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η = G(ξ)
)

×;	�ó�� ø�û�ÿ�óWô������
¨ò�ó
ô�ýòøÔñ�ø#��ø�ÿú��G:eø�ý(õ0ø�ùÿ�ó¨ô�ðÚôH��ø�û�ð0ùmÿ�ó�	&ð0ý���ø�ÿú��V1À¿Á7#)�ï^ö0ô±õ�
Úû�ü úû�ø�ø�û
ÿ�ó�	�ó
ý���ú!��ó��Ú÷$ö��`ô"��ô±ö�û�ûwöîýð�ýò�ó��0ú���ö

xj+1 = xj + zjg(xj), j = 1, L,
1±Ø�7

3¹ñ�ø
zj

0 ÿø/��ó��0úô�úû�üWøîô#��ö���ó
ùÿüWø<�0ø#��ú!�úÿü�)6ÙiöÆñ�ø�û�ô�ú(õrórõ�
�ñ&�&� ýòð0ô±õ0ð
õ0ü��6�(õ0ð.�0ô�ø
zjð�ñ�úÿ�ó�	&ð��0ð¸ò�ó
ô�ýòøÔñ�ø#��ø�ÿü1ô�ð¸ô�òøÔñ�ÿúû

a
ú ñ�úô�ýø�òô�úø�ù

b2 )!¹�ð�3¹ñ.ó

zj =
xj+1 − xj

g(xj)

ú 1

b
√

L

L
∑

j=1

(zj − a) =
1

b
√

L

L
∑

j=1

(

xj+1 − xj

g(xj)
− a

)

.

D�ô�ú���öG�ø�ÿ(õ0ò�ó���
0ÿð0ù¸ýòøÔñ�ø#��
0ÿð0ù õ0ø�ð0òø�û�ü´Úmø�0ú>0²Úmúÿ&ñ�ø�0ø�ò!3�ó¸ ³��
ô�) Ç ®°���ø��ó��C��ó
ô±õ�
���ñ�ø�ô

ô±õ0òø�û�ú(õ0ô"�-	�ô#��ö���ó
ùÿð0ùº�0ø#��ú!�úÿø

η ∈ N (0, 1)
) ïeò�ó���ó��,� øC��ó
ô±õ�
<��ø3	&ð�ýòø�ð��0ò�ó���ö0ø±õ0ô"�J	

�0ú&ñ�ö
1

b
√

L

L
∑

j=1

xj+1 − xj

g(xj)
− a

√
L

b
.

Æ�ô#��ú�ô�ú(õrórõ�
îò�ó��Æÿð0ô±õ0ú
xj+1 − xj

ñ�ð0ô±õrórõ0ð��ÿð û"ó���üWû�úÛ14+±õ0ð�3�ð û�ð��Þÿð�ñ�ð��0ú(õ�
0ô"��ö�û�ø�ÿ!
�O�ø#*
ÿúø�ûgñ&��ú(õ0ø#��
0ÿð0ô±õ0ú ýø�òúð�ñ�ð�� ÿ�ó�	&ð0ý���ø�ÿú��E�0ø±÷�ø�ô±õ���óÁ7#�.õ0ð û�ü�úû�ø�ø�û���ñ�ø�ô
 úÿ(õ0ø3�ò�ó���
0ÿ(ö��
ô±ö�û�ûwö�) Ã �0ð��Æÿ�ó��úû��ø�òø/�

G(x)
�eö�ÿ!	!�ú!� x

∫

x0

du

g(u)

úîýð���ö���ó
ø�ûÑýòúN�0ð���
�O�ú��
L

G(xL) ≈ b
√

Lη + aL.

