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IΩ(ϕ) =

∫

Ω

ϕ(x) dx =

∫
χΩ(x)ϕ(x) dx
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ΣN (ϕ) =
N∑

k=1

ckϕ(x(k)) =

∫ N∑

k=1

ckδ(x − x(k))ϕ(x) dx,
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∆ = {x(1), x(2), . . . , x(N) | x(j) ∈ Ω}
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X =
X(Ω)
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sup
x∈Ω

|ϕ(x)| ≤ A‖ϕ | X‖ ∀ϕ ∈ X, � t��
êëìõï�ñ
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X = X(Ω)

ì êëì � å-ò-ñ ï�ïeðò-ëñ�ô�÷ X
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(lN , ϕ) = IΩ(ϕ) − ΣN (ϕ) =

∫ [
χΩ(x) −

N∑

k=1

ckδ(x − x(k))

]
ϕ(x) dx.
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|(lN , ϕ)| ≤ ‖lN | X∗‖ · ‖ϕ | X‖ ∀ϕ ∈ X. � vX�
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(〈lN〉F , ϕ) = IΩ(ϕ) − Σ̃N(ϕ) ∀ϕ ∈ X.
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ì
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ϕ
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(〈lN〉F , ϕ) 6= (lN , ϕ)
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ε∞ = ε∞(F )
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RF = RF (X, ΣN) = sup
√

2ε
9/2

1
≤A‖ϕ|X‖≤ε

1/3
∞

|IΩ(ϕ) − Σ̃N(ϕ)|
‖ϕ | X‖ . �¿¾ �

À ç2ï�ä�æ
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|(〈lN〉F , ϕ)| ≤ RF‖ϕ | X‖ êëì ∀ϕ ∈ X :
√

2ε
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1 ≤ A‖ϕ | X‖ ≤ ε1/3

∞ . �ÃÂ �
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êìäÂôbå-æ!é÷-ðòV�·ðï�ò-íU7�ò�ç2ìñsò�÷-ä�êò-ñsðì%å-æßä«åbô
ð#ç+ô
ë%å-û(êëï¨ç2ä«åbô
÷bù
è�ï�ðì%é ÷-ï>3�ï�ä«å-÷-ï�ððû87 õìä�ï�è~÷�÷-ì#ç2ïeñ�ôH��ìððû87 � ìñsï�ï«å-ä¹é ÷�÷-ì#ç�ã5��ìëò-ø#ò|ì%þÂ÷-ï�ä«å-ð�ôbévñsò�ç2ï�è�æô
ëìV�jñsï«å-ìøì�ä�ø#ò-ðï�õðò-ö»å-ò-õðò-ä«å-æX2 ��ì·è�ì»êëï¨ç2ä«åbô
÷bè�ï�ðìï!÷-ï>3�ï�ä«å-÷-ï�ððû87�õìä�ï�è|ä�ê·è2ô
÷�ô�243�ï�ö
å-ò-õø#ò-ö � vUÅVÆ��f� #/0Úí�3�ï�êëìð%é%å�ÇPÈ�È�È�ù²ä«åbô
ð#ç+ô
ë%å�ç2÷-ò-ìõðò-ö�ô
ëìV�jñsï«å-ìøì � v �ä�# t-uH� �÷�ø#ò
å-ò-ëò-ñ�êò�çþÆô
êìä�æ|ñ�ôH��ìððò-ó�ò`õìä�è2ô�ò
å-÷-ò�ç2ì%å-ä¹é ¾ v í-ì%åbô � t í-ì%å ÿ êò�çvç2÷-ò-ìõð%ã�25þÆô
êìä�æ|þÂð�ô
ø·ô

