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A special class of random processes on the Poisson point flows with piecewise linear

trajectories is considered. The probability distributions of stochastic variables form-

ing this process are investigated. In particular, distribution of the relative time of

expectation for the Poisson point flow is investigated. Appropriate mathematical ex-

pressions for these distributions and an expression for the central tendency of a process

as function of time are obtained.ÂâåäåíèåÏðè ÷èñëåííîì ìîäåëèðîâàíèè ñëó÷àéíûõ ïðîöåññîâ è ïîëåé òðàäèöèîííî èñïîëüçóþòîïðåäåëåííûé íàáîð ïðåîáðàçîâàíèé, êîòîðûå îáåñïå÷èâàþò æåëàåìóþ âåðîÿòíîñòíóþñòðóêòóðó ïðîöåññà èëè ïîëÿ. Ïðè ìîäåëèðîâàíèè ãàóññîâñêèõ ïðîöåññîâ è ïîëåé äèñ-êðåòíîãî àðãóìåíòà ïðèìåíÿþòñÿ ëèíåéíûå ïðåîáðàçîâàíèÿ ñèñòåì íåçàâèñèìûõ ãàóñ-ñîâñêèõ âåëè÷èí, ïîçâîëÿþùèõ, â ïðèíöèïå, ñòðîèòü ïðîöåññû è ïîëÿ ñ ïðîèçâîëüíîéêîððåëÿöèîííîé ñòðóêòóðîé [1, 2℄. Äëÿ ìîäåëèðîâàíèÿ ãàóññîâñêèõ ïðîöåññîâ è ïîëåéíåïðåðûâíîãî àðãóìåíòà øèðîêî èñïîëüçóþòñÿ ïðèáëèæåííûå ñïåêòðàëüíûå ìîäåëè[3, 4℄. Äðóãîé ïîäõîä ê ìîäåëèðîâàíèþ ïðîöåññîâ è ïîëåé íåïðåðûâíîãî àðãóìåíòàîñíîâàí íà èñïîëüçîâàíèè òî÷å÷íûõ ïîòîêîâ [3℄. Ýòè ìîäåëè ïîçâîëÿþò ñòðîèòü ñòàöè-îíàðíûå ïðîöåññû, îäíîðîäíûå è îäíîðîäíûå èçîòðîïíûå íåãàóññîâñêèå ïîëÿ ñ ïðîèç-âîëüíûì îäíîìåðíûì ðàñïðåäåëåíèåì è ïðîèçâîëüíûìè êîððåëÿöèîííûìè �óíêöèÿìèèç êëàññà âûïóêëûõ. Øèðîêèé êëàññ ìîäåëåé îñíîâàí íà �óíêöèîíàëüíûõ ïðåîáðà-çîâàíèÿõ ãàóññîâñêèõ ïðîöåññîâ è ïîëåé. Ýòè ìîäåëè îáúåäèíÿåò õîðîøî èçâåñòíûéìåòîä ìîäåëèðîâàíèÿ íåãàóññîâñêèõ ïðîöåññîâ � ìåòîä îáðàòíûõ �óíêöèé ðàñïðåäå-ëåíèÿ [3, 4℄. Íà îñíîâå ýòîãî ìåòîäà ìîæíî ñòðîèòü íåãàóññîâñêèå ïðîöåññû è ïîëÿ ñïðîèçâîëüíûì îäíîìåðíûì ðàñïðåäåëåíèåì è äîñòàòî÷íî øèðîêèì êëàññîì êîððåëÿ-öèîííûõ �óíêöèé, â òîì ÷èñëå è íå ïðèíàäëåæàùèõ êëàññó âûïóêëûõ. Ïðè ýòîì ìåòîäîáðàòíûõ �óíêöèé ðàñïðåäåëåíèÿ ìîæåò áûòü óñïåøíî èñïîëüçîâàí äëÿ ìîäåëèðîâà-íèÿ íåñòàöèîíàðíûõ ïðîöåññîâ è íåîäíîðîäíûõ ïîëåé.Ýòè ïîäõîäû øèðîêî èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ ñòîõàñòè÷åñêèõ ìîäåëåé ðåàëü-íûõ ïðîöåññîâ è ïîëåé, íàïðèìåð ìåòåîðîëîãè÷åñêèõ è îêåàíîëîãè÷åñêèõ ìíîãîìåð-íûõ ïðîöåññîâ, ýêîíîìè÷åñêèõ è öåíîâûõ ðÿäîâ. Â êà÷åñòâå âõîäíûõ õàðàêòåðèñòèê
∗�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ïðåçèäåíòñêîé ïðîãðàììû �Âåäóùèå íàó÷íûå øêî-ëû� (ãðàíò � ÍØ-4774.2006.1).© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.114



