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This paper addresses a numerical investigation of the plane supersonic turbulent

multi-component flow with the perpendicular injection of a hydrogen from the slots

located symmetrically on the lower and the upper walls of a channel. For the mathe-

matical modeling of such flows the full Navier — Stokes equation for multi-component

flow fields were used. On the basis of the ENO-scheme the computational code has

been developed. We study the influence of the Mach number on the length of separa-

tion region and the penetration depth of a hydrogen jet into a supersonic air crossflow.
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ÍÓÌ0Òùì ëÑÒ�á�Í�ÐÐÛè0ÞÔÑ äÓÌ0Û0ÝãÏ
ÞÞÔÛ0Î&Ò�ÑÝ"Ï��Ñ(ì�Î&Û0Ð×0Í�Î(Ì0Ñ×0ÐÜ�Ø�Ò�áWÏæõé�Ï
Í�Ý{Ü�Ø�ÞÔÛ0Ñ(ÙÚ×0Û�âWÑ(Ì0ÒùìJÐ�ÏoÛ0Ò�ÐÛ0×0ÍÍ������õ Ò·Ø�Í�Ý{ÜnÌ0ÔÍÓÌ0ç0Í�é�Û ÞÛ0Ô�ì&âWÎ�ÏoÌ0Û0ëÐÛ0ÒÓÌ0Ñ òz�ÞÛ0Ò�Û0Ë2ÞÛåõÒÓÌ0ÔÛ0Í�ÐÑ(ì²äÓÌ0Û0Ö²Ò·Ø�Í�Ý{Ü Ë
ÕÚâWÍÓÌ¬ÞÛ0Î�ÏåÙ¢Ï
Ð�Ð�ÏKÞÔÑÝ{Í�ÔÍ¨Û�âWÐÛ0Ý{Í�ÔÐÛ0é�Û¬ÐÍ�×
ì(ÙÚÎ&Û0é�Û¬Ò�á�Õ�ë�Ïåì è�Î&Û
Ì0ÛåõÔÜÈÖ¬Û0Ë0Û0Ë
þ Ï
ÍÓÌ0Òùì¬Ð�Ï�âW×
Õ�Ý{Í�ÔÐÜÈÖ Ò�á�Õ�ë�Ï
Ö ò�Û�á�ìKäÓÌ0Û0é�Û¨Ô�Ï
Ò�Ò�Ý"ÏåÌ0ÔÑ×�Ï
ÍÓÌ0ÒùìãÒ�á�ÍÁâ�Õ�ö�þ ÏåìKÙ¢Ï¢â.Ï¢ë�Ï
Ü Û
ý�ÑR°

∂u

∂t
+

∂f(u)

∂x
=

∂u

∂t
+ A

∂u

∂x
= 0 u(x, 0) = u0,

���$�

é âWÍ
A =

∂f(u)

∂u

� Ý"ÏåÌ0ÔÑ���Ï
ÝêÎ&Û0Ë0Ñ ò
Ü Ï
ÎlÑ(ÙÚ×0Í�ÒÓÌ0ÐÛè&ÞÔÑ ÞÛ0ÒÓÌ0ÔÛ0Í�ÐÑÑ Ò·Ø�Í�Ý{ÜßÞ�Û�â�Õ�ÐÛ0×�ÏyÐ�ÏyÎ�Ïåú âWÛ0Ý ÑÐ(Ì0Í�Ô×�Ïæá�Í�Ý"Ïæá�Û0Ö�â�á�ÑÐÜ

hÐ�Ï¢ë�Ïæá�ç0ÐÜÈÍ â.Ï
ÐÐÜÈÍ�®êÕ�ÐÎ��ÑÑ
u(x, tn)

Ù¢Ï
Ý{Í�Ð(ìö�Ì0ÒùìRÎ(Õ0Ò�Û0ëÐÛåõ ÞÛ0ÒÓÌ0Û¢ìÐÐÜÈÝ{Ñ èíÏ ÑÝ{Í�ÐÐÛãÍ�é�Û
Ò�ÔÍÁâWÐÑÝ{Ñ

v
n
j = ū =

1

h

∫

Ij

u(x, tn)dx
èæé âWÍ

Ij =
[

xj−1/2, xj+1/2

] òæÿ�Û0é â.Ï�Ð�Ï�ÒÓÌ0ÜÈÎ&ÍÈÎ�Ïåú âWÛ0Ö�Þ�Ï
ÔÜ
ÑÐ(Ì0Í�Ô×�Ïæá�Û0× ×0Û
ÙÚÐÑÎ�Ï
ÍÓÌ Ù¢Ï¢â.Ï¢ë�Ï�ÛlÔ�Ï
Ò�Þ�Ï¢âWÍ�ÞÔÛ0Ñ(ÙÚ×0Ûåá�ç0ÐÛ0é�ÛlÔ�ÏåÙÚÔÜÈ×�Ï�â�á�ì�Ý"Ïæá�Û0é�ÛlÛ
Ì0ÔÍÓÙÚÎ�Ï ÞÛ×0ÔÍ�Ý{Í�ÐÑ

∆t = (tn+1 − tn)
òsàEÏ
é�ÞÛy×0ÔÍ�Ý{Í�ÐÑ$âWÛåá�ú Í�Ðl×0ÜÈË0ÑÔ�ÏåÌ0ç0ÒùìlÐ�Ï
ÒÓÌ0Ûåá�ç0Î&ÛyÝ"Ïæá�ÜÈÝÈè�ë(Ì0Û0Ë0ÜÔÍÓý�Í�ÐÑ(ì è�ÞÛåá�Õ�ëÍ�ÐÐÜÈÍ�â�á�ì�Î�Ïåú âWÜ�ØyâW×
Õ�Ø Ò�Û0Ò�ÍÁâWÐÑ�Ø�ÒÓÌ0ÜÈÎ&Û0×è�ÐÍÈ×
Ù¢Ï
ÑÝ{Û�âWÍ�ÖÒÓÌ0×0Û0×�Ïæá�Ñ òsáªÌ0Û0Ë0Ü
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Ò�Û0×0Í�Ô(ý�Ñ(Ì0ç�Ò�á�ÍÁâ�Õ�ö�þ�ÑÖ2ý Ï
é¨ÞÛ ×0ÔÍ�Ý{Í�ÐÑ è~ÐÍ�Û0ËÚØ�Û�âWÑÝ{ÛãÒ�ÐÛ0×�Ï¬ÑÝ{ÍÓÌ0çãÎ(Õ0Ò�Û0ëÐÛåõ ÞÛ0ÒÓÌ0Û¢ìÐÐÜÈÍ
®êÕ�ÐÎ��ÑÑ ò.ÿ�Ï
ÎÑÝRÛ0Ë0Ô�ÏåÙÚÛ0ÝÈè�ÞÔÑKÐ�Ï
Ö&âWÍ�ÐÐÜ�Ø

v
0
j = ū0(x)

