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We address parallelization aspects of the finite volume solver for time-dependent

Maxwell equations on unstructured grids, based on domain decomposition. The data

dependence analysis is first reviewed for derivation of the required graph of depen-

dencies and the scheme of processors’ communications. The results of acceleration of

computations obtained on the clusters at the HLRS and the ICT SB RAS using MPI

for processors’ communications are discussed.
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â�øäÕð0ñeö0â�õ&á0èä�æí(êÞà�ï
è�ï�ãã�äµã�÷0æá0ó�á�õ&á�å.ï	��èä�ï�þã�í(ì�ö!����ä�ó�áîàá¡ã�ö�øä�ææñ�ôªï�ã�ó�á0èí(ð0éK��æ�ï
àíâ�ï
ææñ�ôÿæ�ï�ê(ì�ñ�õ&ä$ÓKÝ�ÝÞÒzíâ�àá¡ã�÷
ì�á0ç�ï
æíä�éÖíæ(ð0ä�è�þ
� ä�ôâ�ï�½©¿WÀÆü

)ëàñuð�àèá�åÊäµãÊï
ææá0ôîè�ï��0á
ð0ñ�íîàá¡ã�ö�øä�ææñ�äÂàá¡ã�á��ùí(ð0äµã�÷0æñ�äuèäÕì�ö ã�÷ ð¡ï¡ð0ñ2é�á0óÕö&ð�á0õ�ï¡ì ï¡ð0÷¡þâ ê�àá¡ã�äÕì�æñ�é�íHå�ã�ê�æ�ï ø�ï�ãÊï�è�ï��0á
ð0ñaæ�ï å2á0â�æá0ç�ï
ææñ�é�í�æ�ïÞåÊä�õ&á0é�àá
ì�í��íí·á�¡ãÊï
âÕð0í�à�ï
è�ï�ãþã�äµã�÷0æñ�é�í¬ç0ä�èâ�í(êé�íÿåÊè(ö�ó�í�ò¬øíâµã�ä�ææñ�ò�ï�ã�ó�á0èí(ð0é�á0çyíªàèí�ã�á��îä�æíô ü
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ô"õ öø÷�ù«÷pú&ú Ú ú©û Ü ÷$ü ÙsÚ ù«ý Ý üÿþ���� Û ú«ü ù Ú��]Ú�ÜÞÝ ü���ù«÷ ÙsÜÞÚ�ÜÞÝ	�
þ ÷�
�ý ÙsÚ ú&ú¾÷

 �ï
â�àèá0âÕð0è�ï
æä�æíä 
µã�ä�õ(ð0èá0é"ï
ó�æí(ð0æñ�ò ç0á¡ã�æ çeæä�é"ï
ó�æí(ð0æá0ôYá0à(ð0íøä�â�õ&á0ôYâ�èäÆåÊä �
µ = 1

�
divD = 0

#$á0àíâ�ñ�ç�ï
äÕð0â ê|ö�è�ï
ç0æä�æí(êé�í2û¬ï
õ&â�ç0äµããÊï	�"õ&á
ð0á0èñ�äÞì ï
àí(ú�ä�éYçâµã�äÆå�ö!����ä�é ç0í�þåÊä � â�é�ü���æ�ï
àèíé�ä�è���� ¥ �[#�






















∂D

∂t
− rotH = 0, D(ω) = ε∗r(ω)E,

∂B

∂t
+ rotE = 0, B = H,

divD = 0, divB = 0.

� �9#

� åÊä�â�÷åÊíâ�àä�èâ�íá0ææñ�ä:â�ç0á0ôâÕð0ç�ï â�èäÆåÊñPá0àíâ�ñ�ç�ï��zð0â ê2ì ï
ç0íâ�íé�á0âÕð0÷�
ε∗r(ω)

�"õ&á
ð0á0è�ï¡ê�å�ã�êâ�èäÆåÊñBâmá
ð0æá0â�í(ð0äµã�÷0æá0ô+åÊí�
µã�ä�õ(ð0èíøä�â�õ&á0ô`àèá0æí���ï
ä�é�á0âÕð0÷�
εr

íDõ&á0æä�øæá0ôMàèá0ç0á�åÊíé�á¡þâÕð0÷�
σ
�á0àíâ�ñ�ç�ï
ä�é�á0ô¬ç�õ�ãÊï
â�â�íøä�â�õ&á0ô�â�íâÕð0ä�é�ä�ö�è�ï
ç0æä�æíô:û¬ï
õ&â�ç0äµããÊï	��íé�ä�äÕðùç0í&å

