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m
p

¹¸ÁÌ¾�ÃÆ³_¾zµ´³¿Ã�¾zÉÄÃ¶Ê�ÉÎ¾z²´³ÆÈ�Ï
Ð�Ñ¿ÒÓÔ�Õ�ÓÖØ×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-Þ%ßÌàáÞ�Û

W̃ µ
2 âãä�ã Ú-Ò�Û�Ú
ßÌàæå%ßÌç�Û�Ú
ß â Þ%ßÌàéèf× â ÖrßêÕ�ß�ë�Õ�ì�ÓÞ%Ú ãzízâ Ó â ×-î�Û
ÞÓ%ìÙ×

Q = [0, 1)n ï
ð ë ã ÔzÝ�Ù â ×-ÔÚ â Û
ÞÔÚ-î-× W̃ µ
2

×-Ù âã ë ã Õ�ì ã Ú-Ô¶ìñåÌÛ
åcòêÛ
ÖnÑ¿åÌÛ
ÞÓ ã å#×-Þ ã ÒÞÑ�ó â ì#ë2×-îÂô!ß â Ý ã
f(x) =

∑
k

fke
2πikx î�Þ× â Ö ã

‖f |W̃ µ
2 ‖ =




∫

Q

dx|
∑

k

fkµ(k)e2πikx|2




1/2

,

í ë ã µ
Ù×�Õ2Û í Û ã Öáå#×-ÖnÙÌÕ ã å#ÔzÞ×
ò�Þ�ÛêÒÞ×-õXÞ ã ×-ç â Û�öñÛ
à_ö ã õÔ¶ìwî¬Þ%ßêÕ�Ý¬èÂßÌÞå÷Ó ã õgø2Ó�Ù%ß-ÔÚ-Ý µ(0) = 1.Ð�Õ�×êù ã ÞÓ ã W̃ µ

2 ⊂⊂ C
×-ç ã ÔzÙ ã ÒÓî�Û ã Ú-Ô¶ìXÚ âã ç-×-î�Û
ÞÓ ã Ö ∑

|1/µ(k)|2 < ∞.
ô!ßÌÞå÷Ó×-Þ�ÛÜÕ~Ù× ízâãäcúÞ×-ÔÚ-Ó�ûÚ-×-õdå%ßÌç�Û�Ú
ß â Þ×-õ�èf× â ÖrßêÕ�Ñ ã ÔÚ-ÝXü 1/h ý ÷ ã Õ�Ñ ã ÒÓÔ�Õ2Û�þ

lQ,opt
h (x) = χQ(x) − hn

∑

hk∈Q

copt
k (h)δ(x − hk) =

= χQ(x) − hnc0(h)
∑

hk∈Q

δ(x − hk).

ÿ�Õ2Û í ×zë+Û â ìXÔÚ â × í ×-õØî-Ñ¿Ù%ßÌåÌÕ�×-ÔÚ-Ó ã ë2ÓÞÓÒÞ× í × ä Û â Û î (W̃ µ
2 )∗ = W̃

1/µ
2

×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-Þ�Û�ìXèf× â ÖrßêÕ2Û
ã ë2ÓÞÔÚ-î ã ÞÞ�Û ï �fÛ
å�Ù ãzâ Ó×zë2ÓÒ ã ÔzåÌÛ�ìw×-ç-×-ç
ö ã ÞÞ�Û�ì�èÂßÌÞå÷Ó%ì�×-Þ�Û â Û�òÕ2Û í Û ã Ú-Ô¶ìwî â ì#ë ô!ß â Ý ã

lQ,opt
h (x) =

∑

t

lte
2πitx, lt = (lQ,opt

h (x), e−2πitx).
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~Â× â Ö�ÛñèÂßÌÞå÷Ó×-Þ�ÛÜÕ2Û�Ù× ízâãä Þ×-ÔÚ-Ówî W̃
1/µ
2 ã ÔÚ-Ý

‖lopt
h |W̃

1/µ
2 ‖ =

[
∑

t

|lt|
2/|µ(t)|2

]1/2

.

