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Ôèëüòðàöèÿ ñîñòîÿíèé äèíàìè÷åñêèõ îáúåêòîâïðè íàáëþäåíèè ðàçíîñòè âåêòîðîâ ñîñòîÿíèÿñ îøèáêàìè ñ îãðàíè÷åííûìè äèñïåðñèÿìèÌ.Í. Åãîðîâ, �. Ò. ßêóïîâÔèëèàë Êåìåðîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòàâ ã. Àíæåðî-Ñóäæåíñêå, �îññèÿe-mail: yrt�asf.ruA problem of estimation for two dynami objet state vetors is onsidered using anobservation of di�erene between state vetors with bounded varianes of errors. Theminimax approah to a solution of this problem is proposed.Ïóñòü èìååòñÿ äâà äèíàìè÷åñêèõ îáúåêòà, êîòîðûå äâèæóòñÿ òàêèì îáðàçîì, ÷òî íàíåêîòîðîì îòðåçêå âðåìåíè [t0, T ] íàáëþäàþòñÿ ðàçíîñòè âåêòîðîâ ñîñòîÿíèÿ îáúåêòîâñ îøèáêàìè, äèñïåðñèè êîòîðûõ îãðàíè÷åíû. Íà êàæäîì èç îáúåêòîâ èìååòñÿ íàáîðèçìåðèòåëüíûõ ïðèáîðîâ, ïî äàííûì êîòîðûõ ïîëó÷àþòñÿ îöåíêè âåêòîðîâ ñîñòîÿíèÿ.Îøèáêè ýòèõ îöåíîê îïèñûâàþòñÿ ëèíåéíûìè ñòîõàñòè÷åñêèìè äè��åðåíöèàëüíûìèóðàâíåíèÿìè. Îáúåäèíèì âåêòîðû îøèáîê îöåíèâàíèÿ â îäèí âåêòîð x, êîòîðûé óäî-âëåòâîðÿåò ëèíåéíîìó ñòîõàñòè÷åñêîìó äè��åðåíöèàëüíîìó óðàâíåíèþ

dx = A(t)xdt + G(t)dw, x(t0) = x0, (1)ãäå ðàñøèðåííûé âåêòîð íà÷àëüíîãî ñîñòîÿíèÿ x0 èìååò íóëåâîå ìàòåìàòè÷åñêîå îæè-äàíèå è êîâàðèàöèîííóþ ìàòðèöó P 0,
x =

(

x1

x2

)

, w =

(

w1

w2

)

, A =

(

A1 0
0 A2

)

, G =

(

G1 0
0 G2

)

, P 0 =

(

P 0
1 0
0 P 0

2

)

,âåêòîðû x1, x2 èìåþò ðàçìåðíîñòü n, âåêòîðû w1, w2 èìåþò ðàçìåðíîñòü m; w � âåêòîð-íûé ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. Èç íàáëþäåíèé ðàçíîñòè âåêòîðîâ ñîñòîÿíèÿîáúåêòîâ èñêëþ÷èì îöåíêè, ïîëó÷åííûå ñ èñïîëüçîâàíèåì äàííûõ èçìåðèòåëüíûõ ïðè-áîðîâ. Òîãäà íàáëþäåíèÿ ðàçíîñòè âåêòîðîâ ñîñòîÿíèÿ ïðèìóò âèä
z(t) = x1(t) − x2(t) + y(t) = Hx(t) + y(t), (2)ãäå H = (I,−I); y � îøèáêà íàáëþäåíèÿ ñ íóëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì. Äèñ-ïåðñèè êîìïîíåíòîâ âåêòîðà y ïðåäïîëàãàþòñÿ îãðàíè÷åííûìè:

E{y2
i (t)} ≤ di, i = 1, n.Êîððåëÿöèîííûå õàðàêòåðèñòèêè ïðîöåññà y(t) ïðåäïîëàãàþòñÿ íåèçâåñòíûìè. Â ýòîìñëó÷àå äëÿ îöåíèâàíèÿ âåêòîðà x(t) íå óäàåòñÿ èñïîëüçîâàòü ñòàíäàðòíûå ïîäõîäû [1℄.© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.45