ε∗r(ω) = εr + σ/iωε0.
� ×#

ßuï �ùæñ�é�íÿå�ã�êªàèí�ã�á��îä�æíôÞêç¡ã�ê��zð0â ê¬é�á�åÊäµã�í ¦�ä���ï¡êÞí ¦�è(ö�åÊä��
ε∗r(ω) = ε∞ +

χ1

1 − iωt0
− σ

iωε0
;

� �+#

ε∗r(ω) = ε∞ −
ω2

p

ω(ω + iΓ)
,

� ªs#
ó åÊä

ε∞
¬�ç0ñ�â�á0õ&á0ø�ï
âÕð0á
ð0æ�ï¡êªåÊí�
µã�ä�õ(ð0èíøä�â�õ�ï¡êàèá0æí���ï
ä�é�á0âÕð0÷��

χ1
¬aã�íæä�ôæ�ï¡ê�ç0á0â�àèííé�þøíç0á0âÕð0÷ªâ�èäÆåÊñ��

σ
¬ àèá0ç0á�åÊíé�á0âÕð0÷¬â�èäÆåÊñ��

ωp
¬±�íõ�ã�íøä�â�õ�ï¡ê à�ãÊï¡ì�é�ä�ææ�ï¡êmø�ï
âÕð0á
ð¡ï��

Γ
¬õ&á
 ��� í��íä�æ(ðùì ï¡ð
ö�ò&ï
æí(ê ü

��í(ì�íøä�â�õíÖé�á�åÊäµã�÷Ø¦�è(ö�åÊäyàèíé�ä�æ(êäÕð0â êmå�ã�êmé�äÕð¡ï�ãã�íøä�â�õí�òÖâ�èäÆå��-ø(ð0á�â�á0á
ð0ç0äÕð0âÕð0ç
ö0äÕðá
ð0âÕö&ð0âÕð0ç0í��Càä�èç0á0ó�á�âµãÊï
óµï
ä�é�á0ó�á�ç�è�ï¡ìÕã�á��îä�æííÞàá
1/ω

üý é"ï¡ð0ä�é"ï¡ð0íøä�â�õ&á0ô«�îäëð0á0øõí ì�èäµþæí(ê¬é�á�åÊäµã�÷�¦�è(ö�åÊä$¬@ã�í(ú�÷ùø�ï
âÕð0æñ�ô:âµã�ö�ø�ï
ô�é�á�åÊäµã�í&¦�ä���ï¡ê���àá
Õð0á0é�öªõ&á0æä�øæ(ö!� å�ã�ê�øíâµþã�ä�ææá0ó�á�èäÕú�ä�æí(êÖâ�íâÕð0ä�é�ömö�è�ï
ç0æä�æíôHè�ï
â�â�é�á
ð0èíéMã�í(ú�÷Þå�ã�ê é�á�åÊäµã�íY¦�ä���ï¡ê ü���â�àá¡ã�÷
ì�ö
ê
D(ω) = ε∗r(ω)E

íÿç0ñ�è�ï �îä�æíä � �+#0��àä�èä�ô&åÊä�é�ç0á$ç0èä�é�ä�ææ(ö!� á�¡ãÊï
âÕð0÷�âkàá0é�á���÷�+á�0è�ï¡ð0æá0ó�áàèä�á�0è�ï¡ì�á0ç�ï
æí(ê��$ö�è÷0ä
ü�ßeèäÕì�ö ã�÷ ð¡ï¡ð0ä$àá¡ã�ö�øíé

D(t) = ε∞E(t) +
χ1

t0

t
∫

0

e−(t−τ)/t0E(τ)dτ +
σ

ε0

t
∫

0

E(τ)dτ.
� u #

��á0âµã�äoàä�èä�á�0á
ì�æ�ï øä�æí(ê�àä�èä�é�ä�ææá0ô
D → ε∞E

í$àá�åÊâÕð¡ï
æá0ç0õí�ä�äoçzö�è�ï
ç0æä�æíä � �9# àá¡ã�ö�øíéá0õ&á0æø�ï¡ð0äµã�÷0æáÖâ�íâÕð0ä�é�ö|ö�è�ï
ç0æä�æíô��uá0àíâ�ñ�ç�ï����$ö!�7è�ï
â�àèá0âÕð0è�ï
æä�æíäY
µã�ä�õ(ð0èá0é"ï
ó�æí(ð0æñ�òàá¡ã�ä�ôªç�åÊíâ�àä�èâ�íá0ææñ�ò¬â�èäÆå.ï�ò��


