Ã õ0ô�iñ.ó8ô#��øÔñ�ö0ø±õ��U�(õ0ð8ô#��ö���ó
ùÿ�ó��½�0ø#��ú!�úÿ�ó
xL

ò�ó
ô�ýòøÔñ�ø#��ø�ÿ�ó8ýòú!����ú��Æú(õ0ø#��
0ÿðÜ	�ó�	
K(aL, b2L, G)

)
«�ó
ô�ô�û�ð
õ0òúû ÿø�ô	&ð���
�	&ðÞýòúû�ø�òð��!)
ÝNÞ����e�IÞ��&)�ï^ö0ô±õ�


g(x) = α > 0, x > 0
)!¹�ð�3¹ñ.ó

G(x) =

x
∫

0

du

α
=

x

α
.

1 } 7

ïeð�ñ�ô±õró��0ú!�.1 } 7=�£14ÅI7#�ýð���ö��úûÑý���ð
õ0ÿð0ô±õ�
Þò�ó
ô�ýòøÔñ�ø#��ø�ÿú��
xL

¾

f(x) ≈ 1

αb
√

2πL
exp

{

−(x − αL)2

2α2b2L

}

1

P{ζ > 0}I[0,∞)(x),
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ζ ∈ N (aL, b2L)
)�Biõ0ðÞð��Æÿ�ó���ó
ø±õ����(õ0ð

xL ∈ N (αaL, α2b2L, [0,∞)).

ÝNÞ����e�IÞg��)(ï^ö0ô±õ�

g(x) = αx

�
x > 0

�
α > 0

)I¹�ð�3¹ñ.ó
G(x) =

1

α
ln

x

x0

ýòú
x > 0

)�D�ð���
0û�ø�û
��ñ�ø�ô


x0 = 1
)!¹�ø�ýø�ò!
¸ô#��ö���ó
ùÿ�ó��N�0ø#��ú!�úÿ�ó�úû�ø�ø±õ ò�ó
ô�ýòøÔñ�ø#��ø�ÿúøG:eø�ý(õ0ø�ùÿ�ó¸ôbý���ð
õ0ÿð0ô±õ�
��

f(x) ≈ 1

xαb
√

2πL
exp

{

−(ln x − αaL)2

2α2b2L

}

, x > 0.

A ñ�ø�ô

V G = (−∞, +∞)

)�Biõ0ð ð��Æÿ�ó���ó
ø±õ��d�(õ0ð
xL

úû�ø�ø±õ�ò�ó
ô�ýòøÔñ�ø#��ø�ÿúø��d����ú���	&ð0øC	£��ð�3�ÿð0ò�*
û"ó���
0ÿð0ûwö ôbý�ó
ò�ó
û�ø±õ0ò�ó
û�ú

αaL, α2b2L
ú�û�ð0û�ø�ÿ(õró
û�ú

MxL ≈ exp

{

1

2
α2b2L + αaL

}

,

V arxL ≈ exp
{

α2b2L + 2αaL
}{

exp(α2b2L) − 1
}

.ÝNÞ����e�IÞºß�)�D�ü9O�ø�û�ü-�bú!	&ô�úòð���ó���ú
g(x)

��ð0ýòøÔñ�ø#�&����ú
G(x)

úR��órõ0ø�û,��ó
ýúô�ü$��ó���úG�eö�ÿ!	�*
�ú!�Mò�ó
ô�ýòøÔñ�ø#��ø�ÿú���ô#��ö���ó
ùÿð0ùJ�0ø#��ú!�úÿü

ξ ∈ K ô¸ý���ð
õ0ÿð0ô±õ�
��µ14ÅI7#)�ïeð0ô±õró��0úû�ú òø/O�úû
ð��0ò�órõ0ÿ(ö��à��ó�ñ.ó��(ö�)Wï^ö0ô±õ�
J��ó�ñ.ó
ÿ�ó(�eö�ÿ!	!�ú�� ò�ó
ô�ýòøÔñ�ø#��ø�ÿú��

H(x)
)=:bó�	Ñô#��øÔñ�ö0ø±õ´�0ü$�0ò�órõ�


�eö�ÿ!	!�úú
g(x)

ú
G(x)