46 Ì.Í. Åãîðîâ, �.Ò. ßêóïîâÂ ñëó÷àå äåòåðìèíèðîâàííûõ �óíêöèé y(t) ïðè íàëè÷èè îãðàíè÷åíèé íà èõ âåëè÷èíûìîæíî èñïîëüçîâàòü ìèíèìàêñíûé ïîäõîä, àíàëîãè÷íûé òîìó, êîòîðûé îïèñàí â [2℄ äëÿäèñêðåòíûõ îáúåêòîâ. Âñå ñëó÷àéíûå ïðîöåññû è âåêòîðû ñ÷èòàþòñÿ ðàñïðåäåëåííûìèïî íîðìàëüíîìó çàêîíó. Ïðîöåññ y(t) íå êîððåëèðóåò ñ âèíåðîâñêèì ïðîöåññîì w(t).Îöåíêó âåêòîðà ñîñòîÿíèÿ x ïîñòðîèì ñ ïîìîùüþ ëèíåéíîãî �èëüòðà:
dx̂ = A(t)x̂dt + K(t)[z(t) − Hx̂(t)]dt, x̂(t0) = 0, (3)ãäå K � ïîêà íå îïðåäåëåííàÿ âåñîâàÿ ìàòðèöà �èëüòðà. Îøèáêà �èëüòðàöèè x̃ = x−x̂ñîãëàñíî (1)�(3) îïèñûâàåòñÿ óðàâíåíèåì

dx̃ = [A(t) − K(t)H ]x̃dt + G(t)dw − K(t)y(t)dt, x̃(t0) = x0. (4)Ïðåäñòàâèì x̃ â âèäå ñóììû x̃ = ξ + η, ãäå ξ è η óäîâëåòâîðÿþò óðàâíåíèÿì
dξ = Ã(t)ξdt + G(t)dw, ξ(t0) = x0; (5)

dη = Ã(t)ηdt − K(t)y(t)dt, η(t0) = 0. (6)Â (5) è (6) äëÿ óäîáñòâà ââåäåíî îáîçíà÷åíèå
Ã(t) = A(t) − K(t)H.Çàìåòèì, ÷òî ïðîöåññû ξ è η ÿâëÿþòñÿ íåêîððåëèðîâàííûìè. Êîâàðèàöèîííûå ìàòðèöûïðîöåññîâ x̃(t), ξ(t), η(t) îáîçíà÷èì P (t), Ξ(t), P̄ (t) ñîîòâåòñòâåííî. Ôóíäàìåíòàëüíóþìàòðèöó, ñâÿçàííóþ ñ äè��åðåíöèàëüíûì óðàâíåíèåì (6), îáîçíà÷èì Φ(t, s), ò. å.

∂Φ(t, s)

∂t
= Ã(t)Φ(t, s), Φ(s, s) = I.Òîãäà

η(t) = −

t
∫

t0

Φ(t, s)K(s)y(s)ds.Êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà η(t) ðàâíà
P̄ (t) =

t
∫

t0

t
∫

t0

Φ(t, s)K(s)R(s, s′)KT (s′)ΦT (t, s′)dsds′, (7)ãäå R(s, s′) = E{y(s)yT (s′)} � êîððåëÿöèîííàÿ ìàòðèöà ïðîöåññà y. Êîâàðèàöèîííàÿìàòðèöà âåêòîðà ξ(t) îïèñûâàåòñÿ óðàâíåíèåì [3℄
Ξ̇ = Ã(t)Ξ + ΞÃT + G(t)GT (t), Ξ(t0) = P 0. (8)�åøåíèå óðàâíåíèÿ (8) èìååò âèä

Ξ(t) = Φ(t, t0)P
0ΦT (t, t0) +

t
∫

t0

Φ(t, s)G(s)GT (s)ΦT (t, s)ds. (9)



Ôèëüòðàöèÿ ñîñòîÿíèé äèíàìè÷åñêèõ îáúåêòîâ ïðè íàáëþäåíèè ðàçíîñòè. . . 47Òàê êàê ïðîöåññû ξ è η íå êîððåëèðîâàíû, êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà x̃(t) =
ξ(t) + η(t) ðàâíà

P (t) = Ξ(t) + P̄ (t).Îïðåäåëèì �óíêöèþ ðèñêà, ñâÿçàííóþ ñ îøèáêîé îöåíèâàíèÿ âåêòîðà x, ñëåäóþùèìîáðàçîì:
F [P ] = tr

[

LP (T )LT
]

= tr
[

LT LP (T )
]

. (10)Âåñîâóþ ìàòðèöó �èëüòðà K íàéäåì èç óñëîâèÿ
min

K
max
R(s,s′)

F [P ]. (11)Òàê êàê Ξ îò R(s, s′) íå çàâèñèò, çàäà÷ó (11) ìîæíî çàïèñàòü òàê:
min

K

{

tr[LΞ(T )LT ] + max
R(s,s′)

tr[LP̄LT ]

