

4m1m2
m1+m2 )

ÿí�ô�ÿî¼ð-ïÉÿ � ñ�ò
ýþóú�î�þ �
m1 >

3

2
.

� ï¼ð�ò
î¼ð-ïÉÿ ýù�ô�ù-ï��Þò ù���ô2ò
ï¼ð-óUóñ��2î��#ï�ù-í ù��#ù�ô�ù ýþ�ÿú�ü��
k2 = αk1

ó
k1 = −αk2

'8Õ�ò
ï�ï�ú�ù
ð-þóú
ýî�þí
õ�aó%ìÚñó��½7

C1
def
= {k : k1 ∈ K1, k2 ∈ [αk1 −

1

2
, αk1] ∩ Z} '×ç�þ�ò�ì�õNì×ò
ú�î¼ð-óú � ö%ð-ù2�2í-ù-øñ�ò�ÿï¼õÞú�ú�ò�ýù¯�¼ð-ù-ø ù���ô2ò
ï¼ð-ó ýþî�í-þ�ò�ð-ó%ð-ïÉÿ�í�ù��2óñ�ò
þñ%õ� � ð�ò
�è�Þò
���Þò�ûT�2ù-ú�õ k1

ï�ù-ù
ð-í-î¼ð-ï¼ð-í
õ-î¼ðiñî
�-ù�ô�î�î ù��2ñù���ùNì�ñ�ò×öî�ñó%ÿ

k2
'Qé óú�î�ññù � �¼ð-ùNð�ò
�#ù-î k2 � ��ô�ÿê�#ù
ð-ù-þù���ù 0 6 αk1 − k2 6

1

2

óÞô�ó
α1k1 − k2 = ë αk1 ì � �L�2î ë · ì « þ�ò
ï�ï¼ð-ù×ÿñóî��2ù°��ô�ó%û�ò
ø%÷�î�ø��î¨ô�ù-ø�ð-ù-ö��ó8'.�î¨ô�óöóñü

k1 + αk2
ýþó

k1 ∈ [1, K(h)]
ñî�ï¼ð-þî�ú�ÿ%ð-ïÉÿ���ñ%õ×ô$ ýþó õÞú�î�ñ��
÷�î�ñóó

h
'í� þó�¼ð-ù-ú

(α+1)k1 6 k1 +αk2 6 (α+2)k1 ⇒ k1 +αk2 � k1
'�� ù��¼ð-ù-ú�õT�2ù-ï¼ð�ò�ð-ù-öñùÛù��î�ñó%ð��Ûï�í-î�þ��Þõï¼õÞú�ú�õ

S(h)
def
=
∑

k1∈K1

1

1 +

(
k1

h

)2m1

+

( ë αk1 ì
h

)2m2
.

çÇ�2þ%õ���ù-øÛï¼ð-ù-þù-ñü � í-î¨ô�óöóñ�ò αk1
ï�ó%ì�ú�î�ñî�ñóî�ú

k1
ú�ù×ûÛî¼ð�ï��#ù�ô$�oõ���ù��2ñùo��ô�ó%ìZ�#ù ýù��/��ù��2ó%ð���tñ%õ×ô$ � ýù��¼ð-ù-ú�õ�ù��î�ñ��%õ S(h)

ýþó��2î¼ð-ïÉÿ�ýþù-í-î�ï¼ð-ó�ú�ò
�#ï�óú�òÎô$�-ñù�ð-ù-öñù�'��ò
úªýù-ñ�ò"�2ù��×ÿ%ð-ïÉÿ�ñî��#ù
ð-ù-þüxî\��ù-þú�õ×ô�üî��ô�ÿ�ýù-ï¨ô�î1�2ù-í�ò�ð-î¨ô$�-ñù-ï¼ð-î�øUöóï�î¨ô�¬�ó��-ù-ñ�ò×ööó
{uj}∞j=1, u1 = u2 = 1, uj+1 = uj + uj−1, j > 2.Õ�ò
ï�ï�ú�ù
ð-þóúï�í�ò"�2þ�ò�ð-ñù-î�õÞþ�ò
í-ñî�ñóî

x2 − x − 1 = 0
'ñð]~�-ù-î�öóï¨ô�ùê¬�ó��-ù-ñ�ò×ööóTú�ù×ûÚñù

í-üxþ�ò�ì�ó%ð��Úöî�þî¼ì\�#ù-þñó��¼ð-ù���ù�õÞþ�ò
í-ñî�ñó%ÿ
α =

1 +
√

5

2

ó
β =

1 −
√

5

2

7

uj =
αj − βj

√
5

, j > 1.
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..ð-ù-þüxúªí�ò�ûÚñüxú ï�í-ù-øï¼ð-í-ù-ú�ýù-ï¨ô�î1�2ù-í�ò�ð-î¨ô$�-ñù-ï¼ð-ó {uj}∞j=1