Ñòîõàñòè÷åñêàÿ ìîäåëü êóñî÷íî-ëèíåéíîãî ïðîöåññà íà ïóàññîíîâñêîì ïîòîêå 115äëÿ ìîäåëåé ïðè òàêèõ ïîäõîäàõ èñïîëüçóþòñÿ ýìïèðè÷åñêèå êîððåëÿöèîííûå �óíê-öèè è îäíîìåðíûå ðàñïðåäåëåíèÿ. Â ñëó÷àå, êîãäà êîððåëÿöèîííûå ñâÿçè äîñòàòî÷íîñëàáû, êàê ýòî, íàïðèìåð, íàáëþäàåòñÿ â öåíîâûõ ðÿäàõ, öåëåñîîáðàçíî èñïîëüçîâàòüäðóãèå ïîäõîäû, íå ñâÿçàííûå ñ èñïîëüçîâàíèåì êîððåëÿöèîííûõ �óíêöèé è îäíîìåð-íûõ ðàñïðåäåëåíèé. Îäíèì èç òàêèõ ïîäõîäîâ ÿâëÿåòñÿ êóñî÷íî-ëèíåéíàÿ àïïðîêñèìà-öèÿ ðåàëüíûõ ñëó÷àéíûõ ïðîöåññîâ [5℄, êîãäà ïàðàìåòðû êóñî÷íî-ëèíåéíûõ ñåãìåíòîâàïïðîêñèìèðóþùåé �óíêöèè îöåíèâàþòñÿ ïî äàííûì íàáëþäåíèé, ïîñëå ÷åãî îíè ìî-äåëèðóþòñÿ â ñîîòâåòñòâèè ñ ïîëó÷åííûìè îöåíêàìè è ñòðîèòñÿ ñëó÷àéíàÿ êóñî÷íî-ëèíåéíàÿ �óíêöèÿ.�àáîòà ïîñâÿùåíà èññëåäîâàíèþ íåêîòîðûõ ñïåöèàëüíûõ ïðîöåññîâ, ñâÿçàííûõ ñòàêèì ïîäõîäîì, â ÷àñòíîñòè êóñî÷íî-ëèíåéíûõ ïðîöåññîâ íà òî÷å÷íûõ ïîòîêàõ.1. Êóñî÷íî-ëèíåéíûé ñëó÷àéíûé ïðîöåññíà ïóàññîíîâñêîì ïîòîêå�àññìîòðèì êóñî÷íî-ëèíåéíûé ñëó÷àéíûé ïðîöåññ, ïðèíèìàþùèé â èíòåðâàëå (Sn−1,Sn)ñëåäóþùèå çíà÷åíèÿ:
Y (t) = (Yn − Yn−1)

t − Sn−1

Sn − Sn−1

+ Yn−1 =

= αn

t − Sn−1

Sn − Sn−1
+

n−1
∑

i=0

αi, Sn−1 ≤ t < Sn, n = 1, 2, . . . (1)Çäåñü S0 = 0; Sn =
n
∑

i= 1

Xi , n ≥ 1, Xi � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, èìåþùèåîäíî è òî æå ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ:
F (x) =

{

1 − e−λx, x ≥ 0,
0, x < 0,

f(x) = F ′(x) =

{

λe−λx, x ≥ 0,
0, x < 0,à Y0 = α0, Yn =

n
∑

j = 0

αj , n ≥ 1, αj � íåçàâèñèìûå ìåæäó ñîáîé è îò Xi ñëó÷àéíûåâåëè÷èíû, ðàâíîìåðíî ðàñïðåäåëåííûå â èíòåðâàëå [−a ; b], a, b > 0. Âûðàæåíèå äëÿ
Y (t) ìîæåò áûòü èñïîëüçîâàíî äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðîöåññà, ðåàëèçàöèèêîòîðîãî ïðåäñòàâëÿþò ñîáîé êóñî÷íî-ëèíåéíûå �óíêöèè. Â äàííîé ðàáîòå èññëåäó-þòñÿ ñðåäíåå çíà÷åíèå ñëó÷àéíîãî ïðîöåññà Y (t), à òàêæå ðàñïðåäåëåíèÿ íåêîòîðûõâñïîìîãàòåëüíûõ âåëè÷èí, íåîáõîäèìûõ äëÿ åãî âû÷èñëåíèÿ.Ïîñëåäîâàòåëüíîñòü {Sn}, n ≥ 0, îïèñûâàåò ïóàññîíîâñêèé ïîòîê òî÷åê íà ïðÿìîé.Ñëó÷àéíàÿ âåëè÷èíà Sn, n ≥ 1, èìååò ãàììà-ðàñïðåäåëåíèå ñ ïàðàìåòðàìè λ è n [6℄.Ñîîòâåòñòâóþùàÿ ïëîòíîñòü è �óíêöèÿ ðàñïðåäåëåíèÿ âûðàæàþòñÿ ðàâåíñòâàìè

gn(y) =







λ
(λy)n−1

(n − 1)!
e−λy, y ≥ 0,

0, y < 0,

Gn(y) =







Pr(Sn ≤ y) = 1 − e−λy

(

n−1
∑

m=0

(λy)m

m!