õró�	��á�(õ0ð��0üâ�eö�ÿ!	!�ú���ò�ó
ô�ýòøÔñ�ø#��ø�ÿú���ô#��ö���ó
ùÿð0ù-�0ø#��ú!�úÿü
ξ ∈ Kð�	�ó���ó���ó
ô
U� õ0ð��ÿð0ô±õ0ú�ò�ó��0ÿð0ù

H ãä^õró�	��Úý(ö0ô±õ�

ξ ∈ K(a, σ2, G) = H

14�eö�ÿ!	!�ú��
G

��ñ�ø�ô
gø±÷�ø ÿøº�0ü$�0ò�ó
ÿ�óÁ7#)Q¹�ð�3¹ñ.ó�ýð
ñ�ð�	�ó���ó
ÿÿð0ûwöîô#��ö���ó
ùÿ�ó��N�0ø#��ú!�úÿ�ó

η = G(ξ) ∈ N (a, σ2, V G)
�õró�	N�(õ0ð

P{η ≤ y} = P{G(ξ) ≤ y} = P{G(ξ) ∈ V G
⋂

(−∞, y)}.
ïeòú

y ≤ V G
ýø�òø�ô�ø�ø�ÿúø

(−∞, y)
⋂

V G = Ø
�õró�	N�(õ0ð

fη(y) = 0
)�ïeòú

y ∈ V G

P{η ≤ y} =

y
∫

−∞

IV G(t)√
2πσP{ζ ∈ V G}

exp

{

−(t − a)2

2σ2

}

dt =

=
N (a, σ2, y) − N(a, σ2, min V G)

P{ζ ∈ V G} = P{−∞ ≤ ξ ≤ G−1(y)} = H(G−1(y)).

ïeø�òø�ð��0ð��Æÿ�ó��úû���ñ�ø�ô

G−1(y) = t

�
y = G(t)

�(õró�	£�(õ0ð

N (a, σ2, G(t)) = N (a, σ2, minV G) + P{ζ ∈ V G}H(t) = Φ

(

G(t) − a

σ

)

.

Ã õ0ô�iñ.ó
G(t) = a + σΦ−1[N (a, σ2, min V G) + P{ζ ∈ V G}H(t)].D�ø�òÿø�û�ô"�V	�û�ð�ñ�ø#��úÞÿ�ó�	&ð0ý���ø�ÿú��.1À¿Á7#��	&ð
õ0ð0ò�ó��¸úû�ø�ø±õ>�bð0òûwöN1±Ø�7#) W ð�3H��ó
ô�ÿð$ýð���ö��ø�ÿÿüWû

�0ü9O�øÚòø/��ö���
�õrórõró
û$�(ÿ�ó�	&ð0ý���ø�ÿÿüWùP��ó
ý�ó
ô
Qk

�
k
*Ãû û�ø�ô±õ0ð0òð�� ñ�ø�ÿúú ò�ó
ô�ýòøÔñ�ø#��ø�ÿ ýòú!����ú��Æú�*

õ0ø#��
0ÿðÞýðU:eø�ý(õ0ø�ùÿ(ö�ôbý�ó
ò�ó
û�ø±õ0ò�ó
û�ú
Lak

�
Lb2

k

�
Gk(x)

�&3¹ñ�ø

ak = Mzk, b2
k = Dzk, Gk(x) =

x
∫

x0

du

gk(u)
.
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¼ ó
ÿÿ(ö�� ôÚð��0ð�	(ö�ýÿð0ô±õ�
�û�ø�ô±õ0ð0òð�� ñ�ø�ÿúù ô`ÿ�ó�	&ð0ý���ø�ÿÿüWû�úV��ó^ñ&��ú(õ0ø#��
0ÿüWùîýø�òúð�ñN�0òø�û�ø�ÿú
��ó
ý�ó
ôÆó
û�ú