s
õìä�ùè2ô��¢É»í-ì%å ÿ êò�ç ç2÷-ò-ìõð%ã�2]þÆô
êìä�æ�êò-ø·ôbþÆôbå-ï�è�é

e
õìä�è2ô�ì v ¾ í-ì%åbô ÿ êò�ç ç2÷-ò-ìõðûmïeúìV�jëû

ï�ó�òvñ�ô
ð%å-ìä�ä�û
f
� # À ôÆç+ô
ððûmñ

s
�
e
ì

f
ä�ò-ò
å-÷-ï«å-ä«å-÷
ã-ï«åüñ�ôH��ìððò-ï|õìä�è�ò

(−1)s2e−127(1 + f)
#â�ëï¨ç2ä«åbô
÷bè�ï�ðìV2 õìä�ï�èK÷ åbô
ø#ò-ö��jò-ëñsï�ä�ò-ò
å-÷-ï«å-ä«å-÷
ã-ï«å�ð�ô
í-ò-ë�ì%þ�å-ëï<7üñ�ôH��ìððû87üø#ò-ðä«åbô
ð%å��÷-ø·è�2cõ�ô�243�ìö�÷�ä�ï�íÆé»ã·êò-ñwéð%ã#å-ûmï!ë�ô
ðï�ïjêòbè�òÆîÃì%å-ï�è�æ-ðûmïoê�ô
ë�ô
ñsï«å-ëû

ε0
�
ε1
ì

ε∞
#��K÷-ûmí-ë�ô
ð·ù

ðò-ñ�÷�ô
ëì�ô
ð%å-ï ¾ v ù²í-ì%å-ò-÷-ò-ó�òßêëï¨ç2ä«åbô
÷bè�ï�ðì%é�ç2÷-ò-ìõðò-ó�ò�õìä�è2ô�ìñsï2håÃñsï�ä«å-òÃä�ò-ò
å-ðò���ï�ðì%é � v��
ε0 = 2−126 ≈ 10−38, ε∞ = 2127(2 − 2−23) ≈ 2128 ≈ 4 · 1038, ε1 = 2−23 ≈ 12 · 10−8. � ÆX�

0cå-ñsï«å-ìñ1��õ%å-òÊÇPÈ�È�È�ù²ä«åbô
ð#ç+ô
ë%åKç2÷-ò-ìõðò-öÔô
ëìV�jñsï«å-ìøìVëïÂôÈè�ì%þÂò-÷�ô
ðÔ÷-ä�ï�ñsìÔêï�ëä�ò-ð�ôÈè�æ-ðûmñsìø#ò-ñsêæX2hå-ï�ë�ô
ñsì^#
�ßôÈè�ï�ï���ðï�ò-íU7�ò�ç2ìñsò|ò-ä«åbô
ðò-÷-ì%å-æ-ä¹é ð�ô�ò-êëï¨ç2ï�è�ï�ððò-ñVôÈè�ó�ò-ëì%å-ñsïÃ÷-ûmõìä�è�ï�ðì%é ä�ø·ôÈè�éëðò-ó�ò

êëò-ì%þÂ÷-ï¨ç2ï�ðì%é � ð�ôoø#ò-ñsêæX2hå-ï�ëïÚähêëìð%é%å-ûmñ6�jò-ëñ�ôbå-ò-ñvñ�ôH��ìððû87Ýõìä�ï�è � �·ìí-ò!ä«ã·ñsñ�ô ΣN (ϕ)êòcò-êëï¨ç2ï�è�ï�ðìV2üêëï¨ç2ä«åbô
÷bè�éï«åjä�ò-í-ò-ö!ä�ø·ôÈè�éëðò-ï�êëò-ì%þÂ÷-ï¨ç2ï�ðìï�÷-ï�ø%å-ò-ë�ô
c = (c1, c2, . . . , cN)

÷-ï�ùä�ò-÷Ýø%ã·í�ôbå
ã·ëðò-ö¡�jò-ëñwãÆè�û�ð�ôÃ÷-ï�ø%å-ò-ë
ϕ = (ϕ(x(1)), . . . , ϕ(x(N)))

þÂð�ôÆõï�ðìö�êò�ç2ûmð%å-ï�ó�ë�ôÈè�æ-ðò-ö
��ã·ðøúìì

ϕ(x)
÷Ýã#þ«è2ô�7

∆
�jò-ëñwãÆè�û

ΣN (ϕ) = (c, ϕ)
#µ��ï�ñ äÂô
ñsûmñ ÷-ï�è�ìõìð%ã

Σ̃N (ϕ)
ç2ï�öä«å-÷-ì·ùå-ï�è�æ-ðò!ñsòÆîÃðòjë�ô
ä�ä�ñ�ôbå-ëì÷�ôbå-æ�ø·ô
øÃëï«þ�ãÆè�æÆåbôbå�ë�ô
í-ò
å-û9ðï�ø#ò
å-ò-ëò-ó�òßôÈè�ó�ò-ëì%å-ñ�ôoêòo÷-ûmõìä�è�ï�ðìV2

