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In this article, we propose nonconformal finite elements of the Crouise—Raviart

type for a 3D elasticity problem on a parallelipedal grid. We also propose a two-

step iterative method for solution of the corresponding grid problem. We construct a

preconditioner based on a transition from the elasticity operator to the grid Laplace

operator as well as on a diagonalisation of the tangent displacement matrix and internal

Chebyshev’s iterations for the normal displacements. Theoretical and experimental

analysis of the method is performed.ÂâåäåíèåÏðè ðåøåíèè çàäà÷ ìåõàíèêè ñïëîøíîé ñðåäû øèðîêî èñïîëüçóåòñÿ íåêîí�îðìíûé ìå-òîä êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ), êîãäà äîïóñòèìîå ïðîñòðàíñòâî ñåòî÷íûõ �óíêöèé íåÿâëÿåòñÿ ïîäìíîæåñòâîì ïðîñòðàíñòâà ðàçðåøèìîñòè èñõîäíîé âàðèàöèîííîé çàäà÷è.Â ýòîì ñëó÷àå íàèáîëåå óïîòðåáèìû ýëåìåíòû Êðóçåÿ��àâüÿðà [1℄, ñòåïåíè ñâîáîäûäëÿ êîòîðûõ ñâÿçàíû ñî ñòîðîíàìè ñèìïëèöèàëüíîé ñåòêè.Äëÿ òðåõìåðíîé çàäà÷è Ñòîêñà íåêîí�îðìíûå ýëåìåíòû ñî ñòåïåíÿìè ñâîáîäû íàãðàíÿõ ÿ÷ååê ïàðàëëåëåïèïåäàëüíîé (èëè �ïî÷òè� ïàðàëëåëåïèïåäàëüíîé) ñåòêè ââå-äåíû â ðàáîòå [5℄, ãäå ðàññìîòðåíû óçëîâûå è �ìîìåíòíûå �ñòåïåíè ñâîáîäû. Äëÿ äâó-ìåðíûõ óðàâíåíèé Ëàìå àíàëîãè÷íûé íåêîí�îðìíûé ÌÊÝ äåòàëüíî ïðîàíàëèçèðîâàí�. Ôîëêîì â [2℄. Ïåðåíîñ ýòèõ ðåçóëüòàòîâ íà òðåõìåðíûé ñëó÷àé âûçûâàåò îïðåäåëåí-íûå òðóäíîñòè, ñâÿçàííûå ñ íàëè÷èåì æåñòêèõ âðàùàòåëüíûõ ïåðåìåùåíèé (äàæå ïðèíàëè÷èè óñëîâèé Äèðèõëå íà ÷àñòè ãðàíèöû). Â ðàáîòå [4℄ â ðàìêàõ ðàçðûâíîãî ìåòîäà�àëåðêèíà ïðîâåäåíî èññëåäîâàíèå íåêîí�îðìíîãî ìåòîäà íà ñèìïëèöèàëüíîì ðàçáèå-íèè äëÿ ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè. Óñòîé÷èâîñòü îáåñïå÷èâàåòñÿ äîáàâëåíèåìñòàáèëèçèðóþùåãî �óíêöèîíàëà íà ãðàíèöàõ ÿ÷ååê. Â ðàáîòå [3℄ àíîíñèðîâàí ïåðåíîñðåçóëüòàòîâ �. Ôîëêà íà òðåõìåðíûé ñëó÷àé. Îäíàêî â [3℄ íå èñïîëüçóåòñÿ ñòàáèëèçèðó-þùàÿ äîáàâêà, à äëÿ ïðèâåäåííîãî ñïîñîáà àïïðîêñèìàöèè îòñóòñòâóþò äîêàçàòåëüñòâàêîððåêòíîñòè ñåòî÷íîé çàäà÷è è ñõîäèìîñòè ïðèáëèæåííîãî ðåøåíèÿ ê òî÷íîìó. Ìà-òåìàòè÷åñêè ïðîáëåìà íåóñòîé÷èâîñòè ñâÿçàíà ñ òåì, ÷òî â îáùåì ñëó÷àå çàêðåïëåíèÿ
∗�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé(ãðàíò � 07-01-00164à).© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.47