)

, y ≥ 0,

0, y < 0.



116 Î.Â. ÑåðåñåâàÑðåäíåå çíà÷åíèå è äèñïåðñèÿ ðàâíû n/λ è n/λ2.Ïóñòü t > 0 è
ν(t) = min{n ≥ 1 : Sn ≥ t} ∈ [0,∞]. (2)Åñëè Sn > t äëÿ âñåõ n ≥ 1, òî ν(t) = ∞. Ïîñêîëüêó Sν(t)−1 < t ≤ Sν(t), òî

Pr{ν(t) = n} = Gn−1(t) − Gn−1(t) =
(λt)n−1

(n − 1)!
e−λt, 0 < n < ∞.Çàìåòèì, ÷òî

∞
∑

n=1

Pr{ν(t) = n} = eλte−λt = 1è ïîýòîìó Pr{ν(t) = ∞} = 0. Äëÿ ñðåäíåãî çíà÷åíèÿ Eν(t) ñëó÷àéíîé âåëè÷èíû ν(t)âåðíû ðàâåíñòâà
Eν(t) =

∞
∑

n=1

n
(λt)n−1

(n − 1)!
e−λt =1 + λt.Ñëó÷àéíàÿ âåëè÷èíà ν(t) âûðàæàåò íîìåð n = ν(t) èíòåðâàëà äëèíû Xn, êîòîðîìóïðèíàäëåæèò òî÷êà t.�àññìîòðèì ñëó÷àéíóþ âåëè÷èíó

X(t) = Xν(t) = Sν(t) − Sν(t)−1.Îíà îïèñûâàåò äëèíó èíòåðâàëà [Sν(t)−1, Sν(t)], íàêðûâàþùåãî t, è èìååò ïëîòíîñòü [6℄
ft(x) =

{

λ2xe−λx, 0 < x ≤ t,

λ(1 + λt)e−λx, x > t.Çàìåòèì, ÷òî ft(x) 6= f(x). Ñëó÷àéíàÿ âåëè÷èíà
W (t) = Sν(t) − tîïèñûâàåò ðàññòîÿíèå îò òî÷êè t äî êîíöà Sν(t) íàêðûâàþùåãî åå èíòåðâàëà [Sν(t)−1, Sν(t)]è èìååò òî æå ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå, ÷òî è ñëó÷àéíûå âåëè÷èíû Xn [6℄.

Pr{W (t) ≤ x} = Pr{Xn ≤ x} = F (x) =

{

1 − e−λx, x ≥ 0,
0, x < 0.Ñëó÷àéíàÿ âåëè÷èíà

Z(t) = t − Sν(t)−1 = Sν(t) − Sν(t)−1 − (Sν(t) − t) = X(t) − W (t)îïèñûâàåò ðàññòîÿíèå äî òî÷êè t îò íà÷àëà Sν(t)−1 íàêðûâàþùåãî åå èíòåðâàëà
[Sν(t)−1, Sν(t)] è èìååò �óíêöèþ ðàñïðåäåëåíèÿ

H0(t, x) = Pr{Z(t) ≤ x} =







0, x < 0,
1 − e−λx, 0 ≤ x < t,

1, x ≥ t.Çàìåòèì, ÷òî H0(t, x) → F (x) ïðè t → ∞.
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Q(t) =







Z(t)

X(t)
=

t − Sν(t)−1

Xν(t)

, X(t) 6= 0,

1, X(t) = 0,

R(t) =







W (t)

X(t)
=

Sν(t) − t

Xν(t)

, X(t) 6= 0,

1, X(t) = 0.Îíè îïèñûâàþò îòíîñèòåëüíûå äëèíû ëåâîé [Sν(t)−1, t] è ïðàâîé [t, Sν(t)] ÷àñòåé èíòåð-âàëà [Sν(t)−1, Sν(t)], íàêðûâàþùåãî òî÷êó t, ñîîòâåòñòâåííî. Tàê êàê
Pr{X(t) = 0} = Pr{Xν(t) = 0} =