}

, (12)
Rii(s, s) ≤ di, i = 1, n; s ∈ [t0, T ]. (13)Íåòðóäíî ïîêàçàòü ñ ó÷åòîì (7), ÷òî îãðàíè÷åíèå (13) ðàâíîñèëüíî îãðàíè÷åíèþ
Rii(s, s) = di, i = 1, n; s ∈ [t0, T ]. (14)Â îáùåì ñëó÷àå çàäà÷à (12), (14) âåñüìà ñëîæíàÿ. Äëÿ åå óïðîùåíèÿ äàëåå ïðåäïîëî-æèì, ÷òî êîìïîíåíòû âåêòîðà y(t) ÿâëÿþòñÿ âçàèìíî íåêîððåëèðîâàííûìè ìàðêîâñêè-ìè ïðîöåññàìè ñ êîððåëÿöèîííûìè �óíêöèÿìè
Rii(s, s

′) = die
−αi|s−s′|, i = 1, n.Ó÷èòûâàÿ, ÷òî

dRii(s, s
′)

dαi

= −di|s − s′|e−αi|s−s′| ≤ 0, i = 1, n,ëåãêî óáåäèòüñÿ â òîì, ÷òî �óíêöèÿ ðèñêà ìîíîòîííî óáûâàåò ïî αi ≥ 0, i = 1, n.Ïîýòîìó ìàêñèìóì tr[LP̄ (T )LT ] ïî αi ≥ 0, i = 1, n, äîñòèãàåòñÿ ïðè αi = α∗
i = 0,

i = 1, n, è çàäà÷à (12), (14) ïðèíèìàåò âèä
min

K
{tr[LΞ(T )LT ] + tr[LP̄ ∗(T )LT ]}, (15)ãäå

P̄ ∗(T ) =

T
∫

t0

T
∫

t0

Φ(T, s)K(s)DKT (s′)ΦT (T, s′)dsds′, (16)
D = diag(d1, . . . , dn).Çàäà÷à (15), â êîòîðîé Ξ(T ) è P̄ ∗(T ) âû÷èñëÿþòñÿ ïî �îðìóëàì (9) è (16), à ìàòðèöà

Φ(T, s) çàâèñèò îò âåñîâîé ìàòðèöû �èëüòðà K, ÿâëÿåòñÿ âàðèàöèîííîé. Åñëè çàïè-ñàòü äè��åðåíöèàëüíûå óðàâíåíèÿ äëÿ Ξ(T ) è P̄ ∗(T ), åå ìîæíî èíòåðïðåòèðîâàòü êàêçàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ, â êîòîðîé K âûñòóïàåò êàê ìàòðè÷íàÿ óïðàâëÿþ-ùàÿ ïåðåìåííàÿ. �àññìîòðèì ñëó÷àé, êîãäà âåñîâàÿ ìàòðèöà �èëüòðà èùåòñÿ â êëàññå



48 Ì.Í. Åãîðîâ, �.Ò. ßêóïîâïîñòîÿííûõ ìàòðèö è ìàòðèöà äèíàìèêè A ÿâëÿåòñÿ ïîñòîÿííîé. Â ýòîì ñëó÷àå �óí-äàìåíòàëüíàÿ ìàòðèöà
Φ(t, s) = e(A−KH)(t−s);

P̄ ∗(T ) =

T
∫

t0

e(A−KH)(T−s)ds KDKT

T
∫

t0

e(A−KH)T (T−s)ds;

Ξ(T ) = e(A−KH)(T−t0)P 0e(A−KH)T (T−t0) +

T
∫

t0

e(A−KH)(T−s)G(s)GT (s)e(A−KH)T (T−s)ds.Åñëè G � ïîñòîÿííàÿ ìàòðèöà è ïðè T → ∞ ñóùåñòâóþò óñòàíîâèâøèåñÿ çíà÷åíèÿ P̄ ∗è Ξ, òî äëÿ P (∞) = lim
T→∞

P (T ) ïîëó÷àåì �îðìóëó
P (∞) =

∞
∫

0

e(A−KH)tGGT e(A−KH)T tdt +

∞
∫

0

e(A−KH)tdt KDKT

∞
∫

0

e(A−KH)T tdt. (17)Â ñëó÷àå ñêàëÿðíûõ îáúåêòîâ ñ èäåíòè÷íûìè õàðàêòåðèñòèêàìè, êîãäà
A = diag(−a;−a), GGT = diag(q; q), D = d, K = (k;−k)T , H = (1;−1),êîâàðèàöèîííóþ ìàòðèöó P (∞) óäàåòñÿ âû÷èñëèòü àíàëèòè÷åñêè. Â ýòîì ñëó÷àå

A =

(

−a 0
0 −a

)

= −a

(

1 0
0 1

)

, KH =

(

k −k

−k k

)

= kM, M =

(

1 −1
−1 1

)

,ìàòðèöû A è KH êîììóòèðóþò, ïîýòîìó [4℄
e(A−KH)t = eAte−KHt, eAt = e−at

(

1 0
0 1

)

.Ïðîäåëàåì ñëåäóþùèå âûêëàäêè:
e−KHt = I − KHt +

1

2!
(KH)2t2 −

1

3!
(KH)3t3 + · · · =

= I − ktM +
2(kt)2

2!
M −

22(kt)3

3!
M + · · · = I +

1

2
M

[

−(2kt) +
(2kt)2

2!
−

(2kt)3

3!
+ . . .