48 À.A. Êàëèíêèí÷àñòè ãðàíèöû ìîæåò îòñóòñòâîâàòü ñåòî÷íûé àíàëîã íåðàâåíñòâà Êîðíà. Â ýòîì ñëó-÷àå ñåòî÷íûé îïåðàòîð òåîðèè óïðóãîñòè èìååò íå ïóñòîå ÿäðî è, ñëåäîâàòåëüíî, íåïîðîæäàåò ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå ðàçðåøèìîñòè ñåòî÷íîé çàäà÷è.Â íàñòîÿùåé ðàáîòå äëÿ òðåõìåðíîé çàäà÷è òåîðèè óïðóãîñòè ïðåäëàãàþòñÿ íåêîí-�îðìíûå ýëåìåíòû òèïà Êðóçåÿ��àâüÿðà íà ïàðàëëåëåïèïåäàëüíîé ñåòêå (îòëè÷íûåîò ïðåäëîæåííûõ â [5℄), ïîñòðîåíî ýêîíîìè÷íîå ðåøåíèå âîçíèêàþùèõ ñåòî÷íûõ çàäà÷èòåðàöèîííûì ìåòîäîì. Ñîáñòâåííî, ðå÷ü ïîéäåò î êîíñòðóèðîâàíèè ïåðåîáóñëîâëèâà-òåëÿ â îáîáùåííîì ìåòîäå ñîïðÿæåííûõ ãðàäèåíòîâ. Ïðèâîäèòñÿ ðÿä òåñòîâûõ ðàñ÷å-òîâ, èëëþñòðèðóþùèõ âåñüìà âûñîêóþ ý��åêòèâíîñòü ðàññìîòðåííîé ìåòîäèêè.1. Àïïðîêñèìàöèÿ íåêîí�îðìíûìè ýëåìåíòàìèÏóñòü Ω ⊂ R3 � ñîñòàâëåííîå èç ïàðàëëåëåïèïåäîâ îãðàíè÷åííîå îòêðûòîå ìíîæåñòâîè ∂Ω = ΓD ∪ΓN � åãî ãðàíèöà. Äàëåå ïóñòü u = (ui)
3
i=1 � âåêòîð óïðóãèõ ïåðåìåùåíèéè ε(u) = (εij(u))3

i,j=1 � ñèììåòðè÷íûé òåíçîð äå�îðìàöèé ñ êîìïîíåíòàìè
εij(u) =

1

2

(

∂ui

∂xj

+
∂uj

∂xi

)

.Ïóñòü L2(Ω) = (L2(Ω))3, Hl(Ω) = (H l(Ω))3 � ïðîñòðàíñòâà Ñîáîëåâà äëÿ âåêòîðíûõïîëåé,
C∞(Ω, γ) = {u ∈ C∞(Ω), u = 0, x ∈ γ ⊂ ∂Ω},è H1(Ω, γ) � çàìûêàíèå C∞(Ω, γ) ïî íîðìå ïðîñòðàíñòâà H1(Ω), çàäàâàåìîé ðàâåíñòâîì

‖u‖2
H1(Ω) =

3
∑

i=1

‖ui‖
2
H1(Ω).Â ïðîñòðàíñòâå H1(Ω) × H1(Ω) çàäàäèì ñèììåòðè÷íóþ áèëèíåéíóþ �îðìó

a(u,v) = 2µ

∫

Ω

ε(u) : ε(v)dx + λ

∫

Ω

(∇ · u)(∇ · v)dx, (1.1)ãäå
ε(u) : ε(v) =

3
∑

i,j=1

εij(u)εij(v).Òîãäà îáîáùåííàÿ çàäà÷à ìîæåò áûòü ñ�îðìóëèðîâàíà ñëåäóþùèì îáðàçîì: äëÿ íåêî-òîðîãî âåêòîðíîãî ïîëÿ f ∈ L2(Ω) òðåáóåòñÿ íàéòè ïîëå ïåðåìåùåíèé u ∈ H1(Ω, ΓD),óäîâëåòâîðÿþùåå ïðè ïðîèçâîëüíîé âåêòîð-�óíêöèè v ∈ H1(Ω, ΓD) èíòåãðàëüíîìóòîæäåñòâó
a(u,v) =