Ô�Ï
Ò�Ò�Ý"ÏåÌ0ÔÑ×�Ï
Í�Ý"Ïåì�Ù¢Ï¢â.Ï¢ë�Ï Ü Û
ý�Ñ�×ÞÛåá�Û0Ò�Í
tn ≤ t < tn+1

â�á�ì
λ > 0

ÞÔÑÝ{ÍÓÌ ×0Ñ&â
∂w

∂t
+ λ

∂w

∂x
= 0, w(x, tn) = R(x; wn

j ),
�±�-�

Ì0Û0é â.Ï
w(x, t) = R(x − λt; w̄n),

w̄n+1

j =
1

h

xj+1/2
∫

xj−1/2

R(x − λt; w̄n)dx,
���s�

é âWÍ
w = R−1

vh

� ÑÐ×�Ï
ÔÑ�Ï
Ð(Ì�{ÑÝ"Ï
Ð�Ï(ò
�ªÙÍ���s�$Ò�á�ÍÁâ�Õ0ÍÓÌæè�ë(Ì0Û ÐÍ�Û0ËÚØ�Û�âWÑÝ{Û ÙÚÐ�Ï
ÐÑÍâ®êÕ�ÐÎ��ÑÑ

R(·; w̄n)
ò��Û0é·áWÏ
Ò�ÐÛãÝ{ÍÓÌ0Û�â�Õäãaå î �åñÞÔÑÝ{Í�Ý2Í�Íy×�×0Ñ&âWÍ

R(x; w̄) =
d

dx
Hm(x; W ),

é âWÍ
Hm(x; W )

Í�ÒÓÌ0çuÎ(Õ0Ò�Û0ëÐÛåõ ÞÛåá�ÑÐÛ0Ý{Ñ�Ïæá�ç0Ð�Ïåì¥®êÕ�ÐÎ��Ñ(ì$ÒÓÌ0Í�ÞÍ�ÐÑ
m
É
W (x)

�øÞÍ�Ô×0Û0Û0Ë0Ô�ÏåÙÚÐ�Ïåìâ�á�ì¯®êÕ�ÐÎ��ÑÑ
w(x)

òÿ�Û0é â.Ï����s�~Ù¢Ï
ÞÑ(ý�ÍÓÌ0Òùì�Î�Ï
Î

w̄n+1

j =
1

h

xj+1/2
∫

xj−1/2

R (x − λt; w̄) dx =
1

h

(

Hm

(

xj+1/2 − λt; W
)

− Hm

(

xj−1/2 − λt; W
))

.
�±i-�

ôMÎ�Ï¢ëÍ�ÒÓÌ0×0ÍãÞÛåá�ÑÐÛ0Ý"Ï
Hm(x; W )

ÞÔÑÐÑÝ"Ï
ÍÓÌ0Òùìæ®yÛ0ÔÝ�Õ¢áWÏç	êç0ö�Ì0Û0Ð�Ï�Ì0ÔÍÓÌ0ç0Í�Ö�ÒÓÌ0Í�ÞÍ�ÐÑ èÏæá�é�Û0ÔÑ(Ì0Ý2ÞÛ0ÒÓÌ0ÔÛ0Í�ÐÑ(ìüÎ&Û
Ì0Û0ÔÛ0é�ÛlÞÔÑ×0ÍÁâWÍ�Ðü×�Ô�Ï
Ë0Û
Ì0Ílî jåñóòÊªÎ&Û0Ðë�ÏåÌ0Í�á�ç0ÐÛ0Í$ÔÍÓý�Í�ÐÑÍªâ�á�ì
λ > 0

Ñ
λ < 0

Ù¢Ï
ÞÑ(ý�ÍÓÌ0ÒùìK×�×0Ñ&âWÍ

w̄n+1

j = w̄n
j − σ+∆−w̄n

j − σ+∆−

[

1 − σ+

2

(

minmod
(

∆−w̄n
j , ∆+w̄n

j

))

+

+











2 − 3σ+ + (σ+)2

6

(

ṁ
(

∆−∆−w̄n
j ; ∆−∆+w̄n

j

)) Í�Ò�á�Ñ ∣
∣∆−w̄n

j

∣

∣ ≤
∣

∣∆+w̄n
j

∣

∣

(σ+)2 − 1

6

(

ṁ
(

∆−∆+w̄n
j ; ∆+∆+w̄n

j

)) Í�Ò�á�Ñ ∣
∣∆−w̄n

j

∣

∣ >
∣

∣∆+w̄n
j

∣

∣






−

−σ−∆+w̄n
j + σ−∆+

[

1 + σ−

2

(

minmod
(

∆−w̄n
j , ∆+w̄n

j

))

− ��js�

−











(σ−)2 − 1

6

(

ṁ
(

∆−∆−w̄n
j ; ∆−∆+w̄n

j

)) Í�Ò�á�Ñ ∣
∣∆−w̄n

j

∣

∣ ≤
∣

∣∆+w̄n
j

∣

∣

2 + 3σ− + (σ−)2

6

(

ṁ
(

∆−∆+w̄n
j ; ∆+∆+w̄n

j

)) Í�Ò�á�Ñ ∣
∣∆−w̄n

j

∣

∣ >
∣

∣∆+w̄n
j

∣

∣






,

é âWÍ
σ± =

λ±τ

h

è
λ± =

λ ± |λ|
2

è
∆ + wj = wj+1 − wj

è
∆ − wj = wj − wj−1

É

ṁ(a, b) =

{

a,
Í�Ò�á�Ñ |a| ≤ |b| ,

b,
Í�Ò�á�Ñ |a| > |b| ;
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minmod(a, b) =