∞
∑

n=1

Pr{Xn = 0} = 0,òî Pr{Q(t) = 1} = Pr{R(t) = 1} = 0. Çàìåòèì, ÷òî Q(t)+R(t) = 1 è ïîýòîìó äîñòàòî÷íîðàññìàòðèâàòü âåëè÷èíó Q(t). Íóæíî íàéòè åå �óíêöèþ ðàñïðåäåëåíèÿ, ïëîòíîñòü,ñðåäíåå çíà÷åíèå è äèñïåðñèþ.Íàéäåì �óíêöèþ ðàñïðåäåëåíèÿ
H(t, u) = Pr{Q(t) ≤ u}è ïëîòíîñòü ñëó÷àéíîé âåëè÷èíû Q(t). Çàìåòèì, ÷òî (t > 0, 0 < u ≤ 1),

Q(t) ≤ u ⇔
t − Sν(t)−1

Xν(t)

≤ u ⇔
t − Sν(t)−1

u
≤ Xν(t).Ïóñòü ν(t) = 1. Òîãäà Sν(t)−1 = S0 = 0, Xν(t) = X1 è

Pr{ν(t) = 1, Q(t) ≤ u} = Pr

{

t

u
≤ X1

}

= 1 − Pr

{

X1 <
t

u

}

=

= 1 − (1 − e−λt/u) = e−λt/u.Ïóñòü ν(t) = n > 1. Òîãäà
Pr{ν(t) = n, Q(t) ≤ u} = Pr

{

(x, y) : Xn = x, Sn−1 = y, 0 <
t − y

u
≤ x

}

=

=

t
∫

0

∞
∫

(t−y)/u

gn−1(y)f(x)dxdy,

Pr{ν(t) > 1, Q(t) ≤ u} =

∞
∑

n=2

t
∫

0

∞
∫

(t−y)/u

gn−1(y)f(x)dxdy =

=

t
∫

0







(

∞
∑

n=2

gn−1(y)

) ∞
∫

(t−y)/u

f(x)dx






dy.



118 Î.Â. ÑåðåñåâàÇàìåòèì, ÷òî ïðè y > 0
∞
∑

n=2

gn−1(y) =
∞
∑

n=2

λ
(λy)n−2

(n − 2)!
e−λy = λ,

Pr{ν(t) > 1, Q(t) ≤ u} =

t
∫

0






λ

∞
∫

(t−y)/u

λe−λudx






dy =

=

t
∫

0

λe−λ(t−y)/udy = u − e−λt/uu.Ñëåäîâàòåëüíî,
H(t, u) = Pr{Q(t) ≤ u} = Pr{ν(t) = 1, Q(t) ≤ u} + Pr{ν(t) > 1, Q(t) ≤ u} =

= u + (1 − u)e−λt/u, 0 < u ≤ 1.Äè��åðåíöèðóÿ, íàõîäèì ïëîòíîñòü
h(t, u) = 1 − e−λt/u + λ

t

u

(

1

u
− 1

)

e−λt/u.Íàéäåì ñðåäíåå çíà÷åíèå E(Q(t)) è äèñïåðñèþ V (Q(t)) ñëó÷àéíîé âåëè÷èíû Q(t).Èíòåãðèðóÿ, ïîëó÷àåì
E(Q(t)) =

1
∫

0

uh(t, u)du =
1

2

(

1 + λt(2 + λt)Γ(0, λt) − (1 + λt)e−λt
)

, (3)
V [Q(t)] =

1
∫

0

(u − E[Q(t)])2 h(t, u)du =
1

12
(1 − λt (2(6 + λt(9 + 2λt))+

+3λt(2 + λt)2Γ(0, λt))Γ(0, λt) + (2(1 + 7λt + 2λ2t2)+

+6λt(2 + 3λt + λ2t2)Γ(0, λt) − 3e−λt(1 + λt)2)e−λt). (4)Â (3) è (4) Γ(a, z) îáîçíà÷àåò íåïîëíóþ ãàììà-�óíêöèþ:
Γ(a, z) =

∞
∫

z

xa−1e−xdx.Èñïîëüçóÿ îáîçíà÷åíèÿ (2), ïðåäñòàâèì âûðàæåíèå äëÿ Y (t) â âèäå
Y (t) = (Yν(t) − Yν(t)−1)

t − Sν(t)−1

Sν(t) − Sν(t)−1

+ Yν(t)−1 =

= αν(t) Q(t) +
ν(t)−1
∑

i=0

αi, Sν(t)−1 ≤ t < Sν(t).Ñ ó÷åòîì (3) ñðåäíåå E(Y (t)) ïðîöåññà (1) èìååò âèä
E(Y (t)) =

b − a

2
(E(Q(t)) + 1 + tλ) =

=
b − a

4

(

3 + λt ((2 + λt)Γ(0, λt) + 2) − (1 + λt)e−λt
)

.
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