Ð�Ñ¿ÒÓÔ�Õ�ÓÖáå#×-ûzèfèfÓ÷Ó ã Þ%Ú-Ñ@ô!ß â Ý ã {lt} �
l0 = (lQ,opt

h (x), 1) = 1 − c0(h),

Ù â Ó t 6= 0(mod 1/h)

lt = (lQ,opt
h , e2πitx) = −c0(h)hn

∑

hk∈Q

e2πithk =

= −c0(h)hn
n∏

j=1

1 − e2πihkjtj

1 − e2πihkj
= 0,

ÛñÙ â Ó t =
r

h

ø
r ∈ Rn \ 0

ø

lr/h = (lQ,opt
h (x), e2πirx/h) = −c0(h)hn

∑

hk∈Q

e2πirk = −c0(h).

��Ú�Û
ågø
‖lopt

h |W̃
1/µ
2 ‖2 = |1 − c0(h)|2 + |c0(h)|2

∑
r 6=0

(1/|µ(2πri/h)|2).
� Ò ã î-Ó#ë2Þ×ørÖnÓÞÓÖrßÌÖ|ûÚ-× í ×Øî-Ñ â Û�ù ã ÞÓ%ì ë2×-ÔÚ-Ó í Û ã Ú-Ô¶ì Ù â Óyî ã ö ã ÔÚ-î ã ÞÞ×-Ö c0(h)

Ó ÓÖ ã ÞÞ×Ú�Û
å#×-Ö¿ø�Ò%Ú-×¬Ù â ×-Ó%ò�î-×zë2Þ�Û�ìdÙ× c0(h)
×-ç â Û�öñÛ ã Ú-Ô¶ì�î�Þ%ßêÕ�Ý ïT� Ú-×ñë+Û ã Ú

c0(h) =
1

1 +
∑
r 6=0

(1/|µ(2πri/h)|2)
.

Ð�×
ò�Ý-Ö ã Ö l1h(x)
î¬î-Ó#ë ã

l1h(x) = χQ(x) − hn
∑

hk∈Q

δ(x − hk) =
∑

hk∈Q

λM

(
x − hk

h

)
,

í ë ã λM ý û�Õ ã Ö ã Þ%Ú�Û â ÞÑ¿õ�èÂßÌÞå÷Ó×-Þ�ÛÜÕdÙ× â ì#ë2åÌÛ M
üÍò�ë ã ÔzÝñÓ¬ë+ÛÜÕ�Ý ä�ã M

ç
ß�ë ã Úñ÷ ã Õ�Ñ¿Ö�Ò ã Ú-ÞÑ¿ÖÒÓÔ�Õ�×-Ö
M ≥ m

þ �
λM(x) = χQ(x) −

∑

s∈Zn,|s|≤S

asδ(x − s), (λM(x), xα) = 0, |α| ≤ M.

�ÂÖ ãzã Ö
‖l1h − lQ,opt

h |W̃
1/µ
2 ‖ = ‖[1 − c �B� � (h)]hn

∑

hk∈Q

δ(x − hk)|W̃
1/µ
2 ‖ =

=
∑

r 6=0

(1/|µ(2πri/h)|2)(1 + o(1)) = o(‖lQ, �B� �h |W̃
1/µ
2 ‖),

Ú ï ã ï {l1h} ìî�Õ�ì ã Ú-Ô¶ì~Û
ÔzÓÖnÙ%Ú-×
Ú-ÓÒ ã ÔzåÓq×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-Þ×-õ Ù×-Ô�Õ ã ë2×-î�Û�Ú ã Õ�Ý-Þ×-ÔÚ-Ý-àNèÂßÌÞå÷Ó×-Þ�ÛÜÕ�×-î�Ù× ú
ízâãä Þ×-ÔÚ ã õ ï�� Ú-×¬î ãzâ Þ×¬Ó�î¬×-ç
ö ã Ö Ô�Õ�ßÌÒ�Û ã ï
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���#�s���#�Â$@���S�Z���y�5���!���4�s���!�x�!�T�����V�Z�!�s�����!�
B̃

�s�B�s�s�4���� i�#��¡7�|�£¢¤�7��¡7¥���¦
f(x) =

∑
k

fke
2πikx

�7�����#§T�����!� �i¨s���©�Z��§T�����|¨|ª

B̃ ⊂⊂ C ∀a ∀f ‖f(x + a)|B̃‖ = ‖f(x)|B̃‖, ‖f − f0|B̃‖ ≤ ‖f |B̃‖.