{

s min (|a| , |b|) ,
Í�Ò�á�Ñ

sgn (a) = sgn (b) = s,
0,

Í�Ò�á�ÑüÑÐ�Ï¢ëÍ
.;êÛ0Ò�á�ÍêÛ0ÒÓÕ&þ�Í�ÒÓÌ0×åá�Í�ÐÑ(ì�ÞÍ�ÔÍ�Ø�Û�â.Ï�Û
Ì ÞÍ�ÔÍ�Ý{Í�ÐÐÜ�Ø

w̄n
�ßÑÐ×�Ï
ÔÑ�Ï
Ð(Ì0Û0×Õ{ÑÝ"Ï
Ð�Ïz�ßÎ ÞÍ�ÔÍ�õÝ{Í�ÐÐÜÈÝ

vn Ò·Ø�Í�Ý"Ïè��js��Ë
ÕÚâWÍÓÌ ÑÝ{ÍÓÌ0çl×0Ñ&â
v

n+1

j = v
n
j − ∆t

h
Â+

j−1/2
∆−f

m
j − ∆t

h
Â−

j+1/2
∆+f

m
j = 0,

��Çs�
é âWÍ

fm
j

�ßÝ{Û�âWÑ�®yÑ��ÑÔÛ0×�Ï
ÐÐÜÈÖ¨ÞÛ
Ì0Û0Î¨Ð�Ï�Õ&ÙÓá�Û0×0Ü�ØwÌ0Û0ëÎ�ÏæØ
j
è�Ò�Û0ÒÓÌ0Û¢ì(þ�ÑÖ�Ñ(ÙêÑÒ·Ø�Û�âWÐÛ0é�ÛlÎ&Û0Ð�õ×0Í�Î(Ì0Ñ×0ÐÛ0é�Û ×0Í�Î(Ì0Û0Ô�Ï

f j

ÑwâWÛ0Ë�Ï
×0Û0ëÐÜ�Ø¨ë�á�Í�ÐÛ0×l×0ÜÈÒ�Û0Î&Û0é�ÛlÞÛ0Ô�ì&âWÎ�Ï Ì0Û0ëÐÛ0ÒÓÌ0Ñ è.Ï ÑÝ{Í�ÐÐÛ�°
f

m
j = f j + Ej + Dj,ÞÔÑ�äÓÌ0Û0Ý2×0Í�Î(Ì0Û0ÔÜ

Ej

Ñ
Dj

Û0ÞÔÍÁâWÍ�á�ìö�Ì0Òùì�Ò�á�ÍÁâ�Õ�ö�þ�ÑÝRÛ0Ë0Ô�ÏåÙÚÛ0Ý¼°
Ej = minmod

(

Ēj+1/2, Ēj−1/2

)

,

Dj =

{

ṁ(∆−D̂j−1/2, ∆+D̂j−1/2),
Í�Ò�á�Ñ |∆−vj| ≤ |∆+vj|

ṁ(∆−D̄j+1/2, ∆+D̄j+1/2),
Í�Ò�á�Ñ |∆−vj| > |∆+vj|

â�á�ì
λ > 0,

Dj = −
{

ṁ(∆−D̄j+1/2, ∆+D̄j+1/2),
Í�Ò�á�Ñ |∆−vj| ≤ |∆+vj|

ṁ(∆−D̂j−1/2, ∆+D̂j−1/2),
Í�Ò�á�Ñ |∆−vj| > |∆+vj|

â�á�ì
λ ≤ 0,é âWÍ

Ēj+1/2 = sgn
(

Aj+1/2

)

(

I − τ

h

∣

∣Aj+1/2

∣

∣

)

∆ + f j/2,

D̄j+1/2 = sgn
(

Aj+1/2

)

[

(τ

h

∣

∣Aj+1/2

∣

∣

)2

− I

]

∆ + f j/6,

D̂j+1/2 = sgn(Aj+1/2)

[

2I − 3
τ

h

∣

∣Aj+1/2

∣

∣+
(τ

h

∣

∣Aj+1/2

∣

∣

)2
]

∆ + f j/6,

Â+ + Â− = I
è
A± = RΛ±R−1 = R

(

Λ ± |Λ|
2

)

R−1
É
I
� ÍÁâWÑÐÑëÐ�Ïåì�Ý"ÏåÌ0ÔÑ���Ï(è�Ý"ÏåÌ0ÔÑ��Ü

Â±

Ô�Ï
Ò�Ò�Ý"ÏåÌ0ÔÑ×�Ï
ö�Ì0Òùì�Î�Ï
Î
Â± = A±/A

ò
�ªÙ¯��Çs��Ò�á�ÍÁâ�Õ0ÍÓÌæè�ë(Ì0Û¨×0Í�á�ÑëÑÐ�ÏwÝ{Û�âWÑ�®yÑ��ÑÔÛ0×�Ï
ÐÛ0é�Û ÞÛ
Ì0Û0Î�Ï

f
m
j

Ò�Û0×0Þ�Ï¢â.Ï
ÍÓÌ¨Ò�×0ÜÈÔ�Ïåú Í�ÐÑ�õÍ�ÝpÞÛ
Ì0Û0Î�Ï(èíÞÛåá�Õ�ëÍ�ÐÐÜÈÝ ×XÔ�Ï
Ë0Û
Ì0Í�îðïE�æñªÐ�ÏXÛ0Ò�ÐÛ0×0Í�ÞÛ0ÒÓÌ0ÔÛ0Í�ÐÑ(ì+ÔÍÓý�Í�ÐÑÖ+×æâWÛåá�çãØ&Ï
Ô�Ï
Î(Ì0Í�õÔÑÒÓÌ0ÑëÍ�Ò�ÎÑ�ØRÐ�Ï
ÞÔ�Ï
×åá�Í�ÐÑÖ ò�éuÐ�Ïæá�Û0é�ÑëÐÛ äÓÌ0Û0Ö2Ô�Ï
Ë0Û
Ì0Í Õ�Ô�Ï
×0ÐÍ�ÐÑ(ìê��Çs��Ý{Û¢ú ÐÛë®yÛ0ÔÝ"Ïæá�ç0ÐÛÔ�Ï
Ò�Ò�Ý"ÏåÌ0ÔÑ×�ÏåÌ0ç�Î�Ï
ÎwÛ�âWÐÛ0ÒÓÌ0Û0ÔÛ0ÐÐöuö�Ò·Ø�Í�Ý�ÕwÒuÔ�ÏåÙÚÐÛ0ÒÓÌ¢ìÝ{Ñ¨ÞÔÛ
Ì0Ñ× ÞÛ
Ì0Û0Î�Ï�ÞÍ�Ô×0Û0é�Û�ÞÛ0Ô�ì&âWÎ�ÏÏ
ÞÞÔÛ0Î&Ò�ÑÝ"Ï��ÑÑ â�á�ì�Ò�á�ÍÁâ�Õ�ö�þ�Í�é�Û Õ�Ô�Ï
×0ÐÍ�ÐÑ(ìR°
∂v

∂t
+ (Â+ + Â−)

∂f
m

∂x
= 0.