∫

Ω

f · vdx. (1.2)Â Ω çàäàäèì ïàðàëëåëåïèïåäàëüíóþ ñåòêó T = {τ}, ñîñòîÿùóþ èç ÿ÷ååê
τ = [x1,i1 , x1,i1+1] × [x2,i2 , x2,i2+1] × [x3,i3 , x3,i3+1].



Íåêîí�îðìíûå êîíå÷íûå ýëåìåíòû â òðåõìåðíûõ çàäà÷àõ òåîðèè óïðóãîñòè 49�àññìîòðèì êàíîíè÷åñêóþ ÿ÷åéêó (referene ell) τ̂ = [−1, 1]3 ñî ñëåäóþùåé íóìåðàöèåéåå ãðàíåé êl, l = 1, . . . , 6:
ê2k−1 = τ̂ ∩ {x̂k = −1}, ê2k = τ̂ ∩ {x̂k = 1}, k = 1, 2, 3.Â τ̂ ââåäåì 18-ìåðíîå ïðîñòðàíñòâî íåêîí�îðìíûõ CR ýëåìåíòîâ (òèïà Êðóçåÿ��àâüÿðà)

Q(τ̂), ñîñòîÿùåå èç âåêòîðîâ âèäà
v̂(x̂) =





a1 + b1x̂1 + c1x̂2 + d1x̂3 + r1x̂
2
2 + s1x̂

2
3

a2 + b2x̂1 + c2x̂2 + d2x̂3 + r2x̂
2
1 + s2x̂

2
3

a3 + b3x̂1 + c3x̂2 + d3x̂3 + r3x̂
2
1 + s3x̂

2
2



 .Â ïðîñòðàíñòâå Q(τ̂ ) íàéäåì äâà áàçèñà � Φk
l è Ψk

l , ñâÿçàííûõ ñ äâóìÿ ðàçëè÷íûìèñïîñîáàìè çàäàíèÿ èíòåðïîëèðóþùèõ îïåðàòîðîâ, èç ñëåäóþùèõ óñëîâèé:
Φ̂k

l (p̂m) = δlmek, Pêm
Ψ̂k

l = δlmek,ãäå l, m = 1, . . . , 6, k = 1, 2, 3 è âåêòîðû p̂m � öåíòðû ãðàíåé êm:
p̂1 = −e1, p̂2 = e1, p̂3 = −e2, p̂4 = e2, p̂5 = −e3, p̂6 = e3,a

Pωu =
1

mes(ω)

∫

ω

u(x)dω.Ïóñòü uτ � ñóæåíèå u íà ÿ÷åéêó τ . Ââåäåì ïðîñòðàíñòâî
Hh = {u ∈ L2(Ω) | uτ ∈ H1(τ)}è çàäàäèì â íåì ïîëóíîðìó ñëåäóþùèì ðàâåíñòâîì
|u|Ω,h =

(

∑

τ∈T

|uτ |
2
H1(τ)

)1/2

.�àññìîòðèì åãî çàìêíóòîå ïîäïðîñòðàíñòâî
Vh = {u ∈ L2(Ω) | uτ ∈ Q(τ)} ⊂ Hh.Ïóñòü E0 � ìíîæåñòâî âñåõ ðàçëè÷íûõ âíóòðåííèõ ãðàíåé ÿ÷ååê τ ∈ T (èìåþùèõíåïóñòîå ïåðåñå÷åíèå ñ Ω), ò. å. ∀ e ∈ E0 ∃ τ1, τ2 ∈ T òàêèå, ÷òî e = τ1 ∩ τ2. Îáîçíà÷èì
[u]e(x) = uτ1(x) − uτ2(x), x ∈ e ∈ E0.Ïóñòü, ED � ìíîæåñòâî âñåõ ãðàíåé, ëåæàùèõ íà ΓD, è äëÿ e = τ ∩ ΓD :