ä�ø·ôÈè�éëðò-ó�òeêëò-ì%þÂ÷-ï¨ç2ï�ðì%é^#
âÚã-ä«å-æ�÷|ä�è�ï¨ç�ã�243�ï�ö~å-ï�ò-ëï�ñsïµä�ø·ôÈè�éëðò-ïÝêëò-ì%þÂ÷-ï¨ç2ï�ðìïµ÷-ûmõìä�è�éï«å-ä¹é�êò-ä�ëï¨ç2ä«å-÷-ò-ñ@ôÈè�ó�òbùëì%å-ñ�ô��#êëì÷-ï¨ç2ï�ððò-ó�ò!÷ � Â �&�jò-ëñwãÆè2ô � Æ # Ë ��� �#ôÚåbô
ø%îßï � Æ�� ÿ ã-ä�è�ò-÷-ìñsä¹éÃò-í-ò
þÂð�ôÆõ�ôbå-æ!ï�ó�òoõï�ëï«þ Υ

#
���#��Ì��#��$^ÍªÎY���>)*Ï¬�����*�/+/+/��
B$��-+��>)*��+/)*�

ε0 Ð ε1
�

ε∞
!H��Ñ���+/�Ò����-)*+��-�¬
>+/������� � ÆX� Ð $��-+/'�>)*��+/)*�	��"�U��
>+/���

A Ð �-���"
>ÑH
P����
����-�Ó��! � t�� Ð �Ó��
��� (c1, . . . , cN)
$&� ( ��)*���+��-,Ó�����������������-Ñ�'

Ô �/+��/Õ1)¬�e�5���P�"���H�����

1 ≤ A ≤ ε1/3
∞

� (
N∑

k=1

c2
k

)1/2

≤
√

ε∞
2

.
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∣∣∣RF − ‖lN | X∗‖
∣∣∣ ≤ 2NAε1

(
N∑

k=1

|ck| + 1

) �����
N ≤ 1/ε1. � Ë �

Ù ��,$�Ú#$���	��2�-�'��¢ÍâÚã-ä«å-æ���ã·ðøúì%é
ϕ
êëìð�ôÆç�è�ï«îÃì%å¬�ßô
ëò-÷-ò-ñwãµä�è�òX2

{
ϕ ∈ X |

√
2ε

9/2
1 ≤ A‖ϕ | X‖ ≤ ε1/3

∞

}
.

Û êò-ñsò�3�æX2 ò-úï�ðøì � t�� �+ôÃåbô
ø%îßï�÷µä�ò-ò
å-÷-ï«å-ä«å-÷-ìì ä�ðï�ë�ô
÷-ï�ðä«å-÷-ò-ñ N ≤ 1/ε1
�+ä�êë�ô
÷-ï¨ç�è�ì÷-ûmñ

êòßã-ä�è�ò-÷-ìV2 ��ì�ðï�ë�ô
÷-ï�ðä«å-÷-ò-ñ
2ε

1/3
∞ ≤ √

ε∞ε1
��÷-ûáå-ï�ø·ô�243�ìñKì%þ � ÆX� �êòbè�ã·õ�ô
ï�ñ

‖ϕ‖2 =
( N∑

k=1

|ϕ(x(k))|2
)1/2

≤ A
√

N‖ϕ | X‖ ≤ A√
ε1
‖ϕ | X‖ ≤ ε

1/3
∞√
ε1

≤
√

ε∞
2

.

� åbôjò-úï�ðø·ôjìßã-ä�è�ò-÷-ìï ‖c‖2 ≤
√

ε∞/2
ç2ò-ä«åbôbå-ò-õðû�ç�è�é�÷-ûmêòbè�ðìñsò-ä«å-ìÃ÷-ûmõìä�è�ï�ðìöÃ÷j÷-ûmí-ë�ô
ð·ù

ðò-ñüôÈè�ó�ò-ëì%å-ñsï
Υ � Â �ä�# v Â Ë � �÷�õ�ô
ä«å-ðò-ä«å-ì^�ç�è�é�ä�êë�ô
÷-ï¨ç�è�ì÷-ò-ä«å-ì�ä�ò-ò
å-ðò���ï�ðì%é

|(c, ϕ)| ≤ ‖c‖2‖ϕ‖2 ≤ ε∞/4.