� ïTÓs�
Û�á�ì�Ë0Ûåá�Í�Í"Ì0Û0ëÐÛ0é�Û�Õ�ëÍÓÌåÏ�Ì0Í�ëÍ�ÐÑ(ì�×�Û0ËåáWÏ
ÒÓÌ¢ì�Ø�Ë0Ûåá�ç
ý�Ñ�Øyé�Ô�Ï¢âWÑÍ�Ð(Ì0Û0×èæÌæò·Í
òæ×�ÞÛ0é�Ô�Ï
ÐÑëÐÛ0ÝÒ�á�Û0Í
è�×0Ëåá�Ñ(ÙÚÑXÒÓÌ0Í�ÐÎÑ�Ñ�Ð�ÏüÕ�ÔÛ0×0ÐÍ þ�Í�á�Ñ è�×0×0Û�âWÑ(Ì0Òùì�Ò�éÓÕ&þ�Í�ÐÑÍ¨Ò�ÍÓÌ0ÎÑ�Ò ÞÛ0Ý{Û
þ�ç0ö ÞÔÛ0ÒÓÌ0Ü�ØÞÔÍ�Û0Ë0Ô�ÏåÙÚÛ0×�Ï
ÐÑÖ�×0Ñ&â.Ï

ξ (x) = K +
1

τ

!�%':'7 [( x

xe
− 1

) :'7
(τK)

]

,

η (z) = H

[

(β + 1) − (β − 1)

(

β + 1

β − 1

)1−
z
a

]/[

(

β + 1

β − 1

)1−
z
a

+ 1

]

,
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K =
1

2τ
ln
[(

1 + (eτ − 1)
xc

L

)/(

1 − (eτ − 1)
xc

L

)]

,é âWÍ
β
è
τ
�OÎ&Û0ä9®´®yÑ��ÑÍ�Ð(Ì0ÜßÒ�éÓÕ&þ�Í�ÐÑ(ì è

β, τ > 1
É
a
�O×0ÜÈÒ�Û
ÌåÏ�Ô�Ï
Ò�ëÍÓÌ0ÐÛ0Ö�Û0ËåáWÏ
ÒÓÌ0Ñã×�ÐÛ0×0Û0ÖÒ�ÑÒÓÌ0Í�Ý{Í$Î&Û0Û0Ô
âWÑÐ�ÏåÌ�É

xc

�pÌ0Û0ëÎ�Ï(è�Û
Ì0ÐÛ0Ò�Ñ(Ì0Í�á�ç0ÐÛwÎ&Û
Ì0Û0ÔÛ0Ö�ÞÔÛ0Ñ(ÙÚ×0Û�âWÑ(Ì0Òùì�Ò�éÓÕ&þ�Í�ÐÑÍ
òÿ�Û0é â.Ï�Ò�ÑÒÓÌ0Í�Ý"Ï�Õ�Ô�Ï
×0ÐÍ�ÐÑÖì� ïE��×�Î&Û0Û0Ô
âWÑÐ�ÏåÌåÏæØ
(ξ, η)

ÞÔÑÝ{ÍÓÌ ×0Ñ&â
∂ Ũ

∂t
+

∂ Ẽ

∂ξ
+

∂ F̃

∂η
=

∂Ẽv2

∂ξ
+

∂Ẽvm

∂ξ
+

∂F̃v2

∂η
+

∂F̃vm

∂η
,

� ï0ïE�
é âWÍ

Ũ = U/J
è
Ẽ = ξxE/J

è
F̃ = ηzF/J

è
Ẽv2 = ξxEv2/J

è
Ẽvm = ξxEvm/J

è
Fv2 = ηzFv2/J

è
F̃vm = ηzFvm/J

è
J = ∂ (ξ, η) /∂ (x, z)

�FìÎ&Û0Ë0Ñ�Ï
ÐRÞÔÍ�Û0Ë0Ô�ÏåÙÚÛ0×�Ï
ÐÑ(ìRÉ
Ev = Ẽv2 + Ẽvm

Ñ
F̃v = F̃v2 + F̃vm

��âWÑ�®´®êÕ&ÙÚÑÛ0ÐÐÜÈÍ ë�á�Í�ÐÜêè�Ò�Û�âWÍ�Ô�ú�Ïåþ�ÑÍ ×
Ì0Û0ÔÜÈÍ
(Ẽv2, F̃v2)

ÑXÒ�Ý{ÍÓý Ï
ÐÐÜÈÍÞÔÛ0Ñ(ÙÚ×0Û�âWÐÜÈÍ
(Ẽvm, F̃vm)

ò
∂Ũ

∂t
+
(

Â+ + Â−

) ∂E
m

∂ξ
+
(

B̂+ + B̂−

) ∂F
m

∂η
−
[

∂(Ẽv2 + Ẽvm)

∂ξ
+

∂(F̃v2 + F̃vm)

∂η

]

= 0.
� ïE�-�

È�âWÍ�Ò�ç�Ý{Û�âWÑ�®yÑ��ÑÔÛ0×�Ï
ÐÐÜÈÍ ×0Í�Î(Ì0Û0ÔÜ�ÞÛ
Ì0Û0Î&Û0×²ÑÝ{Í�ö�Ì²×0Ñ&â
E

m = Ẽ + Eξ + Dξ

Ñ
F

m =
F̃ + Eη + Dη

òÊ�âWÐÛ
ý Ï
é�Û0×�ÏåìoÎ&Û0ÐÍ�ëÐÛåõ Ô�ÏåÙÚÐÛ0ÒÓÌ0Ð�ÏåìRÒ·Ø�Í�Ý"ÏKâ�á�ì2ÑÐ(Ì0Í�é�ÔÑÔÛ0×�Ï
ÐÑ(ì2ÞÛã×0ÔÍ�Ý{Í�ÐÑ2Ò�ÑÒÓÌ0Í�Ý{Ü
� ïE�-��Ë
ÕÚâWÍÓÌ ÑÝ{ÍÓÌ0çlÒ�á�ÍÁâ�Õ�ö�þ�ÑÖ�×0Ñ&â�°