[u]e(x) = uτ (x), x ∈ e ∈ ED.Ââåäåì äâà ïðîñòðàíñòâà ñåòî÷íûõ �óíêöèé, â êîòîðûõ áóäóò ñ�îðìóëèðîâàíû çàäà÷èî ïîèñêå ïðèáëèæåííûõ ðåøåíèé. Ïóñòü
V

(1)
h,0 = {u ∈ Vh | ∀e ∈ E0 ∪ ED [u]e(pe) = 0}, (1.3)
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V

(2)
h,0 = {u ∈ Vh | ∀e ∈ E0 ∪ ED Pe[u]e = 0}. (1.4)Ïðè ýòîì V

(k)
h,0 6⊂ H1(Ω, ΓD), à ñëåäîâàòåëüíî, ýòè ïðîñòðàíñòâà ïîðîæäàþò íåêîí-�îðìíûé ìåòîä êîíå÷íûõ ýëåìåíòîâ.Ñóæåíèå áèëèíåéíîé �îðìû (1.5) íà ïðîñòðàíñòâî H1(τ) × H1(τ) çàäàåòñÿ ðàâåí-ñòâîì
aτ (uτ ,vτ ) = 2µ

∫

τ

ε(uτ ) : ε(vτ )dx + λ

∫

τ

(∇ · uτ )(∇ · vτ )dx.Â ïðîñòðàíñòâå Hh × Hh ââåäåì áèëèíåéíóþ �îðìó
aΩ,h(u,v) =

∑

τ∈T

aτ (uτ ,vτ ) +
∑

e∈E0∪ED

2µ

he

∫

e

[u]e · [v]e de, (1.5)ãäå he � õàðàêòåðíûé ëèíåéíûé ðàçìåð ãðàíè e. Èñïîëüçóÿ ââåäåííûå ïðîñòðàíñòâà(1.3) è (1.4), ñ�îðìóëèðóåì äâå ñåòî÷íûå çàäà÷è: íàéòè âåêòîð-�óíêöèè u(k) ∈ V
(k)
h,0, k =

1, 2, òàêèå, ÷òî äëÿ ëþáûõ âåêòîð-�óíêöèé v(k) ∈ V
(k)
h,0 âûïîëíÿþòñÿ èíòåãðàëüíûåòîæäåñòâà

aΩ,h(u
(k),v(k)) =

∫

Ω

f · v(k)dx , k = 1, 2. (1.6)Òîãäà ìîæíî äîêàçàòü ñëåäóùèå òåîðåìû (áîëåå ïîäðîáíî ñì. â [6℄).Òåîðåìà 1.1. Íàéäåòñÿ íå çàâèñÿùåå îò ïàðàìåòðîâ ñåòêè è âåêòîð-�óíêöèè uïîëîæèòåëüíîå ÷èñëî c òàêîå, ÷òî ∀u ∈ V
(k)
h,0, k = 1, 2, èìååò ìåñòî íåðàâåíñòâî

|u|Ω,h ≤ cFΩ,h(u),ãäå
FΩ,h(u) =







∑

τ∈T

∫

τ

ε(uτ ) : ε(uτ )dx +
∑

e∈E0∪ED

1

he

∫

e

| [u]e|
2de







1/2

.Òåîðåìà 1.2. Ïðè mes2(ΓD) > 0 íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî h0 òàêîå, ÷òîïðè h ≤ h0 çàäà÷è (1.6) îäíîçíà÷íî ðàçðåøèìû.Òåîðåìà 1.3. Ïóñòü u ∈ H1(Ω, ΓD) ∩ H2(Ω) � ðåøåíèå çàäà÷è (1.2), à u(k) ∈ V
(k)
h,0,