��ï�ñ9äÂô
ñsûmñ ø�ä�ø·ôÈè�éëðò-ñwã�êëò-ì%þÂ÷-ï¨ç2ï�ðìV2
(c, ϕ) = ΣN (ϕ)

êëìñsï�ðìñsòµò-øë%ã·ó�è�ï�ðìïß÷Ýì%þÂí-ë�ô
ð·ù
ðò-ñvç2÷-ò-ìõðò-ñ��jò-ëñ�ôbå-ïjì�÷ßã-ä�è�ò-÷-ì%é�7»å-ï�ò-ëï�ñsû ÷-ï�è�ìõìð�ô

Σ̃N(ϕ)
þÆô
÷-ï¨ç2ò-ñsò�ò-êëï¨ç2ï�è�ï�ð�ô�#

âÚã-ä«å-æ
RF (ϕ, ΣN) = |IΩ(ϕ) − Σ̃N(ϕ)| #�â�òbè�æ
þ�ã
éä�æeðï�ë�ô
÷-ï�ðä«å-÷-ò-ñüå-ëï«ã·ó�òbè�æ-ðìø·ô��2ìñsï�ï�ñ

RF (ϕ, ΣN) ≤ |IΩ(ϕ) − (c, ϕ)| + |(c, ϕ) − Σ̃N (ϕ)| =

= |(lN , ϕ)| + |(c, ϕ) − Σ̃N (ϕ)| ≤ ‖lN | X∗‖ · ‖ϕ | X‖ + |(c, ϕ) − Σ̃N(ϕ)|. ��Ü �
¤jô
øÃç2ò-ø·ôbþÆô
ðòe÷ � Â � ��êëì Nε1 < 2

ìñsï�ï«åÃñsï�ä«å-òÃðï�ë�ô
÷-ï�ðä«å-÷-ò

|(c, ϕ) − Σ̃N(ϕ)| ≤ Nε1

1 − Nε1/2

N∑

k=1

∣∣ckϕ(x(k))
∣∣+ Nε0

1 − Nε1/2
. � É �

â�òeã-ä�è�ò-÷-ìV2
ε1N ≤ 1

�2ôeä�è�ï¨ç2ò-÷�ôbå-ï�è�æ-ðòV�
1 − Nε1/2 ≥ 1/2

#2â�ò�ç2ä«åbô
÷bè�é%é � å
ã�ò-úï�ðø%ã�÷ � É � ì|÷ò-õï�ëï¨ç2ðò-ö�ë�ôbþjêòbè�æ
þ�ã
éä�æ � t�� �êëì�7�ò�ç2ìñ9ø�ä�ò-ò
å-ðò���ï�ðìV2

|(c, ϕ) − Σ̃N(ϕ)| ≤ 2N

(
ε1A‖ϕ | X‖

N∑

k=1

|ck| + ε0

)
. � u&�

ÝÚõì%å-ûm÷�ôbé^�õ%å-ò»÷Ýã-ä�è�ò-÷-ì%é�7 � ÆX� ä�êë�ô
÷-ï¨ç�è�ì÷-ò»ë�ô
÷-ï�ðä«å-÷-ò ε0 =
√

2ε
11/2
1

��ôÃåbô
ø%îßï�ã-ä�è�ò-÷-ìï���õ%å-ò
√

2ε
9/2
1 ≤ A‖ϕ | X‖ �÷-ûm÷-ò�ç2ìñüì%þ � u&� ä�è�ï¨ç�ã�243!ã�2 ò-úï�ðø%ã"½

|(c, ϕ) − Σ̃N (ϕ)| ≤ 2NAε1

(
N∑

k=1

|ck| + 1

)
‖ϕ | X‖. � t-w&�

â�ò�ç2ä«åbô
÷bè�é%é � t-w&� ÷ ��Ü � ��ìñsï�ï�ñ
RF (ϕ, ΣN)

‖ϕ | X‖ ≤ ‖lN | X∗‖ + 2NAε1

(
N∑

k=1

|ck| + 1

) êëì
A‖ϕ | X‖ ≥

√
2ε

9/2
1 . � tXt��
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0cå-ä2.ç+ôeì»ì%þ �¿¾ � ÷-ûáå-ï�ø·ô
ï«åÝò-úï�ðø·ô