∆Ũn+1 + ∆t

[

(

Â+ + Â−

) ∂(Ẽn+1 + (Eξ + Dξ)
n

∂ξ
+
(

B̂+ + B̂−

) ∂(F̃ n+1 + (Eξ + Dξ)
n

∂η
−

−
[

∂(Ẽn+1

v2 + Ẽn
vm)

∂ξ
− ∂(F̃ n+1

v2 + F̃ n
vm)

∂η

] ]

= 0.
� ïT�s�

áêÑÒ�á�Í�ÐÐÛ0Í ÔÍÓý�Í�ÐÑÍ�Û0ÒÓÕ&þ�Í�ÒÓÌ0×åá�ìÍÓÌ0Òùì�Ò�Û0é·áWÏ
Ò�ÐÛ¨ÞÔÑÐ��ÑÞ(Õ�Ô�Ï
ÒÓþ�Í�Þ�á�Í�ÐÑ(ì Ý{ÍÓÌ0Û�âWÛ0Ý+Ý"ÏåÌåõÔÑëÐÛ0Ö�ÞÔÛ0é�Û0ÐÎÑRîðïT�åñóò�	yÏ�Î�Ïåú âWÛ0Ý�ý Ï
é�Í ÞÛ�×0ÔÍ�Ý{Í�ÐÑ�×üÒ�ÑÒÓÌ0Í�Ý{ÍwÕ�Ô�Ï
×0ÐÍ�ÐÑÖí� ïT�s�êÎ&Û0Ð×0Í�Î�õÌ0Ñ×0ÐÜÈÍ¬Ò�áWÏ
é�Ï
Í�Ý{ÜÈÍKá�ÑÐÍÚÏ
ÔÑ(Ù�Õ�ö�Ì0Òùì�ÒKÞÛ0Ý{Û
þ�ç0öOÙ¢Ï
Ý{Í�ÐÜ�Ñ�Ø2ÙÚÐ�Ï¢ëÍ�ÐÑÖ+Ò
(n + 1)

õ é�ÛXÒ�á�Û¢ìÔ�ÏåÙÓá�Û¢ú Í�ÐÑ(ìÝ{Ñl×�Ô�ì&âwÿ�Í�Ö�á�Û0Ô�ÏyÒÈÑ(ÙÚ×0Í�ÒÓÌ0ÐÜÈÝ{Ñ ÙÚÐ�Ï¢ëÍ�ÐÑ(ìÝ{Ñ Ð�ÏêÞÔÍÁâWÜ~â�Õ&þ�Í�Ý�Ò�á�Û0Í�ÒÈÐÛ0Ý{Í�ÔÛ0Ý
n
°
Ẽn+1 = ξx AnŨn+1

è
F̃ n+1 = ηz BnŨn+1

è"é âWÍ
B = ∂F/∂U

�TÝ"ÏåÌ0ÔÑ���ÏîÝêÎ&Û0Ë0Ñ ò�;êÛ0Ò�á�ÍäÓÌ0Û0é�Û¨Û0ÐÑ�Ù¢Ï
ÞÑÒ�ÜÈ×�Ï
ö�Ì0Òùì Î�Ï
Î¬Û�âWÐÛ0ÒÓÌ0Û0ÔÛ0ÐÐÑÍ Ò·Ø�Í�Ý{ÜEÒ�Ô�ÏåÙÚÐÛ0ÒÓÌ¢ìÝ{Ñ ÞÔÛ
Ì0Ñ× ÞÛ
Ì0Û0Î�Ï ÞÍ�Ô×0Ûåõé�ÛüÞÛ0Ô�ì&âWÎ�ÏüÏ
ÞÞÔÛ0Î&Ò�ÑÝ"Ï��ÑÑXÏ
Ð�Ïæá�Û0é�ÑëÐÛì��Çs��òZÛ�Ñ�®´®êÕ&ÙÚÑÛ0ÐÐÜÈÍwë�á�Í�ÐÜàÏ
ÞÞÔÛ0Î&Ò�ÑÝ{ÑÔ(Õ�ö�Ì0ÒùìÒ$Ì0Û0ëÐÛ0ÒÓÌ0ç0öà×
Ì0Û0ÔÛ0é�Û ÞÛ0Ô�ì&âWÎ�Ï(è Ï Ò�Ý{ÍÓý Ï
ÐÐÜÈÍ ÞÔÛ0Ñ(ÙÚ×0Û�âWÐÜÈÍ¥�VÞÛwì×0ÐÛ0Ö�Ò·Ø�Í�Ý{Í Ò�Û ×
Ì0Û0ÔÜÈÝÞÛ0Ô�ì&âWÎ&Û0Ý²Ì0Û0ëÐÛ0ÒÓÌ0Ñ ò
ï
�¡ð Ç ¨�ñ É ª ×¨Å ª�òañ�ó/¦S¨´¦�¢ Ä
�Ï
Ò�ëÍÓÌªÞÔÛ0Ñ(ÙÚ×0Û�âWÑ�á�Òùì�Ð�ÏÈÔ�ÏåÙÚÐÍ�Ò�Í�ÐÐÛ0Ö�ÞÛ�ÞÔÛ0ÒÓÌ0Ô�Ï
ÐÒÓÌ0×0Í�ÐÐÜÈÝ¬Î&Û0Û0Ô
âWÑÐ�ÏåÌåÏ
ÝKÒ�ÍÓÌ0Î&Í�Ô�ÏåÙÚÝ{Í�ÔÛ0Ý
201 × 101