k = 1, 2, � ðåøåíèÿ çàäà÷ (1.6). Òîãäà èìåþò ìåñòî îöåíêè
|u− u(k)|Ω,h ≤ c κ̄ h |u|H2(Ω),

|‖u− u(k)‖|Ω,h ≤ c κ̄ h |u|H2(Ω), k = 1, 2,ãäå ïîëîæèòåëüíîå ÷èñëî c íå çàâèñèò îò ïàðàìåòðîâ ñåòêè è âåêòîðíîãî ïîëÿ u, è
|‖u‖|Ω,h =

√

aΩ,h(u,u),à κ̄ � ïàðàìåòð, õàðàêòåðèçóþùèé ðåãóëÿðíîñòü ñåòêè.



Íåêîí�îðìíûå êîíå÷íûå ýëåìåíòû â òðåõìåðíûõ çàäà÷àõ òåîðèè óïðóãîñòè 51Òåîðåìà 1.4. Ïóñòü Ω � ïàðàëëåëåïèïåä è ΓD = ∂Ω, u � ðåøåíèå çàäà÷è (1.2) ïðè
f ∈ L2(Ω), u(2) ∈ V

(2)
h,0 � ðåøåíèå çàäà÷è (1.6) ïðè k = 2. Òîãäà èìååò ìåñòî îöåíêà

‖u− u(2)‖L2(Ω) ≤ c κ̄2 h2 ‖ f‖L2(Ω),ãäå ïîëîæèòåëüíîå ÷èñëî c íå çàâèñèò îò ïàðàìåòðîâ ñåòêè è âåêòîð-�óíêöèè u.Ïàðàìåòð κ̄ âçÿò èç ïðåäûäóùåé òåîðåìû.Îòäåëüíî íàäî îñòàíîâèòüñÿ íà ðîëè ñòàáèëèçèðóþùåé äîáàâêè èç (1.5). Ïðèâîäèòñÿïðèìåð ñåòî÷íîé çàäà÷è áåç ýòîé äîáàâêè, â êîòîðîì, íåñìîòðÿ íà íàëè÷èå óñëîâèéÄèðèõëå íà ÷àñòè ãðàíèöû, îïåðàòîð çàäà÷è èìååò íåïóñòîå ÿäðî (áîëåå ïîäðîáíî îáýòîì ñì. â [6℄).2. Ïåðåîáóñëîâëèâàíèå ñåòî÷íûõ óðàâíåíèéÑîáñòâåííî, ðå÷ü çäåñü èäåò î êîíñòðóèðîâàíèè ïåðåîáóñëîâëèâàòåëÿ â îáîáùåííîììåòîäå ñîïðÿæåííûõ ãðàäèåíòîâ. Áîëåå ïîäðîáíî î íåì ìîæíî ïðî÷èòàòü â [7℄. Îáùàÿñõåìà ïîñòðîåíèÿ ïåðåîáóñëîâëèâàòåëÿ ñîñòîèò èç òðåõ ýòàïîâ.Ýòàï 1. Íà ïåðâîì ýòàïå ïîêàçûâàåòñÿ ñïåêòðàëüíàÿ ýêâèâàëåíòíîñòü ñåòî÷íîãîîïåðàòîðà Ëàìå òðåì ñåòî÷íûì îïåðàòîðàì Ëàïëàñà. Ïîçâîëÿþò ýòî ñäåëàòü ñåòî÷íîåíåðàâåíñòâî Êîðíà (ñì. ðàçäåë 1) è íåïðåðûâíîñòü ñåòî÷íîãî ýíåðãåòè÷åñêîãî ñêàëÿð-íîãî ïðîèçâåäåíèÿ.Òåîðåìà 2.1. Íàéäåòñÿ íå çàâèñÿùåå îò ïàðàìåòðîâ ñåòêè è âåêòîð �óíêöèè uïîëîæèòåëüíîå ÷èñëî c òàêîå, ÷òî ∀u ∈ V
(k)
h,0, k = 1, 2, èìååò ìåñòî íåðàâåíñòâî