]

=

= I −
1

2
M +

1

2
Me−2kt =

1

2

(

1 1
1 1

)

+
1

2

(

1 −1
−1 1

)

e−2kt.Äëÿ ìàòðè÷íîé ýêñïîíåíòû ïîëó÷àåì �îðìóëó
e(A−KH)t =

1

2
e−at

(

1 1
1 1

)

+
1

2

(

1 −1
−1 1

)

e−(a+2k)t.Âû÷èñëèì ñëåäóþùèå èíòåãðàëû:
∞

∫

0

e(A−KH)tdt =
1

2a

(

1 1
1 1

)

+
1

2(a + 2k)

(

1 −1
−1 1

)

,
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∞

∫

0

e(A−KH)tGGTe(A−KH)T tdt = q

[

1

4a

(

1 1
1 1

)

+
1

4(a + 2k)

(

1 −1
−1 1

)]

,

∞
∫

0

e(A−KH)tdt KDKT

∞
∫

0

e(A−KH)T tdt =
k2d

(a + 2k)2

(

1 −1
−1 1

)

.Òàêèì îáðàçîì,
P (∞) =

q

4a

(

1 1
1 1

)

+

[

k2d

(a + 2k)2
+

q

4(a + 2k)

](

1 −1
−1 1

)

. (18)Çàìåòèì, ÷òî ýòà �îðìóëà ñïðàâåäëèâà â ñëó÷àå, êîãäà çàïèñàííûå âûøå èíòåãðàëûñõîäÿòñÿ, ò. å. â ñëó÷àå a + 2k > 0. Âîçüìåì â êà÷åñòâå �óíêöèè ðèñêà
P11(∞) =

q

4a
+

[

k2d

(a + 2k)2
+

q

4(a + 2k)

]

. (19)Ïðè d >
q

2a
ñóùåñòâóåò ìèíèìóì �óíêöèè ðèñêà, êîòîðûé ìîæíî íàéòè, ïðèðàâíÿâíóëþ ïðîèçâîäíóþ P11(∞) ïî k:

k∗ =
qa

2(2ad − q)
.Ïðè d ≤

q

2a
ýêñòðåìóìà íåò, îäíàêî ñóùåñòâóåò èí�èìóì, ðàâíûé lim

k→∞
P11(∞) =

d

4
.Ôèëüòð ñ áåñêîíå÷íûì âåñîâûì êîý��èöèåíòîì íåâîçìîæíî ðåàëèçîâàòü. Â ýòîì ñëó-÷àå äëÿ ðåãóëÿðèçàöèè çàäà÷è ìîæíî ê îøèáêå íàáëþäåíèÿ y(t) äîáàâèòü �èêòèâíóþî÷åíü âûñîêî÷àñòîòíóþ ñîñòàâëÿþùóþ ñ ìàëîé èíòåíñèâíîñòüþ r. Ýòî ïðèâåäåò ê òîìó,÷òî âìåñòî (18) ïîëó÷èì �îðìóëó

P (∞) =
q

4a

(

1 1
1 1

)

+

[

k2d

(a + 2k)2
+

q

4(a + 2k)
+

k2r

2(a + 2k)

](

1 −1
−1 1

)

.Ôîðìóëà (19) èçìåíèòñÿ ñëåäóþùèì îáðàçîì:
P11(∞) =

q

4a
+

[

k2d

(a + 2k)2
+

q

4(a + 2k)
+

k2r

2(a + 2k)

]

.Ýêñòðåìóì ýòîé �óíêöèè ñóùåñòâóåò è íàõîäèòñÿ êàê ðåøåíèå óðàâíåíèÿ
4k3r + 6k2ar + 2k(a2r + 2ad − q) − qa = 0.Òàê êàê êîý��èöèåíòû ïðè âòîðîé è òðåòüåé ñòåïåíè k ïîëîæèòåëüíû, âñåãäà ñóùå-ñòâóåò êîðåíü ýòîãî óðàâíåíèÿ â îáëàñòè k > 0.Ñïèñîê ëèòåðàòóðû[1℄ Ñåéäæ Ý., Ìåëñ Äæ. Òåîðèÿ îöåíèâàíèÿ è åå ïðèìåíåíèå â ñâÿçè è óïðàâëåíèè.Ì.: Ñâÿçü, 1976. 496 ñ.
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