«���¬
���1�s����§T���������!����§s�7�s�����y�¢¤�7��¡7¥��s�4���&§T���5�s��¬®�T��¯y�s��������¦
{l1h(x)}h→0 °

l1h(x) = χQ(x) − hn
∑

kh∈Q

δ(x − kh),

�<���|ª±�����4�y�� i�#��¡7�²�4���y�|ª±�&§s�7���5���!�y�!�T�����V�Z�!�s�����!�
ª
B̃ °@³ �#��§s�£�&ªw�#�����x�s����§T�����s�#¬��y�Z��§T�����|¨

��´¤�s�X§s�|¨s�����X¨£���X§T�#�wµ¶�#���y¡Z���&·

‖f‖ eB = max{|f0|, ‖f − f0‖ eB},

���
l1h(x)

���y�!�s���������X¨£�4���y�|ª±�&§s�7��´9ª °¸ ��,g$i¹#$���	��2�-�'��z�bº â ×-î ãzâ ÓÖyÔzÞ�ÛêÒ�ÛÜÕ2Û%øÒ%Ú-× ‖l1h|B̃∗‖ → 0
Ù â Ó h → 0.

��òÂÙ ãzâ î-× í ×ñß-Ô�Õ�×-î-Ó%ìÚ ã × âã ÖnÑ Ô�Õ ã ë�ß ã ÚÜø+Ò%Ú-×¬î�Õ�×êù ã ÞÓ ã Ôz×-Ù â ì%ù ã ÞÞÑ�ódÙ â ×-ÔÚ â Û
ÞÔÚ-î å#×-ÖnÙ�Û
å%Ú-Þ×Xü C̃∗ ⊂⊂ B̃∗ þ ï»rÛ
å�åÌÛ
å
{l1h(x)} â Û
î-Þ×-Ö ãzâ Þ×¬× ízâ Û
ÞÓÒ ã Þ×¬î C̃∗,

‖l1h|C̃
∗‖ ≤ ‖χQ|C̃

∗‖ + hn
∑

kh∈Q

‖δ(x − kh)|C̃∗‖ = 2,

Ú-×¬Ô ã Ö ã õÔÚ-î-× {l1h(x)}h∈H
å#×-ÖnÙ�Û
å%Ú-Þ×¬î

B̃∗.º âã ë2Ù×�Õ�×êù ÓÖ¿øÌÒ%Ú-×�Þ× â Ö�Û ‖l1h|B̃∗‖
Þ ã ÔÚ âã ÖnÓ%Ú-Ô¶ì�å Þ%ßêÕ�à ï Ð ûÚ-×-ÖyÔ�Õ�ßÌÒ�Û ã Ôß#ö ã ÔÚ-î
ß ã Ú Ù×zë úÙ×-Ô�Õ ã ë2×-î�Û�Ú ã Õ�Ý-Þ×-ÔÚ-Ý hj → 0

øÌë�Õ�ì�å#×
Ú-× â ×-õ l1hj
(x) → l(x)

Ó
‖l|B̃∗‖ = a > 0 ï »�× í ë+ÛñÔß#ö ã ÔÚ-î
ß ã ÚÓ èÂßÌÞå÷Ó%ì

ϕ ∈ B̃
ø�Þ ã òêÛ
î-ÓÔ¶ì%öñÛ�ì ×
Ú h

ø2ë�Õ�ì å#×
Ú-× â ×-õ 〈l, ϕ〉 ≥ a/2 ï�ð Þ�ÛêÒÓ%ÚÜø�Ù â ÓXë2×-ÔÚ�Û�Ú-×-ÒÞ×ç-×�Õ�Ý ä ÓÌó j 〈l1hj
, ϕ〉 ≥ a/4 ï ~Â× ϕ ∈ B̃ ⊂ C

Ódî-Ô�Õ ã ë2ÔÚ-î-ÓÓwÞ ã Ù âãzâ Ñ¿î-Þ×-ÔÚ-ÓwèÂßÌÞå÷ÓÓ ϕ

〈l1hj
, ϕ〉 =

∫

Q

ϕ(x)dx − hn
j

∑

khj∈Q

ϕ(khj) → 0.