Q1
�Q)))�

QN

ÿ�ó��Æð��0ø�û�å�æ�ç�æ è�é�ê�è�ë ìè�í�è�îÁïÁå&ê�è�ì/ðCñÁò$)�D�ü$�0úò�ó��gò�ó��/��ú!�ÿüWû ð��0ò�ó�*
�Æð0ûM�eö�ÿ!	!�úú

gk

��û�ü1û�ð�� ø�ûÑô±õ0òð0ú(õ�
 û�ð�ñ�ø#��ú�ýòúòð�ñ�ÿü=��ô�ð��0ð�	(ö�ýÿð0ô±õ0ø�ùIôR� ø#��órõ0ø#��
0ÿüWû
ò�ó
ô�ýòøÔñ�ø#��ø�ÿúø�ûM��ó
ý�ó
ôÆó¸�

k
*Ãû[û�ø�ô±õ0ð0òð�� ñ�ø�ÿúú�)

«�ó
ô�ô�û�ð
õ0òúû-�0ð0ýòð0ôWðR�0ü$�0ð0òø$�eö�ÿ!	!�úù
gk(x)

)ÁÆ�ô#��ú¸û�ü[úû�ø�ø�ûIñ�ø#��ðmôWû�ø�ô±õ0ð0òð�� ñ�ø�ÿúø�û
ð0ôÆó�ñ�ð��ÿð�3�ð�õ0úý�ó���õ0ðU	&ð���ú!�ø�ô±õ��0ð ð0ô�øÔñ.ó��Ú÷�ø3�ðV�0ø±÷�ø�ô±õ���óP�U	�ó�� ñ�ð0û[ýø�òúð�ñ�ø$ÿøR��ó��0úô�ú(õÞð
õ
	&ð���ú!�ø�ô±õ���ó�ÿ�ó�	&ð0ý���ø�ÿÿð�3�ð!)�¹wó�	�ó�� ô�ú(õ
ö�ó��ú��[ð0ýúôÆó
ÿ�ó.�kýòúû�ø�òøE®�)�Dþòø/��ö���
�õrórõ0ø�ð�	�ó��Æü=*
��ó
ø±õ0ô"���d�(õ0ð<��ó
ý�ó
ô

Qk

ò�ó
ô�ýòøÔñ�ø#��ø�ÿ�ýòú!����ú��Æú(õ0ø#��
0ÿð�ÿð0òû"ó���
0ÿð ô�ú����0ø�ô±õ0ÿüWû�ú ýð ýòúû�ø#*
ò(ö�® ý�ó
ò�ó
û�ø±õ0ò�ó
û�ú�)�Æ�ô#��ú�û�ø�ô±õ0ð0òð�� ñ�ø�ÿúø<�bð0òû�úòð���ó���ð0ô
�ýð£��ó�	&ð0ÿ(ö�òð0ô±õró,	òúô±õró��!��ð��!�
õ0ð>	&ð���ú!�ø�ô±õ��0ð�ð
õ�	���ó�ñ�ü$��ó��Ú÷�ø3�ð0ô"�V�0ø±÷�ø�ô±õ���ó>�F	�ó�� ñ�ð0û ýø�òúð�ñ�øÚýòð0ýð0ò!�úð0ÿ�ó���
0ÿð$ÿ�ó�	&ð0ý�*
��ø�ÿÿð0ûwö�) Biõró�ô�ú(õ
ö�ó��ú���ð0ýúôÆó
ÿ�óC� ýòúû�ø�òø>³��ð
õ�	(öÆñ.ó ô#��øÔñ�ö0ø±õ�� �(õ0ðC��ó
ý�ó
ô