∂D

∂t
− rotH = −Q,

∂B

∂t
+ rotE = 0,

divD = 0, D = ε∞E,
divB = 0, B = H,

� w #



w × y{zH|}z�~5���9���9���!�3�s�+��|}zH��z����9���������bzL��z�yb��������3�!����zH~�z��������*�.���

ó åÊä
Q = −χ1

t20

t
∫

0

e−(t−τ)/t0E(τ)dτ +

(

σ

ε0

+
χ1

t0

)

t
∫

0

E(τ)dτ.
� ¯#

��á¡ã�ö�øä�ææ�ï¡êÞâ�íâÕð0ä�é"ïîö�è�ï
ç0æä�æíô ð0ä�àä�è÷�ö�øí(ð0ñ�ç�ï
äÕð�åÊíâ�àä�èâ�íá0ææñ�äsâ�ç0á0ôâÕð0ç�ïîé"ï¡ð0ä�èí�ï�ã�á0çí�ï åÊä�õç�ï¡ð0æáá0àíâ�ñ�ç�ï
äÕð'
µã�ä�õ(ð0èá0é"ï
ó�æí(ð0æñ�äªêç¡ã�ä�æí(êmå�ã�êHú�íèá0õ&á0ó�áõè(ö�óµïâ�á0ç0èä�é�ä�ææñ�òé"ï¡ð0ä�èí�ï�ã�á0ç���àèíé�ä�æ(êä�é�ñ�ò¬çîì ï å.ï ø�ï�òªç0á¡ã�á0õ&á0ææá0ôÞá0à(ð0íõí ü
¦îï�ã�ä�äò�
ö�åÊä�é¥íâ�àá¡ã�÷
ì�á0ç�ï¡ð0÷ é"ï¡ð0èíøæ(ö!�9ì ï
àíâ�÷|ö�è�ï
ç0æä�æíôDå�ã�êeåÊç
ö�é�ä�èæá0ó�á âµã�ö�ø�ï¡ê

� á0â�ä�â�íé�é�äÕð0èíøæñ�ômâµã�ö�ø�ï
ô�����½ þ3������þ ç0á¡ã�æñ�#zçîåÊíç0ä�èó�ä�æ(ð0æá0ômí�æäÆåÊíç0ä�èó�ä�æ(ð0æá0ô � á0èé"ï�òâ�á0á
ð0ç0äÕð0âÕð0ç0ä�ææá��
∂U

∂t
+

∂

∂x1
A1U +

∂

∂x2
A2U = −R;

� ¥ #

∂V

∂t
+ B1

∂V

∂x1
+ B2

∂V

∂x2
= −Q.

� v #
£�ï
àèíé�ä�è���å�ã�êeè�ï
â�àèá0âÕð0è�ï
æä�æí(ê���½ þ ç0á¡ã�æñ�ç·é�äÕð¡ï�ãã�íøä�â�õ&á0ôMâ�èäÆåÊä��Âá0àíâ�ñ�ç�ï
ä�é�á0ôé�á�åÊäµã�÷��¦�è(ö�åÊä���é"ï¡ð0èí��ñDö�è�ï
ç0æä�æíô � ¥ #�í � v #�íé�ä��zðùç0í&å