ÒwâWÑ�Ï
Þ�ÏåÙÚÛ0ÐÛ0Ý9Þ�Ï
Ô�Ï
Ý{ÍÓÌ0ÔÛ0×
2 ≤ ô ∞ ≤ 6

è
2 ≤ n ≤ 11

ò��Ï
Ò�ëÍÓÌãÌ0Í�Ý{ÞÍ�Ô�ÏåÌ
Õ�ÔÜÞÔÛ0Ñ(ÙÚ×0Û�âWÑ�á�ÒùìüÑ(Ì0Í�Ô�Ï��ÑÛ0ÐÐÛ Ý{ÍÓÌ0Û�âWÛ0Ý�	êç0ö�Ì0Û0Ð�Ï¥�õ�Ï�®yÒ�Û0Ð�Ï(ò
Û�á�ìüÞÔÛ0×0Í�ÔÎÑ�Ý{ÍÓÌ0Û�â.Ï ëÑÒ�á�Í�ÐÐÛ Ô�Ï
Ò�Ò�ëÑ(Ì0ÜÈ×�Ïæá�Û0Ò�ç Ì0Í�ëÍ�ÐÑÍ ×0Û
Ù�â�Õ�Ø&ÏÏ� ô ∞ = 3.75

è
T∞ =

478
Ü �yÒ ÞÍ�ÔÞÍ�Ð&âWÑÎ(Õ¢á�ìÔÐÜÈÝE×æâ�Õ�×0Û0Ý�ÙÚ×
Õ�Î&Û0×0Û0ÖXÒÓÌ0Ô(Õ�Ño×0Û
Ù�â�Õ�Ø&Ïä� ô 0 = 1

è
n = 10.29

�yëÍ�õÔÍÓÙlþ�Í�á�ç�ý�ÑÔÑÐÛ0Ö
0.1

Ò�ÝÈò�	yÏ¨ÔÑÒ
ò�� ÞÔÍÁâWÒÓÌåÏ
×åá�Í�ÐÛ�Ô�Ï
Ò�ÞÔÍÁâWÍ�á�Í�ÐÑÍ�â.Ï
×åá�Í�ÐÑ(ìãÐ�Ï¨ÒÓÌ0Í�ÐÎ&Í
ò
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'

(
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�)� k.lGm�l�nSo"p�oGq9rso"t$rsuvk.l*wxl�yzr){�|�r)}Z~Et$r

�L�$�T���$��6��9ûT�$�*�$�7�T�*���´ùsú$�s���8�G�Tø���ûT���	9:,.�G���8�G�´�s�$�'ú3�;1��J���/÷��G�5�Gü-�

ô�Ñ&âWÐÛèæë(Ì0ÛªÔÍÓÙ�Õ¢á�ç¢ÌåÏåÌ0Üêè0ÞÛåá�Õ�ëÍ�ÐÐÜÈÍíÒ~ÑÒ�ÞÛåá�ç
ÙÚÛ0×�Ï
ÐÑÍ�Ýë������õ Ò·Ø�Í�Ý{Üêèæá�Õ�ë(ý�ÍíÒ�Û0é·áWÏ
ÒÓÕ�ö�Ì0Òùì Òä�Î&Ò�ÞÍ�ÔÑÝ{Í�Ð(Ì0Û0ÝÈè&Ì0Û0é â.ÏêÎ�Ï
Î$â.Ï
ÐÐÜÈÍ�Ô�Ï
Ò�ëÍÓÌåÏyÒíÑÒ�Î(Õ0Ò�ÒÓÌ0×0Í�ÐÐÜÈÝ�Ò�é·áWÏåú Ñ×�Ï
ÐÑÍ�Ý Û0ëÍ�ÐçêÒ�Ñ�á�ç0ÐÛÙ¢Ï
ÐÑ(ú Í�ÐÜêò
éuÐ�Ïæá�Ñ(Ù�×åá�Ñ(ìÐÑ(ìøëÑÒ�áWÏ2ûüÏæØ&ÏoÞÛ
Ì0Û0Î�ÏoÔ�Ï
Ò�Ò�Ý{Û
Ì0ÔÍ�Ð�Ð�Ï²ÞÔÑÝ{Í�ÔÍ�ÑÒÓÌ0Í�ëÍ�ÐÑ(ìøÙÚ×
Õ�Î&Û0×0Û0ÖÒÓÌ0Ô(Õ�Ñ ×0Û�âWÛ0ÔÛ�â.ÏêÒ�ÐÍ�Ô�Ï
Ò�ëÍÓÌ0ÐÛ0ÒÓÌ0ç0ö