Qk

ò�ó
ô�ýòøÔñ�ø#��ø�ÿ
ýòú!����ú��Æú(õ0ø#��
0ÿð>��ð�3�ÿð0òû"ó���
0ÿðmôÚú����0ø�ô±õ0ÿüWû�ú ýð$ýòúû�ø�ò(öV³eý�ó
ò�ó
û�ø±õ0ò�ó
û�ú�)�¼�ò(ö�3�úø�3�ø�ð���ð�*
3�ú!�ø�ô	úø�û�ø#�&ó
ÿú��Æû�ü�ð
õ���ð�� ø�ÿú���ýð���ø/�Æÿð�3�ðÞúô	&ð0ý�ó
ø�û�ð�3�ð ð0ýúô�ü$��ó��Úõ0ô"�Iô�ð0ð
õ��0ø±õ0ô±õ��
ö��Ú÷�ú�*
û�úN�eö�ÿ!	!�ú��û�ú

g(x)
)

ó¸�àô@�Q�R� íN� � í��îêQ�=� ��� íîì � ê$¦�¤�¦îê �Q�Rõ í � ¤�¦îí�¦��Wë�ì��F©
�=�mèF�F� ¨ ¤îì��>� � í

W ��øÔñ�ö��Ú÷�úù-�0ð0ýòð0ô���	&ð
õ0ð0òüWùº��ñ�ø�ô
N�0ð��Æÿú!	�ó
ø±õ��-ô�ð0ô±õ0ð0ú(õ£���0ü9�ô�ÿø�ÿúú ò�ó
ô�ýòøÔñ�ø#��ø�ÿú��-3�ø#*
ÿø�ò�ó���
0ÿð0ù¸ô�ð��0ð�	(ö�ýÿð0ô±õ0ú��I�0ü$�0ð0ò!	(ö ú��u	&ð
õ0ð0òð0ù¸ð��0ò�ó���ö��ÚõF��ó
ý�ó
ô�ü ñ.ó
ÿÿð0ù�ýòúòð�ñ�ÿð0ùÞô�ð��0ð�*
	(ö�ýÿð0ô±õ0ú�).ïeòð�����ø�û"óG��ó�	�������ó
ø±õ0ô"�,��ÿø�ð0ýòøÔñ�ø#��ø�ÿÿð0ô±õ0úIð
õ0ÿð0ô�ú(õ0ø#��
0ÿðÞõ0ð�3�ð!�&�U	�ó�	&ð0ù�û�ø�òø
û�ð��Þÿð�ô�ú(õrórõ�
P��ó
ý�ó
ô�ü û�ø�ô±õ0ð0òð�� ñ�ø�ÿúù�ýòúòð�ñ�ÿð0ù�ô�ð��0ð�	(ö�ýÿð0ô±õ0ú�ÿø/��ó��0úô�úû�üWû�ú�ÿ�ó������Q*
ñ�ø�ÿú��û�ú�ú��mÿø	&ð
õ0ð0òð0ù£3�ø�ÿø�ò�ó���
0ÿð0ù�ô�ð��0ð�	(ö�ýÿð0ô±õ0ú ã «�ó
ô�ô�û�ð
õ0òúû ýòð��ø�ô�ôbÿ�ó�	&ð0ý���ø�ÿú��£�0ø#*
÷�ø�ô±õ���ó(��ýòúòð�ñ�ÿð0ùgô�ð��0ð�	(ö�ýÿð0ô±õ0úM	�ó�	[ýòð��ø�ô�ô£�bð0òû�úòð���ó
ÿú���û�ÿð�3�ð0û�ø�òÿð�3�ð(�0ø	(õ0ð0ò�ó
x = (x1, ..., xN)

)�ÙiöÆñ�ø�ûÑô�ú(õrórõ�
!� �(õ0ðÞýòú!��ó���	úN�0ø±÷�ø�ô±õ���óU�bð0òû�úò(ö��Úõ0ô"��ô�ð�3H��ó
ô�ÿðP�0ø	(õ0ð0ò�*
ÿð0ùN�eö�ÿ!	!�úú

g(x) = (g1(x1), ..., gN(xN))
ôR	&ð�+�R�bú!�úø�ÿ(õ0ð0û

z = (z1, ..., zN)
��úû�ø�Ú÷�úû

Mz = a = (a1, ..., aN )
ú ö÷�ø

(z) = (bij)i,j=1,N = B.