º â ×
Ú-Óî-× âã ÒÓ ã ë2×-åÌÛ�ò�Ñ¿î�Û ã ÚÜø�Ò%Ú-× ‖l1h|B̃∗‖ → 0 ï��ò�î ã ÔÚ-Þ×ø�Ò%Ú-×¬×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-ÞÑ¿õ�èÂßÌÞå÷Ó×-Þ�ÛÜÕ lQ,opt
h (x) ≡ l0h(x)

ÓÖ ãzã Ú î-Ó#ë

l0h(x) = χQ(x) − c0(h)hn
∑

hk∈Q

δ(x − hk).

» ã Ù ãzâ Ý Ù×-åÌÛ�ù ã Ö¿ønÒ%Ú-× c0(h) → 1
Ù â Ó h → 0. ¼ Õ�ì�ûÚ-× í ×~×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-ÞÑ¿õáèÂßÌÞå÷Ó×-Þ�ÛÜÕ l0h(x)òêÛ
ÙÓ ä�ã Öáî�î-Ó#ë ã l0h(x) = (1 − c0)χQ(x) + c0l

1
h(x).

�ÂÖ ãzã Ö

‖l0h|B̃
∗‖ = sup

f∈ eB

|〈(1 − c0)χQ + c0l
1
h, f〉/‖f |B̃

∗‖| ≥

≥ sup
f(x)∈ eB,f0=0

|〈(1 − c0)χQ + c0l
1
h, f〉/‖f |B̃

∗‖| =

= |c0| sup
f(x)∈ eB,f0=0

[|〈l1h, f〉|/‖f |B̃
∗‖] = |c0| sup

f(x)∈ eB

|〈l1h, f − f0〉|/‖f − f0|B̃
∗‖ =
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W̃ m

p

\<½

= |c0| sup
f(x)∈ eB

|〈l1h, f〉|

‖f |B̃∗‖
·

‖f |B̃∗‖

‖f − f0|B̃∗‖
≥
üÍò�ë ã ÔzÝ Ù â ÓÖ ã Þ%ì ã Ö�Ú âã Ú-Ý ã ß-Ô�Õ�×-î-Ó ã Ú ã × âã ÖnÑ_þ

≥ |c0| · ‖l
1
h(x)|B̃∗‖.

ð Þ�ÛêÒÓ%ÚÜø |c0| ≤ 1 ï ¼ ÛÜÕ ãzã ø |1 − c0| · ‖χQ|B̃
∗‖ = ‖l0,Q

h − c0l
1
h|B̃

∗‖ ≤ 2‖l1h|B̃
∗‖ → 0

Ù â Ó h → 0 ï ~Â×
‖χQ|B̃

∗‖ = const 6= 0 ï ºÂ×
Ú-×-Örß |1 − c0| ≤ C · ‖l1h|B̃
∗‖ → 0

Ù â Ó h → 0 ï»rÛ
åÓÖ�×-ç â Û�ò�×-Ö¿ø
‖l0h|B̃

∗‖ ≥ |c0| · ‖l
1
h|B̃

∗‖ = (1 + o(1))‖l1h|B̃
∗‖

Ó
1 ≥ ‖l0h|B̃

∗‖/‖l1h|B̃
∗‖ ≥ 1 + o(1)

Ù â Ó h → 0.