n = 4
ëÍ�ÔÍÓÙ�þ�Í�á�ç�ý�ÑÔÑÐÛ0Ö

h = 0.3
Ò�Ýã×yÞÛ
Ì0Û0Îl×0Û
Ù�â�Õ�Ø&ÏÒ$Þ�Ï
Ô�Ï
Ý{ÍÓÌ0Ô�Ï
Ý{Ñ ô ∞ = 2 . . . 4

è
Pr = 0.9

è
Re = 104

òZ	yÏ ÔÑÒ
òv�(è=< ÞÔÍÁâWÒÓÌåÏ
×åá�Í�ÐÛ¨Ô�Ï
Ò�ÞÔÍÁâWÍ�á�Í�õÐÑÍ â.Ï
×åá�Í�ÐÑÖ¬â�á�ìKâW×
Õ�ØãÙÚÐ�Ï¢ëÍ�ÐÑÖ�ëÑÒ�áWÏKûüÏæØ&ÏüÞÛ
Ì0Û0Î�Ï(ò Ü Ï
ÎãÒ�á�ÍÁâ�Õ0ÍÓÌ¬Ñ(ÙwÔÑÒÓÕ�ÐÎ�Ï(è�Û0Ë
þ ÏåìÎ�Ï
Ô(Ì0ÑÐ�Ï ÕÚâ.Ï
ÔÐÛåõ ×0Ûåá�ÐÛ0×0Û0Ö ÒÓÌ0Ô(Õ�Î(Ì
Õ�ÔÜ�â�á�ì¨äÓÌ0Ñ�Ø¨ÙÚÐ�Ï¢ëÍ�ÐÑÖüÒ·Ø�Û¢ú�Ï(ò�;êÍ�ÔÍÁâ�ÒÓÌ0Ô(Õ0Í�Ö�Ð�Ï
Ëåá�ö~â.Ïæõö�Ì0Òùì é�Ûåá�Û0×0ÐÛ0Ö è&Î&Û0Ò�Û0ÖwÑ Ù¢Ï
Ý{ÜÈÎ�Ï
ö�þ�ÑÖ Ò�Î�Ï¢ëÎÑ Õ�Þ�á�Û
Ì0ÐÍ�ÐÑ(ì èÎ&Û
Ì0Û0ÔÜÈÍ
è(ÞÍ�ÔÍ�Ò�Í�Î�ÏåìÒ�ç ×$Û�âWÐÛ0ÖÌ0Û0ëÎ&Í
è-Û0Ë0Ô�ÏåÙ�Õ�ö�ÌüÒ�á�Û¢ú Ð(Õ�ö
λ
õ Û0Ë0Ô�ÏåÙÚÐ(Õ�ößÒ�ÑÒÓÌ0Í�Ý�Õ Ò�Î�Ï¢ëÎ&Û0×�Õ�Þ�á�Û
Ì0ÐÍ�ÐÑ(ì ò�ô�Ñ&âWÐÛè�ë(Ì0ÛüÒ Õ�×0Í�õá�ÑëÍ�ÐÑÍ�Ý+ëÑÒ�áWÏ ûüÏæØ&ÏwÞÛ
Ì0Û0Î�Ï Õ�é�Ûåá¬Ð�Ï
Î�á�Û0Ð�Ï é�Ûåá�Û0×0ÐÛ0é�ÛwÒ�Î�Ï¢ëÎ�ÏwÕ�Þ�á�Û
Ì0ÐÍ�ÐÑ(ì¬ÒÓÕ&þ�Í�ÒÓÌ0×0Í�ÐÐÛÕ�Ý{Í�Ðç
ý Ï
ÍÓÌ0Òùì ò�>~Ì0ÛêÛ0Ë3?�ìÒ�Ð(ìÍÓÌ0Òùì�Ì0Í�ÝÈè
ë(Ì0ÛêÒ�ÔÛ0ÒÓÌ0Û0Ý¬ëÑÒ�áWÏyûüÏæØ&ÏªÞÛ
Ì0Û0Î�ÏuÞÔÛ0ÑÒ·Ø�Û�âWÑ(ÌyÕ0Ò�Î&Û0ÔÍ�õÐÑÍ Û0Ò�ÐÛ0×0ÐÛ0é�Û ÞÛ
Ì0Û0Î�Ï(è Ò�Û0Û
Ì0×0ÍÓÌ0ÒÓÌ0×0Í�ÐÐÛ â�á�ìKÔ�Ï
ÒÓý�ÑÔ�ìö�þ�Í�ÖÒùìãÒÓÌ0Ô(Õ�ÑãÞÛ¢ì×åá�ìÍÓÌ0ÒùìüâWÛ0Ë�Ï
×0Û0ë�õÐÛ0ÍlÒ�Û0ÞÔÛ
Ì0Ñ×åá�Í�ÐÑÍ
ò?;êÔÑãäÓÌ0Û0Ý�Ô�ÏåÙÚÝ{Í�ÔÜàË0Û0ëÎÑ è-Î&Û
Ì0Û0Ô(Õ�ö Ý{Û¢ú ÐÛ�Ð�Ï
Ëåá�ö~â.ÏåÌ0çüÑ(ÙwÔÑÒ
ò��(è=@æèé âWÍ ÞÔÍÁâWÒÓÌåÏ
×åá�Í�ÐÛ�Ô�Ï
Ò�ÞÔÍÁâWÍ�á�Í�ÐÑÍwÝ{Í�ÒÓÌ0ÐÛ0é�Û�ëÑÒ�áWÏ�ûüÏæØ&ÏÍ� ô =

√
u2 + w2

/

c
è
c
�OÝ{Í�ÒÓÌ0Ð�ÏåìÒ�Î&Û0ÔÛ0ÒÓÌ0çlÙÚ×
Õ�Î�Ïs��èÙ¢Ï
Ý{ÍÓÌ0ÐÛlÕ�Ý{Í�Ðç
ý Ï
ö�Ì0Òùì òô"á�Ñ(ìÐÑÍ ëÑÒ�áWÏoûüÏæØ&Ï�Ð�Ïãâ.Ïæá�ç0ÐÛ0Ë0Û0ÖÐÛ0ÒÓÌ0ç�×æâ�Õ�×�Ï
Í�Ý{Û0é�Û²×0Û�âWÛ0ÔÛ�â.Ï�Ý{Û¢ú ÐÛ�Õ�×0Ñ&âWÍÓÌ0çoÑ(ÙÔ�Ï
Ò�ÞÔÍÁâWÍ�á�Í�ÐÑ(ìXÝ"Ï
Ò�Ò�Û0×0Û0ÖãÎ&Û0Ð��Í�Ð(Ì0Ô�Ï��ÑÑ�×0Û�âWÛ0ÔÛ�â.ÏÍ� ÔÑÒ
ò��(è	A$��ò�áêÑÒ�á�Í�ÐÐÜÈÍwä�Î&Ò�ÞÍ�ÔÑÝ{Í�Ð(Ì0ÜÞÛ0Î�ÏåÙÚÜÈ×�Ï
ö�Ìæè�ë(Ì0ÛlÞÔÑ�ëÑÒ�á�Í$ûüÏæØ&Ï�ÞÛ
Ì0Û0Î�Ï ô ∞ = 2