|‖u‖|Ω,h ≤ cκ̄ |u|Ω,h. (2.1)Ýòàï 2. Íà äàííîì ýòàïå ñòðîèòñÿ ìàòðèöà B̂, äëÿ êîòîðîé äèàãîíàëüíûå áëîêèñîîòâåòñòâóþò íîðìàëüíûì è êàñàòåëüíûì ïåðåìåùåíèÿì. Ýòî ïîçâîëèò â äàëüíåéøåìëåãêî ïåðåéòè ê äîïîëíåíèÿì Øóðà, ñîîòâåòñòâóþùèì íîðìàëüíûì ïåðåìåùåíèÿì,êîòîðûå ÿâëÿþòñÿ M-ìàòðèöàìè, è äëÿ îáðàùåíèÿ êîòîðûõ â ñëåäóþùåì ðàçäåëå áóäóòèñïîëüçîâàíû ïðîöåäóðû ×åáûøåâà. Ïðè ýòîì äîêàçûâàåòñÿ ñëåäóþùàÿËåììà 2.2. Èìåþò ìåñòî íåðàâåíñòâà
1

κ2
(Âu, u) ≤ (B̂u, u) ≤ κ2c(k) (Â, u) ∀ u ∈ RN , k = 1, 2, (2.2)ãäå ÷èñëà c(1) = 8/3 è c(2) = 6 ñîîòâåòñòâóþò óçëîâîìó è ìîìåíòíîìó áàçèñàì, ÷èñëî

κ � ïàðàìåòð íåðàâíîìåðíîñòè ñåòêè.Ýòàï 3. È, íàêîíåö, ïîëüçóÿñü ðàáîòàìè Þ. Êóçíåöîâà [9℄, ìû ñïåêòðàëüíî ýêâè-âàëåíòíî çàìåíÿåì îáðàùåíèå äîïîëíåíèé Øóðà íà íåêîòîðîå �èêñèðîâàííîå ÷èñëîøàãîâ â ìåòîäà ×åáûøåâà. Â êà÷åñòâå ïåðåîáóñëîâëèâàòåëÿ ê ìåòîäó ×åáûøåâà ìûèñïîëüçóåì ïîïåðåìåííî-òðåóãîëüíûé ìåòîä ñ äâóìÿ âàðèàíòàìè âûáîðà ïàðàìåòðîâ:ëèáî èñïîëüçóÿ îïòèìàëüíûé ïàðàìåòð èç ðàáîò A.A. Ñàìàðñêîãî [10℄, íàõîäÿ êðàé-íèå ñîáñòâåííûå çíà÷åíèÿ äîïîëíåíèé Øóðà ñ ïîìîùüþ ñòåïåííîãî ìåòîäà, ÷òî êðàéíåçàòðàòíî, ëèáî èñïîëüçóÿ îïòèìàëüíûé ïàðàìåòð èç ðàáîò À.Í. Êîíîâàëîâà [8℄.



52 À.A. Êàëèíêèí3. ×èñëåííûé ýêñïåðèìåíòÏðèâåäåì ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ çàäà÷è â ðàññìàòðèâàåìîé â îáëàñòè
Ω = (0, 1)3 ñ òî÷íûì ðåøåíèåì

u(x) = 64[x1x2x3(1 − x1)(1 − x2)(1 − x3)]
2e3, (3.1)ò. å. çàäàí âåêòîð îáúåìíûõ ñèë êàê äåéñòâèå îïåðàòîðà òåîðèè óïðóãîñòè íà �óíê-öèþ u. Äàëåå, êàê íåòðóäíî çàìåòèòü, �óíêöèÿ u ÿâëÿåòñÿ ðåøåíèåì ñìåøàííîé êðà-åâîé çàäà÷è Äèðèõëå�Íåéìàíà:

u = 0, x ∈ ΓD = Ω ∩ {x3 = 0, x3 = 1}; σ(u)n = 0, x ∈ ΓN = ∂Ω \ ΓD. (3.2)Â ðàñ÷åòàõ èñïîëüçîâàëèñü çíà÷åíèÿ êîý��èöèåíòîâ Ëàìå µ è λ, ñîîòâåòñòâóþùèåçíà÷åíèÿì ìîäóëÿ Þíãà E = 103 è êîý��èöèåíòà Ïóàññîíà ν = 0.1. Âñå ðàñ÷åòûïðîâîäèëèñü íà ïîñëåäîâàòåëüíîñòè êóáè÷åñêèõ ñåòîê ñ øàãàìè h = 2−k, k = 3, ..., 6.Â òàáë. 1 è 2 ïðèâåäåíû ñïåêòðàëüíûå ÷èñëà îáóñëîâëåííîñòè ìàòðèö B−1A äëÿóçëîâîãî è ìîìåíòíîãî áàçèñîâ, âû÷èñëåííûå ñòåïåííûì ìåòîäîì, ãäå A � ìàòðèöàæåñòêîñòè, ñîîòâåòñòâóþùàÿ óðàâíåíèþ Ëàìå, à B � ïîñòðîåííûé íàìè ïåðåîáóñëîâëè-âàòåëü, s � êîëè÷åñòâî øàãîâ â ìåòîäå ×åáûøåâà. Â ñêîáêàõ óêàçàíû ñîîòâåòñòâóþùèå÷èñëà îáóñëîâëåííîñòè ïðè íàëè÷èè ñïåêòðàëüíîé èí�îðìàöèè.Ò à á ë è ö à 1. Ñïåêòðàëüíûå ÷èñëà îáóñëîâëåííîñòè ìàòðèö B−1A äëÿ óçëîâîãî áàçèñà
h s = 1 s = 2 s = 3 s = 4

2−3 17.8 (14.4) 10.8 (11.4) 7.99 (7.58) 6.7 (5.89)
2−4 33.6 (32.1) 20.5 (24.0) 14.2 (14.7) 11.1 (10.1)
2−5 71.5 (56.9) 44.4 (49.0) 29.2 (28.8) 21.8 (18.7)Ò à á ë è ö à 2. Ñïåêòðàëüíûå ÷èñëà îáóñëîâëåííîñòè ìàòðèö B−1A äëÿ ìîìåíòíîãî áàçèñà

h s = 1 s = 2 s = 3 s = 4

2−3 34.8 (28.2) 21.6 (21.5) 16.3 (14.9) 13.9 (12.2)
2−4 101. (71.6) 61.0 (53.9) 41.8 (33.5) 32.5 (23.5)
2−5 204.0 (142.0) 125.0 (123.0) 82.6 (72.4) 61.7 (47.2)�ëàâíûé âûâîä, êîòîðûé ñëåäóåò èç ïðèâåäåííûõ ðàñ÷åòîâ, ýòî ñëàáàÿ çàâèñèìîñòü÷èñëà èòåðàöèé è, ÷òî áîëåå âàæíî, ñïåêòðàëüíîãî ÷èñëà îáóñëîâëåííîñòè ïðè çàìåíåîïòèìàëüíûõ ïàðàìåòðîâ, òðåáóþùèõ çíàíèÿ ñïåêòðàëüíîé èí�îðìàöèè, íà ïàðàìåò-ðû [8℄ àäàïòèâíîãî ïîäõîäà ïðè âûáîðå ïåðåîáóñëîâëèâàòåëÿ äëÿ ÷åáûøåâñêîé ïðîöå-äóðû.Ñïèñîê ëèòåðàòóðû[1℄ Crouzeix M., Raviart P.-A. Conforming and nononforminf �nite element methods forsolving the stationary Stokes equations I // RAIRO. 1973. R.-3. P. 33�75.[2℄ Falk R.S. Nononforming �nite element methods for the equation of linear elastiity // Math.Comp. 1991. Vol. 57. P. 529�550.
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