A1 =







0 0 −1
0 0 0

− 1

ε∞
0 0






, A2 =







0 1 0
1

ε∞
0 0

0 0 0






,

U =





D3

H1

H2



 , R =













ω2
p

ε∞

t
∫

0

e−(t−τ)/t0D3(τ)dτ

0
0













;
� � x #

B1 =







0 0 − 1

ε∞
0 0 0
−1 0 0






, B2 =







0
1

ε∞
0

1 0 0
0 0 0






,

V =





E3

H1

H2



 , Q =













ω2
p

ε∞

t
∫

0

e−(t−τ)/t0E3(τ)dτ

0
0
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¦sã�êÿàá0âÕð0èá0ä�æí(ê øíâµã�ä�ææá0ôÞâ¼ò�ä�é�ñeé�äÕð0á�å.ï�õ&á0æä�øæñ�ò á��§-ä�é�á0ç$ç$è�ï
â�øäÕð0æá0ôùåÊç
ö�é�ä�èæá0ôá�¡ãÊï
âÕð0íeâÕð0èá0í(ð0â ê+æä�âÕð0è(ö�õ(ð
ö�èíèá0ç�ï
ææ�ï¡êDð0èäÕö�ó�á¡ã�÷0æ�ï¡êeâ�äÕð0õ�ï	�uö�øí(ð0ñ�ç�ï����îï¡ê+ó�ä�á0é�äÕð0èí��ç0æäÕú�æí�òªó�è�ï
æí��¬á�¡ãÊï
âÕð0íªíªè�ï¡ìµåÊäµãÊï�â�èäÆå � â�é�ü���æ�ï
àèíé�ä�è���èíâ
ü8�9#µü
�ëè�ï
ç0æä�æíä � ¥ #oíæ(ð0ä�ó�èíè(ö0äÕð0â ê:àáîõ�ï �îåÊá0ôÿð0èäÕö�ó�á¡ã�÷0æá0ôÞêøä�ôõ&ä

∆i
í àá � á0èé�ö ã�ä��(ï�ö0âµþâ�ïb¬})ëâÕð0èá0ó�è�ï åÊâ�õ&á0ó�áùàèä�á�0è�ï¡ì�ö0äÕð0â ê:õÞõ&á0æ(ð
ö�èæá0é�öªíæ(ð0ä�ó�è�ï�ã�ö

∂

∂t

∫

∆i

Udx1dx2 +
3

∑

k=1

∫

Γk

i

AUdΓ = −
∫

∆i

Rdx1dx2,
� �9×#

ó åÊä
Γk

i

¬@èä��0è�ïîêøä�ôõí��
n = (n1, n2)

¬@ç0æäÕú�æ(ê(êªæá0èé"ï�ã�÷��
A = n1A1 + n2A2

ü
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)ëàèäÆåÊäµã�íé+ì�æ�ï øä�æí(ê:àá¡ã�ê
Un

i

ç ��ï
èí��ä�æ(ð0èä
xb

i

ð0èäÕö�ó�á¡ã�÷0æá0ó�á&
µã�ä�é�ä�æ(ð¡ï
∆i

ç é�á0é�ä�æ(ðç0èä�é�ä�æí
tn = nτ

��ó åÊä
τ
¬ úîï
óîàáÞç0èä�é�ä�æí ü�¨�èá0é�ä�ð0á0ó�á���á�0á
ì�æ�ï øíé+àèí��¡ã�í	�îä�ææá0äîì�æ�ï�þøä�æíä$àá
ð0á0õ�ï

AU
ç{�ä�æ(ð0èä

k
þ ó�áyèä��0è�ï

i
þ ó�á�ð0èäÕö�ó�á¡ã�÷0æíõ�ï

Fi,k
�(å�ã�íæ(öÞèä��0è�ï

li,k
��à�ã�á��îï åÊ÷

i
þ ó�áb
µã�ä�é�ä�æ(ð¡ï

Si
ü!¢kààèá0õ&â�íé�íè(ö
êÞö�è�ï
ç0æä�æíä � �9×#�ç�é�á0é�ä�æ(ð�ç0èä�é�ä�æí

tn = nτ
çB�ä�æ(ð0èä

i
þ ôêøä�ôõí���àá¡ã�ö�øíé·êç0æ(ö!� â¼ò�ä�é�ö

Si
Un+1

i − Un
i

τ
+

3
∑

k=1

li,kF
n+1/2
i,k = SiR

n
i .

� ���+#

£�ï¬õ�ï �îåÊá0éMç0èä�é�ä�ææá0é âµã�á0äÿç0ñ�øíâµã�ä�æí(êÖç0ñ�àá¡ã�æ(ê��zð0â êHêç0æáü�)p�
ö0âµã�á0ç¡ã�ä�æá®
Õð0á�ð0ä�éK�ø(ð0áªàá
ð0á0õí:ì ï
ç0íâ ê(ð¬á
ðùå.ï
ææñ�òçÞâ�á0â�äÆåÊæí�ò:êøä�ôõ�ï�ò��-ø(ð0áÞá�
ö0âµã�á0ç¡ã�íç�ï
äÕðªá0â�æá0ç0æñ�äîð0è(ö�å�þæá0âÕð0í¬àèíªè�ï
â�à�ï
è�ï�ãã�äµã�íç�ï
æíí ü
��á
ð0á0õ