á�ÑÐÑ(ì�Û�âWÐÛ0ÞÔÛ-�Í�Ð(Ì0ÐÛ0ÖüÎ&Û0Ð��Í�Ð(Ì0Ô�Ï��ÑÑ×0Û�âWÛ0ÔÛ�â.ÏüÝ"Ï
Î&Ò�ÑÝ"Ïæá�ç0ÐÛ�ÞÛ�âWÐ(ì�áWÏ
Ò�ç�Ð�Ïü×0ÜÈÒ�Û
Ì
Õoï0ò jüÒ�Ý�Û
Ì�ÒÓÌ0Í�ÐÎÑ�Î�Ï
Ð�ÏæáWÏ(è�×�Ì0Û�×0ÔÍ�Ý�ì�Î�Ï
Îâ�á�ì ô ∞ = 4
Ý"Ï
Î&Ò�ÑÝ"Ïæá�ç0Ð�Ïåì�×0ÜÈÒ�Û
ÌåÏ Û�âWÐÛ0ÞÔÛ-�Í�Ð(Ì0ÐÛ0Ö�Î&Û0Ð��Í�Ð(Ì0Ô�Ï��ÑÑK×0Û�âWÛ0ÔÛ�â.ÏlÔ�Ï
Ò�ÞÛåáWÏ
é�ÏæõÍÓÌ0Òùì¬Ð�Ïw×0ÜÈÒ�Û
Ì0Í ï0ò ïE�-��Ò�ÝÈòR;êÔÑKäÓÌ0Û0Ý ëÍÓÌ0Î&Û¨Ð�Ï
Ëåá�ö~â.Ï
ÍÓÌ0Òùì¬Õ�Ý{Í�Ðç
ý�Í�ÐÑÍ�á�ÑÐÑÑKÞÍ�ÔÍÓÌ0Í�Î�Ï
ÐÑ(ì×0Û�âWÛ0ÔÛ�â.ÏyÞÍ�ÔÍÁâ¨ÒÓÌ0Ô(Õ0Í�Ö òôXÒ�Û0Û
Ì0×0ÍÓÌ0ÒÓÌ0×0ÑÑ Ò�äÓÌ0ÑÝãÕ�×0Í�á�ÑëÑ×�Ï
ÍÓÌ0Òùì ÐÍÈÌ0Ûåá�ç0Î&Ûªâ.Ïæá�ç0ÐÛ0Ë0Û0ÖÐÛ0ÒÓÌ0ç×æâ�Õ�×�Ï
Í�Ý{Û0ÖüÒÓÌ0Ô(Õ�Ñä� é·á�Õ�Ë0ÑÐ�ÏlÞÔÛ0ÐÑÎÐÛ0×0Í�ÐÑ(ì�×0Û�âWÛ0ÔÛ�â.ÏlÐ�Ï�ÔÑÒ
òv�(è	A$��è�ÐÛ Ñ â�á�ÑÐ�ÏlÛ
Ì0ÔÜÈ×0ÐÛ0ÖÙÚÛ0ÐÜMÞÍ�ÔÍÁâ+ÒÓÌ0Ô(Õ0Í�Ö ò�ÿ�Ï
Î è{Ð�Ï ÔÑÒ
ò��ãÞÔÑ×0ÍÁâWÍ�Ð�Ï Ù¢Ï
×0ÑÒ�ÑÝ{Û0ÒÓÌ0ç¬â�á�ÑÐÜMÛ
Ì0ÔÜÈ×0ÐÛ0Ö²ÙÚÛ0ÐÜMÞÍ�õÔÍÁâ¬ÒÓÌ0Ô(Õ0Í�ÖKÛ
Ì ëÑÒ�áWÏ ûüÏæØ&ÏlÞÛ
Ì0Û0Î�Ï(òZ�ªÙ$é�Ô�Ï�®yÑÎ�ÏlÒ�á�ÍÁâ�Õ0ÍÓÌæè.ë(Ì0Û ÒyÕ�×0Í�á�ÑëÍ�ÐÑÍ�Ý ëÑÒ�áWÏwûüÏæØ&ÏÞÛ
Ì0Û0Î�Ï$â�á�ÑÐ�Ï�Û
Ì0ÔÜÈ×0ÐÛ0Ö�ÙÚÛ0ÐÜ á�ÑÐÍ�ÖÐÛlÕ�Ý{Í�Ðç
ý Ï
ÍÓÌ0Òùì òÊªÞÑÒÚÏ
ÐÐ�Ïåì�×üÔ�Ï
Ë0Û
Ì0ÍlëÑÒ�á�Í�ÐÐ�Ïåì�Ý{Û�âWÍ�á�ç�Ð�Ï�Û0Ò�ÐÛ0×0Í
������õ Ò·Ø�Í�Ý{ÜßÞÛ
ÙÚ×0Ûåá�ìÍÓÌ�Ý{Û�âWÍ�á�ÑÔÛåõ×�ÏåÌ0ç Ì0Í�ëÍ�ÐÑÍ�Ý{ÐÛ0é�Û0Î&Û0Ý{ÞÛ0ÐÍ�Ð(Ì0ÐÜ�Øüé�ÏåÙÚÛ0×0Ü�Ø¨Ò�Ý{Í�Ò�Í�Ö�Ñ Õ�ëÑ(Ì0ÜÈ×�ÏåÌ0çlÌåÏ
ÎÑÍ�Ò�á�Û¢ú ÐÜÈÍ�®yÑ(ÙÚÑëÍ�õÒ�ÎÑÍÈì×åá�Í�ÐÑ(ì è0Î�Ï
Î�×0Û
ÙÚÐÑÎÐÛ0×0Í�ÐÑÍ�Ò�Î�Ï¢ëÎ&Û0×yÕ�Þ�á�Û
Ì0ÐÍ�ÐÑ(ì Ñ�×0Ñ�Ø(ÔÍ�×0Ü�Ø ÙÚÛ0Ð òs�ªÙ�Õ�ëÍ�ÐÛ�×åá�Ñ(ìÐÑÍëÑÒ�áWÏ�ûüÏæØ&ÏwÞÛ
Ì0Û0Î�Ï Ð�Ï�â�á�ÑÐ(Õ�Û
Ì0ÔÜÈ×0ÐÛ0ÖKÙÚÛ0ÐÜJÑ�â.Ïæá�ç0ÐÛ0Ë0Û0ÖÐÛ0ÒÓÌ0ç ×æâ�Õ�×�Ï
Í�Ý{Û0ÖK×0Û�âWÛ0ÔÛ�âWÐÛ0ÖÒÓÌ0Ô(Õ�Ñ ò6�ÏåÙÚÔ�Ï
Ë0Û
ÌåÏ
ÐÐ�ÏåìlÝ{Û�âWÍ�á�ç�Ý{Û¢ú ÍÓÌyË0ÜíÌ0ç�Ô�Ï
Ò�ÞÔÛ0ÒÓÌ0Ô�Ï
ÐÍ�Ð�Ï�Ð�ÏêÞÔÛ0ÒÓÌ0Ô�Ï
ÐÒÓÌ0×0Í�ÐÐÜÈÖ Ò�á�Õ�ë�Ï
ÖÑ�é�Û0ÔÍ�ÐÑÍ�é�ÏåÙÚÛ0×0Û
Ù�â�Õ&ý�ÐÜ�ØüÒ�Ý{Í�Ò�Í�Ö ò
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