� Ú-×_ÓÂ×
ò�Þ�ÛêÒ�Û ã Ú�Û
ÔzÓÖnÙ%Ú-×
Ú-ÓÒ ã Ôzå%ßÌàá×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-Þ×-ÔÚ-Ý_Ù×-Ô�Õ ã ë2×-î�Û�Ú ã Õ�Ý-Þ×-ÔÚ-Ó!èÂßÌÞå÷Ó×-Þ�ÛÜÕ�×-î {l1h}h→0.º�ß-ÔÚ-Ý¬Ú ã Ù ãzâ Ý ‖f‖B = max{|f0|, ‖f − f0‖ eB}.
»�× í ë+Û

‖l0h|B̃
∗‖ = sup

f

|〈(1 − c0)χQ + c0l
1
h, f〉|

max{|f0|, ‖f − f0|B̃‖}
=

= sup
f

|(1 − c0)f0 + c0〈l
1
h,

f − f0

‖f − f0|B̃‖
〉‖f − f0|B̃‖|

max{|f0|, ‖f − f0|B̃‖}
=

= sup
f

[|1 − c0| + |c0| · |〈l
1
h,

f − f0

‖f − f0|B̃‖
〉|] = |1 − c0| + |c0| · ‖l

1
h|B̃

∗‖ ≥

≥ |1 − c0| + |c0| · ‖l
0
h|B̃

∗‖.

� Ú-Ôzà.ë+ÛdÔ�Õ ã ë�ß ã Ú (1 − |c0|)‖l
1
h|B̃

∗‖ ≥ |1 − c0| ≥ 1 − |c0|,
Ò%Ú-×dî-×
ò�Ön×êù Þ× Ú-×�Õ�Ý-å#×dÙ â Ó |c0| = 1.ð Þ�ÛêÒÓ%ÚÜø ‖l0h|B̃∗‖ = ‖l1h|B̃

∗‖,
Ò%Ú-×¬Ó�Ú âã ç-×-î�ÛÜÕ�×-ÔzÝ!ë2×-åÌÛ�òêÛ�Ú-Ý ïÐ�Ñ¿ÒÓÔ�Õ�ÓÖ Ú-×-ÒÞ ãzã å#×-ûzèfèfÓ÷Ó ã Þ%Ú-Ñ c0(h)

×-Ù%Ú-ÓÖ�ÛÜÕ�Ý-ÞÑ�ó�å%ßÌç�Û�Ú
ß â ÞÑ�ó�èf× â ÖrßêÕ¬Þ�Û�Ù â ×-ÔÚ â Û
Þ úÔÚ-î�ÛÜó
B̃ = W̃ m

p

Ô
p ∈ (1,∞)

Ó
m > n/p ï Ð�×
ò�Ý-Ö ã Ö Þ× â ÖnÑ î-Ó#ë+Û

‖f |W̃ m
p (Q)‖ =




∫

Q

dx
∑

k

fk(1 + |2πk|2k)m/2e2πikx|p




1/p

.

ÐéÔ�Õ�ßÌÒ�Û ã ÷ ã Õ�Ñ�ódÒ ã Ú-ÞÑ�ó m
ûÚ-Ó�Þ× â ÖnÑ Ôz×-î-Ù�Ûêë+Û
à_Ú¬Ôfç-×�Õ ãzã Ú â Ûêë2Ó÷Ó×-ÞÞÑ¿ÖnÓ

‖f |W̃ m
p (Q)‖ =




∫

Q

dx|(1 −4)m/2f(x)|p




1/p

,

ßÌÙ×
Ú âã ç�Õ�ìî ä ÓÖnÓÔ¶ìgøcÞ�Û
Ù â ÓÖ ãzâ øÂî â Û
ç-×
Ú�ÛÜó¿¾ ï ÿ ï±À ×-õÞ%ù¬ß â ×-î�Û ï �fÛ
å|Ó â Û
ÞÝ ä�ã øÂÙ×�Õ2Û í Û ã Ö
h =