Fi,k
àèäÆå�ãÊï
óµï
äÕð0â êªç0ñ�øíâµã�ê(ð0÷�õ�ï
õÿèäÕú�ä�æíä�á�åÊæá0é�ä�èæá0ôÿá
ð0æá0â�í(ð0äµã�÷0æáîæá0èé"ï�ã�íõ

k
þ é�ö�èä��0è(ö

i
þ ó�áÂð0èäÕö�ó�á¡ã�÷0æíõ�ïkì ï å.ï øíb �íé"ï
æ�ï	��ì ï
àíâ�ï
ææá0ô$çuåÊíç0ä�èó�ä�æ(ð0æñ�ò�àä�èä�é�ä�ææñ�ò��

Fi,k = A+UL + A−UR,
� �Lªs#

ó åÊä
A± = S−1diag

{

1

2
(λk ± |λk|)

}

S,

S
¬ é"ï¡ð0èí���ï	� âÕð0á¡ã���ñ`õ&á
ð0á0èá0ô:êç¡ã�ê��zð0â êàè�ï
ç0ñ�é�íâ�á�0âÕð0ç0ä�ææñ�é�ímç0ä�õ(ð0á0è�ï
é�íé"ï¡ð0èí��ñ

A
�
λk

¬@â�á�0âÕð0ç0ä�ææñ�äsøíâµãÊï�é"ï¡ð0èí��ñ
A
�
UL,R

¬aì�æ�ï øä�æí(êªàá¡ã�ê
U
��ï
ààèá0õ&â�íé�íèá0ç�ï
ææñ�äæ�ï�èä��0èá�í(ì�ã�ä�ç0á0ó�áyíªàè�ï
ç0á0ó�á�àèíé�ñ�õ�ï�����í�òªð0èäÕö�ó�á¡ã�÷0æíõ&á0çü

£�ï
àèíé�ä�è��å�ã�ê�è�ï
â�â�é�á
ð0èä�ææá0ó�á âµã�ö�ø�ï¡êHGkû þ ç0á¡ã�æñMçùé�á�åÊäµã�í&¦�è(ö�åÊä$é"ï¡ð0èí��ñ ç0ñ�ó¼ã�ê�þå�ê(ðyâµã�äÆå�ö!����íé á�0è�ï¡ì�á0é��

A+ =
1
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1√
ε̃

n2 −n1

n2

ε̃

n2
2√
ε̃

−n1n2√
ε̃

−n1

ε̃
−n1n2√

ε̃

n2
1√
ε̃

















, A− =
1

2

















− 1√
ε̃

n2 −n1

n2

ε̃
− n2

2√
ε̃

n1n2√
ε̃

−n1

ε̃

n1n2√
ε̃

− n2
1√
ε̃

















, ε̃ =
2εLεR

εL + εR
.

û¬ï¡ð0èí���ï
A
á0àèäÆåÊäµã�êäÕð0â êÖøä�èäÕìÿæäyì ï
ç0íâ ê	��íäùá
ðªúîï
óµïªàá¬ç0èä�é�ä�æíHç0äµã�íøíæñ$��çªà�ï�þè�ï�ãã�äµã�÷0æá0ô�ç0ä�èâ�íí�ï�ã�ó�á0èí(ð0é"ïùé"ï¡ð0èí��ñ

A±
å�ã�ê¬õ�ï �îåÊá0ó�áyèä��0è�ïyé�á0óÕö&ð �0ñuð0÷ÿç0ñ�øíâµã�ä�æñð0á¡ã�÷0õ&áyá�åÊíæªè�ï¡ìsí ò(è�ï
æ(ê(ð0â êÞã�á0õ�ï�ã�÷0æáyç�õ�ï �îåÊá0ôÞàá�åÊá�¡ãÊï
âÕð0í ü
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¢kààèá0õ&â�íé"ï��í(ê¤�îäÿì�æ�ï øä�æíô·àá¡ã�ê�í(ì&�ä�æ(ð0è�ïð0èäÕö�ó�á¡ã�÷0æíõ&á0ç æ�ï:èä��0èá���ð�ü¼ä
ü�ç0ñ�øíâµþã�ä�æíä
UR

í
UL

�"ð0èä��
ö0äÕðHå.ï�ã�÷0æä�ô(ú�í�ò2àá êâ�æä�æíô � èíâ
ü�×#µüC¦sã�ê ï
ààèá0õ&â�íé"ï��íí �
ö�åÊä�éíâ�àá¡ã�÷
ì�á0ç�ï¡ð0÷ùæäÆåÊíç0ä�èó�ä�æ(ð0æñ�ä�àä�èä�é�ä�ææñ�ä
VR

í
VL

�
UR,L = TVR,L

��æ�ï
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