ÿí�ô�ÿî¼ð-ïÉÿ ð-ù � ö%ð-ù�î�î�ú�ù×ûÚñù�óïA�ýù�ô$�
ì�ù-í�ò�ð�����ô�ÿâí
ì×ò
óú�ñù,�Äù��2ñù
ì�ñ�ò×öñù-ø�ì×ò
ýóï�óÚñ�ò�ð
õÞþ�òÎô$�-ñü��âöóï�î¨ô ýùzï¨ô�î1��õ��	�î�ú�õÚýþ�ò
í-óÞô�õ#7

n =

J(n)∑

j=2

εjuj, uJ(n) ∈
(n

2
, n
]
; εJ(n) = 1; εj ∈ {0, 1} ∀j > 2; εj εj−1 = 0 ∀j > 2.

� �î�ñóú ë αk1 ì , k ∈ C1
'�ë ú�î�î�ú

ë αk1 ì = αk1 − k2 = α

J∑

j=j1

εjuj − k2 =

J∑

j=j1

εj αuj − k2 =

J∑

j=j1

εj

αj+1 − αβj

√
5

− k2 =

=

J∑

j=j1

εj

βj−1(β2 + 1)√
5

+α

J∑

j=2

εjuj+1−k2 =

J∑

j=j1

εj

βj−1(β2 + 1)√
5

+Z =

(
J∑

j=j1

εj

βj−1(β2 + 1)√
5

)
=

=

(
J∑

j=j1

εj β
j−1 (β + 2)

1 − 2β

)
=

(
−

J∑

j=j1

εj β
j

)
=

(
J∑

j=j1

εj β
j

)
,

�L�2î
j1 « ñ�ò
óú�î�ñ��
÷�óø�óñ��2î��#ï � ð�ò
�#ù-ø�ö%ð-ù εj1 = 1

'#� ù-þ�ÿ��2ù���ýù-ï¨ô�î1�2ñî���ù í-üxþ�ò�ûÛî�ñó%ÿ��î�ýù-ö��óþ�ò
í-î�ñï¼ð-í�ýþó
k1 → ∞ þ�ò
í-î�ñTýù-þ�ÿ��#�%õIí-üxþ�ò�ûÛî�ñó%ÿTí-ñ%õ#ð-þó(ï��#ù��-ù�� ë · ì � �#ù
ð-ù-þù-î � í ï�í-ù�ù-öî�þî1�#� � óú�î�î¼ð ýù-þ�ÿ��2ù�� |β|j1 « ñ�ò
ó��-ù�ô$�
÷�î���ùfï¨ô2ò
�¨ò
î�ú�ù���ù�'Yç�ô�î1�2ù-í�ò�ð-î¨ô$�-ñù ��ë αk1 ì � |β|j1 '� ù�ô�õÞöóú
S(h) �

∑

k1∈K1

1

1 +

(
k1

h

)2m1

+

( |β|j1
h

)2m2
=

∣∣∣∣∣∣
k1 =

J(k1)∑

j=j1(k1)

εj uj

∣∣∣∣∣∣
=

=

J(K(h))∑

J=2

J∑

j1=2

∑

{εj}

j∈[j1,J]

1

1 +




J∑
j=j1

εj uj

h




2m1

+

( |β|j1
h

)2m2

�

�
∑

J>2

∑

j1∈[2,J ]

αJ−j1

(
αJ

h

)2m1

+

( |β|j1
h

)2m2
= h2m2

∑

J>2

∑

j1∈[2,J ]

αJ+j1(2m2−1)

α2(Jm1+j1m2)h2(m2−m1) + 1
�

� C h
2m1+1−

m1
m2

+(2m1−1+
m1
m2

)
m2−m1
m2+m1 .� î�ï¨ô�ù×ûÚñùâýþù-í-î�þó%ð�� � ö%ð-ùÚýù-ï¨ô�î1�2ñî�îzí-üxþ�ò�ûÛî�ñóî�ù��î�ñóí�ò
î¼ð-ïÉÿ�ï�í-î�þ��Þõ�öî�þî¼ì Ch 4m1m2

m1+m2
'

Ã�ò
�óúaù��-þ�ò�ì�ù-ú � ýþó m2 > m1 >
3

2

��ô�ÿ þî¼÷�î¼ð��ó õ#ì¼ô�ù-í {hHk}, k ∈ Z2, hHk ∈ Ω �ýù�ô�õÞö�ò
î�ú óï��#ù-ú�õ�Rù��î�ñ��%õ�ï�í-î�þ��Þõ

ϕ(h) ≡
∑

k∈Z2\{0}

1

1 +

∣∣∣∣
k1 + αk2

h

∣∣∣∣
2m1

+

∣∣∣∣
−αk1 + k2

h

∣∣∣∣
2m2

6 C h
4m1m2
m1+m2 = C N

−
2m1m2
m1+m2 .
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