1

N

Ôf÷ ã Õ�Ñ¿ÖnÓ N ïTÁ Ñ ÓÖ ãzã ÖáÙ â Ó p′ =
p

p − 1

‖l0h|(W̃
m
p (Q))∗‖ = ‖1 − c0(h) + c0(h)l1|(W̃ m

p (Q))∗‖ =



\!Â �������s� h�noh!�&h�rTc�{

=




∫

Q

dx|1 − c0 − c0(h)
∑

β 6=0

e2πβx/h

(1 +
n∑

k=1

|2πβk/h|2)m/2

|p
′




1/p

=

=




∫

Q

dx|1 − c0(h) − hmc0(h)
∑

β 6=0

e2πiβx/h

(h2 + |2πβ|2)m/2
|p

′




1/p

=

=




∫

Q

dx|1 − c0(h) − hm
∑

β 6=0

e2πiβx/h

|2πβ|m
+ hm

∑

β 6=0

e2πiβx/h [(h2 + |2πβ|2)m/2 − |2πβ|m]

|2πβ|m(h2 + |2πβ|2)m/2
+

+hm[1 − c0(h)]
∑

β 6=0

e2πiβx/h

(h2 + |2πβ|2)m/2
|p

′

)1/p

≶




∫

Q

dx|1 − c0(h) − hm
∑

β 6=0

e2πiβx/h

|2πβ|m
|p

′




1/p′

±

±


hm




∫

Q

dx

∣∣∣∣∣∣

∑

β 6=0

e2πiβx/h

|2πβ|m(h2 + |2πβ|2)m/2

1∫

0

dt
m

2
h2(th2 + |2πβ|2)

m
2
−1

∣∣∣∣∣∣

p′



1/p′

+

+hm · |1 − c0(h)|




∫

Q

dx|
∑

β 6=0

e2πiβx/h

(h2 + |2πβ|2)m/2
|p

′




1/p′

 ≡ I + II.

ºÂ×-åÌÛ�ù ã Ö¿ø%Ò%Ú-×�î-Ñ â Û�ù ã ÞÓ ã îñåî�Ûêë â Û�Ú-ÞÑ�ó�Ôzå#×-ç-åÌÛÜó ìî�Õ�ì ã Ú-Ô¶ì�ç ã Ôzå#×-Þ ã ÒÞ×�Ö�ÛÜÕ�×-õ ç-×�Õ ãzã î-Ñ úÔz×-å#× í ×¬Ù× â ì#ë2åÌÛ%ø�Ò ã Ö hm ï Ð�× ú Ù ãzâ î-Ñ�ó+ø�èÂßÌÞå÷ÓÓ ϕ1
Ó

ϕ2
ë2ÓÔzå âã Ú-ÞÑ�óXÛ âí ßÌÖ ã Þ%Ú-×-îø â Û
î-ÞÑ ã

ϕ1(γ) =
(t + |2πγ|2)

m
2
−1

(1 + |2πγ|2)
m
2

, ϕ2(γ) =
|2πγ|m

(1 + |2πγ|2)
m
2

Ù â Ó γ = β/h 6= 0
Ó â Û
î-ÞÑ ã Þ%ßêÕ�àNÙ â Óq×-ÔÚ�ÛÜÕ�Ý-ÞÑ�ó γ ∈ Z

n ø*ìî�Õ�ìà_Ú-Ô¶ì â Û
î-Þ×-Ö ãzâ Þ×�Ù× h
Ó

tÖrßêÕ�ÝêÚ-ÓÙÌÕ�ÓåÌÛ�Ú-× â Û
ÖnÓ â ì#ë2×-î ô!ß â Ý ã î�Ù â ×-ÔÚ â Û
ÞÔÚ-î ã Lp′,
Ú ï ã ï ×-Ù ãzâ Û�Ú-× â Ñ

A1 :
∑

fγe
2πiγx →

∑
fγϕ1(γ)e2πiγx,

A2 :
∑

fγe
2πiγx →

∑
fγϕ2(γ)e2πiγx,

ë ã õÔÚ-î
ßÌà_ö�Ó ã î Ù â ×-ÔÚ â Û
ÞÔÚ-î�ÛÜó Lp′

ø
p′ ∈ (1,∞),

× ízâ Û
ÞÓÒ ã ÞÑ â Û
î-Þ×-Ö ãzâ Þ× Ù× h
Ó

t ï ºÂ×-ûÚ-×-Örßî-Ñ â Û�ù ã ÞÓ ã î�åî�Ûêë â Û�Ú-ÞÑ�ó�Ôzå#×-ç-åÌÛÜó�×-÷ ã ÞÓî�Û ã Ú-Ô¶ìdÚ�Û
å �

II ≤

(
h

2π

)m [m

2
h2‖A1‖ + (1 − c0(h))‖A2‖

]



∫

Q

dx|bm(x/h)|p
′




1/p′

,

í ë ã bm(x) =
∑
β 6=0

e2πiβx

|β|m
ï



^(_�`baTc�d�a�eZ_#f
gih�jkc�lbm&a+noh�p�q<rsh�j;gZtTu!hZm�t7`brsh�jkvwc�`bn9t!pThxrshyl7`zc<f&m
`�h�rTf&m&{|_
W̃ m

p

\7Ã

Ð�× ú î
Ú-× â Ñ�ó+ø�Ú�Û
ådåÌÛ
å bm(Q) ý Q ú Ù ãzâ Ó×zë2ÓÒ ã ÔzåÌÛ�ì�èÂßÌÞå÷Ó%ìgø�ÓÞ%Ú ãzízâ ÛÜÕ



∫

Q

dx|bm(x/h)|p
′




1/p′

=


hn

∫

Q/h

dy|bm(y)|p
′




1/p′

=

=




∫

Q

dy|bm(y)|p
′




1/p′

≡ ‖bm|Lp(Q)‖

Þ ã òêÛ
î-ÓÔzÓ%Ú ×
Ú h ï »rÛ
åÓÖ�×-ç â Û�ò�×-Ö¿ø II = o(hm) ï »�×-ÒÞ×�Ú�Û
ådù ã



∫

Q

dx|1 − c0(h) − hm
∑

β 6=0

e2πiβx/h

|2πβ|m
|p

′




1/p′

=

=




∫

Q/h

dy|1− c0(h) − hm
∑

β 6=0

e2πiβy

|2πβ|m
|p

′




1/p′

=

=




∫

Q

dx|1 − c0(h) −

(
h

2π

)m

bm(x)|p
′




1/p′

.

��Ú�Û
ågø

‖l0h|(W̃
m
p (Q))∗‖ =




∫

Q

dx|1 − c0(h) −
h

2π

m

bm(x)|p
′




1/p′

+ o(hm).

ºÂ×-Ô�Õ ã òêÛ
Ö ã ÞÑ 1 − c0(h) =

(
h

2π

)m

R0(h) + o(hm)
Ù×�Õ�ßÌÒ�Û ã Ö

‖l0h|(W̃
m
p (Q))∗‖ =

(
h

2π

)m



∫

Q

dx|R0(h) − bm(x)|p
′




1/p′

+ o(hm).

� Ò ã î-Ó#ë2Þ×ø�ÖnÓÞÓÖnÓ%òêÛ
÷Ó%ì (W̃ m
p )∗ ý Þ× â ÖnÑ l0h

Ù×
c0
ûzåî-Óî�ÛÜÕ ã Þ%Ú-Þ�Û�ÖnÓÞÓÖnÓ%òêÛ
÷ÓÓ�Ù× R0

ÓÞ%Ú ã�ú
ízâ ÛÜÕ2Û

∫

Q

dx|R0 − bm(x)|p
′

.
��òñÞ ã òêÛ
î-ÓÔzÓÖn×-ÔÚ-Ó bm(x)

×
Ú
h
Ô�Õ ã ë�ß ã ÚdÞ ã òêÛ
î-ÓÔzÓÖn×-ÔÚ-Ýd×
Ú h

Ó
R0,

R0 = arg min
R

∫

Q

dx|R − bm(x)|p
′

. Ä ûÚ-ÓÖáÙ×-ÔÚ-×êìÞÞÑ¿ÖáÙ× h
ÒÓÔ�Õ�×-Ö

R0

‖l0h|(W̃
m
p (Q))∗‖ =

(
h

2π

)m

‖R0 − bm(x)|Lp′‖ · (1 + o(hm)),

Û
l0h(x) = χQ(x) −

[
1 −

(
h

2π

)m

R0 + o(hm)

]
hn

∑

hk∈Q

δ(x − hk).
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