RF − ‖lN | X∗‖ ≤ 2NAε1

(
N∑

k=1

|ck| + 1

)
. � t�vX�

âÚã-ä«å-æÚå-ï�êï�ëæ
ϕ ÿ êëò-ì%þÂ÷-òbè�æ-ðûmö � è�ï�ñsï�ð%å�ï¨ç2ìðìõðò-ö�ä�jï�ëû~êëò-ä«å-ë�ô
ðä«å-÷�ô X

#
â�òbè�æ
þ�ã
éä�æðï�ë�ô
÷-ï�ðä«å-÷-ò-ñüå-ëï«ã·ó�òbè�æ-ðìø·ôÃì � t-w&� �õ%å-òÃ÷-ò
þÂñsòÆîÃðòV�%ìí-ò A ≥ 1
��ô √

2ε
9/2
1 ≤ 1

�ìñsï�ï�ñ

RF (ϕ, ΣN) ≥ |(lN , ϕ)| − |(c, ϕ) − Σ̃N (ϕ)| ≥ |(lN , ϕ)| − 2NAε1

(
N∑

k=1

|ck| + 1

)
. � t ¾ �

À ô
ñsï«å-ìñ�å-ï�êï�ëæV�#õ%å-òj÷jä�ì·è�ã�ã-ä�è�ò-÷-ìöeð�ô�ø#ò-ðä«åbô
ð%å
ã�÷bè�òÆîßï�ðì%é
1 ≤ A ≤ ε

1/3
∞
ï¨ç2ìðìõð�ôbéeä�jï�ë�ôêëò-ä«å-ë�ô
ðä«å-÷�ô

X
é÷bè�éï«å-ä¹é�÷-ð%ã#å-ëï�ððìñKêò�ç2ñsðòÆîßï�ä«å-÷-ò-ñ��ßô
ëò-÷-ò-ó�ò�ä�è�òÆé

{
ϕ ∈ X |

√
2ε

9/2
1 ≤ A‖ϕ | X‖ ≤ ε1/3

∞

}
.

ÝÚõì%å-ûm÷�ôbé � å-òµì|êï�ëï<7�ò�ç�é�÷ � t ¾ � ø|å-ò-õðò-ö`÷-ï�ëX7%ðï�ö�ó�ë�ô
ðì^�2÷
þ�é%å-ò-ö`êòÝ÷-ä�ï�ñ ϕ
ì%þ�ï¨ç2ìðìõðò-öä�jï�ëû êëò-ä«å-ë�ô
ðä«å-÷�ô

X
�êòbè�ã·õ�ô
ï�ñ

RF ≥ sup
‖ϕ|X‖=1

RF (ϕ, ΣN) ≥ ‖lN | X∗‖ − 2NAε1

(
N∑

k=1

|ck| + 1

)
. � t Â �

0Úí
ý*ï¨ç2ìð%é%é»ò-úï�ðøì � t�vX� ì � t Â � �êëì�7�ò�ç2ìñ9ø�ìä�ø#ò-ñsò-ñwã»ðï�ë�ô
÷-ï�ðä«å-÷
ã � Ë � # �0Úúï�ðø%ã � Ë � ñsòÆîÃðò�êï�ëï�êìäÂôbå-æÃ÷ � ø÷-ì÷�ôÈè�ï�ð%å-ðò-ñ9÷-ì#ç2ï
∣∣∣RF − ‖lN | X∗‖

∣∣∣ ≤ 2NA‖lN | C∗‖ · ε1.

� � å-ò-övä�÷
é%þÂìvêëò-ì%þÂ÷-ï¨ç2ï�ðìï 2NA‖lN | C∗‖ ï�ä«å-ï�ä«å-÷-ï�ððò ë�ô
ä�ä�ñ�ôbå-ëì÷�ôbå-æ`ø·ô
øvò-úï�ðø%ã ä�÷-ï�ëX7·ãõìä�è2ô�ò-í
ã-ä�è�ò-÷bè�ï�ððò-ä«å-ì|ø%ã·í�ôbå
ã·ëðò-ö	�jò-ëñwãÆè�û
IΩ(ϕ) ∼= ΣN (ϕ)