W ��ø�ûwö@1À¿Á7�ýø�òø�ýú�O�ø�û¬��ô#��øÔñ�ö��Ú÷�ø�û¬�0ú&ñ�ø�¾
xj+1 = xj + zjg(xj)

�
j = 1, L

)�×^û�ÿð�� ø�ÿúø
�0ø	(õ0ð0òð��

zj
ú

g(xj)
��ñ�ø�ô
.1 úÞñ�ø#��ø�ÿúø>�0ø	(õ0ð0òð��¸ÿú�� ø�7�ýòúÿúû"ó
ø±õ0ô"��ýð�	&ð0ð0ò
ñ�úÿ�órõ0ÿð0ø�¾

zj · g(xj) =
(

zj
1 · g1(x

j
1), z

j
2 · g2(x

j
2), ..., z

j
N · gN(xj

N)
)

.

ÙiöÆñ�ø�û�ô�ú(õrórõ�
>�0ø	(õ0ð0òü
zj
ÿø/��ó��0úô�úû�üWû�ú¸ú�ð�ñ�úÿ�ó�	&ð��0ðeò�ó
ô�ýòøÔñ�ø#��ø�ÿÿüWû�ú�)�¹�ð�3¹ñ.ó���ñ�ø�ù�*

ô±õ��
ö���õró�	,� ø�� 	�ó�	�ú,� ð�ñ�ÿð0û�ø�òÿð0û ô#��ö���ó
ø��.ýð û�ÿð�3�ð0û�ø�òÿð0ù�õ0ø�ð0òø�û�øGÚmø�0úN0�Úmúÿ&ñ�ø�0ø�ò�*
3�óN ³��ô�) Ç ~ °-ýð���ö��úû

1
√

L|B|

(

L
∑

j=1

xj+1 − xj

g(xj)
− aL

)

=
1

√

L|B|

L
∑

j=1

(zj − a) → N (0, I),

3¹ñ�ø
L → ∞ ¶ I 0MøÔñ�úÿú!�ÿ�ó���û"órõ0òú!��ó�) Ã �0ð��Æÿ�ó��úû

Gk(xk) =

xk
∫

x0

k

du

gk(u)
, G(x) = (G1(x1), G2(x2), ..., GN(xN)) .
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D�+±õ0ú���ð��0ð��Æÿ�ó��ø�ÿú�����û�ü úû�ø�ø�û

G(xL+1) − aL
√

L|B|
=

∗

G(xL+1) ∈ N (0, I).

Ã õ0ô�iñ.ó¨ô#��øÔñ�ö0ø±õ����(õ0ðQ	&ð0ð0ò
ñ�úÿ�órõ0ü-�0ø	(õ0ð0ò�ó ∗

G(xL+1) =

(

∗

G1(x1),
∗

G2(x2), . . . ,
∗

GN(xN)

) û�ð��¸*
ÿð ô�ú(õrórõ�
gÿø/��ó��0úô�úû�üWû�ú ú N (0, 1)

0Oò�ó
ô�ýòøÔñ�ø#��ø�ÿÿüWû�ú�)�äeÿ�ó��ø.3�ð��0ð0òÁ���=	&ð0ð0ò
ñ�úÿ�órõ0ü
úû�ø�ÿÿð¸+±õ0ð�3�ð¸�0ø	(õ0ð0ò�ó�û�ð��Þÿð�ò�ó
ô�ô�û"órõ0òú!��órõ�
U	�ó�	<�0ü$�0ð0ò!	(ö ú�� N (0, 1)

ýð0ô#��øeýð�ñ�ô±õró
ÿð���	ú
�0û�ø�ô±õ0ð

xL+1 ÿ�ó������iñ�ø�ÿúù
(

∗

x
L+1

1 ,
∗

x
L+1

2 , . . . ,
∗

x
L+1

N
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