ð�ôßêëò-ä«å-ë�ô
ðä«å-÷-ï
X
#Þ�ô
ä�ä�ñsò
å-ëìñ êëìñsï�ë�êëì·è�òÆîßï�ðì%é�å-ï�ò-ëï�ñsûÔø�ø%ã·í�ôbå
ã·ëðûmñÊ�jò-ëñwãÆè2ô
ñüð�ôeêï�ëìò�ç2ìõï�ä�øì�7

êëò-ä«å-ë�ô
ðä«å-÷�ô�7 Û ò-í-òbè�ï�÷�ôcø#ò-ðï�õðò-ö�ó�è2ôÆç2ø#ò-ä«å-ì^#�� ø·ôÆõï�ä«å-÷-ïÙò-íbè2ô
ä«å-ìßìð%å-ï�ó�ëìëò-÷�ô
ðì%ée÷-ò
þÂæ-ñsï�ñï¨ç2ìðìõðûmö�ø%ã·íV½
Q = {x ∈ R

n | x = (x1, x2, . . . , xn), 0 ≤ xj < 1, j = 1, 2, . . . , n} .

�@ø·ôÆõï�ä«å-÷-ï���ã·ðøúìò-ð�ôÈè�æ-ðò-ó�ò|êëò-ä«å-ë�ô
ðä«å-÷�ô
X = X(Q)

÷-ûmí-ï�ëï�ñ
W̃ m

2 (Q) ÿ êëò-ä«å-ë�ô
ðä«å-÷-òÛ ò-í-òbè�ï�÷�ô���ò-í-ë�ôbþÂò-÷�ô
ððò-ïßêï�ëìò�ç2ìõï�ä�øìñsì ä�ï¨ç2ìðìõðò-ö ñ�ôbå-ëìúï�övêï�ëìò�ç2ò-÷���ã·ðøúì%éñsì ì%þ
L2(Q)

��ò-í-ò-í�3�ï�ððûmï!êëò-ì%þÂ÷-ò�ç2ðûmï!ø#ò
å-ò-ëû87|÷-ê·è�ò
å-æßç2òÃêò-ë�é#ç2ø·ô
m
åbô
ø%îßï!êëìð�ôÆç�è�ï«î�ôbåÝêëòbù

ä«å-ë�ô
ðä«å-÷
ã
L2(Q)

#�ß�ò-ëñwãÝ÷
W̃ m

2 (Q)
þÆôÆç+ôÆç2ìñüêò-ä�ëï¨ç2ä«å-÷-ò-ñKä�è�ï¨ç�ã�243�ï�ó�òÝë�ô
÷-ï�ðä«å-÷�ô�½

∥∥ϕ | W̃ m
2 (Q)

∥∥ =

[∣∣
∫

Q

ϕ(x) dx
∣∣2 +

∫

Q

∑

|α|=m

m!

α!
|Dαϕ|2 dx

]1/2

< ∞.

àÚò-ëò���òoì%þÂ÷-ï�ä«å-ðòV�·õ%å-òoêëò-ä«å-ë�ô
ðä«å-÷-ò Û ò-í-òbè�ï�÷�ô
W̃ m

2 (Q)
êëì�ã-ä�è�ò-÷-ìì

m > n/2
÷bè�òÆîßï�ðòoò-ó�ë�ôÈùðìõï�ððûmñ�ò-í-ë�ôbþÂò-ñ|÷cêëò-ä«å-ë�ô
ðä«å-÷-ò

C(Q)
ðï�êëï�ëûm÷-ðû87ß÷hþÆô
ñsûmø·ô
ðììßø%ã·í�ô

Q
��ã·ðøúìö^#H��òÆî�ù

ç2ï�ä«å-÷-ï�ððò�ï¨ç2ìðìõð�ôbé���ã·ðøúì%éµêëìð�ôÆç�è�ï«îÃì%å
W̃ m

2 (Q)
�·ìÝï�ïÚðò-ëñ�ô!÷

W̃ m
2 (Q)

ë�ô
÷-ð�ô!ï¨ç2ìðìúï�#
â�ëò-ì%þÂ÷-òbè�æ-ð�ôbé ��ã·ðøúì%é

ϕ(x)
ì%þ

W̃ m
2 (Q)

ë�ôbþ«è2ô
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