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In this article, the probability density for maximum remaining service time on

an occupied device is found. Problem is soled for the case of a stationary mode in an

infinitely line queuing system with two stochastic incoming flows and with two intensity

states.1. Ïîñòàíîâêà çàäà÷è�àññìîòðèì áåñêîíå÷íî ëèíåéíóþ ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ(ÑÌÎ) (ñì. ðèñó-íîê). Îáñëóæèâàíèå áóäåì ïðåäïîëàãàòü ýêñïîíåíöèàëüíûì ñ èíòåíñèâíîñòüþ µ, òàê÷òî ïëîòíîñòü âåðîÿòíîñòåé âðåìåíè îáñëóæèâàíèÿ τ èìååò p(τ) = µe−µτ . Ñðåäíåå âðå-ìÿ îáñëóæèâàíèÿ θ = 1/µ.×òî êàñàåòñÿ âõîäÿùåãî ïîòîêà ñîáûòèé, òî ðàññìîòðèì ñëó÷àé, êîãäà îí ÿâëÿåòñÿäâàæäû ñòîõàñòè÷åñêèì âõîäÿùèì ïîòîêîì ñîáûòèé ñ äâóìÿ ñîñòîÿíèÿìè èíòåíñèâíî-ñòè λ1 è λ2. Ìåæäó ýòèìè ñîñòîÿíèÿìè âîçìîæíû ïåðåõîäû, êîòîðûå îáðàçóþò äèñêðåò-íûé ìàðêîâñêèé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì. Èíòåíñèâíîñòü ïåðåõîäà λ1 → λ2îáîçíà÷èì êàê α1, èíòåíñèâíîñòü ïåðåõîäà λ2 → λ1 � êàê α2. Ýòîò ïîòîê ñîáûòèéïîäðîáíî èçó÷åí â ðàáîòàõ À.Ì. �îðöåâà [1℄.Ñðåäíÿÿ äëèòåëüíîñòü ïåðèîäà çàíÿòîñòè, â êîòîðîì â êà÷åñòâå îñíîâíîé âåëè÷èíû,õàðàêòåðèçóþùåé ñèñòåìó, èñïîëüçóåòñÿ ìàêñèìàëüíîå îñòàòî÷íîå âðåìÿ îáñëóæèâàíèÿíà çàíÿòûõ ïðèáîðàõ, íàéäåíà â ðàáîòå [2℄. Âåëè÷èíà ýòîãî ìàêñèìàëüíîãî îñòàòî÷íîãîâðåìåíè â ðàáîòå [2℄ îáîçíà÷åíà ÷åðåç w. Ïðåäñòàâëÿåò òåîðåòè÷åñêèé èíòåðåñ íàõîæ-äåíèå ñòàöèîíàðíîé ïëîòíîñòè âåðîÿòíîñòåé π(w) ýòîé âåëè÷èíû.�àññìîòðèì ñíà÷àëà áåñêîíå÷íî ëèíåéíóþ ÑÌÎ ñ ïóàññîíîâñêèì âõîäÿùèì ïîòîêîìïîñòîÿííîé èíòåíñèâíîñòè λ è ýêñïîíåíöèàëüíûì îáñëóæèâàíèåì ñ èíòåíñèâíîñòüþ µ.
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94 À.Á. ÎðëîâÏóñòü â ìîìåíò âðåìåíè t ìû èìååì íåêîòîðîå çíà÷åíèå w. �àññìîòðèì ìîìåíòâðåìåíè t − ∆t è ïåðå÷èñëèì âàðèàíòû, êîãäà â ìîìåíò âðåìåíè t ìû îêàæåìñÿ âñîñòîÿíèè w.1. Çà âðåìÿ ∆t íå íàñòóïèëî ñîáûòèå ïîòîêà. Âåðîÿòíîñòü ýòîãî ðàâíà 1−λ∆t+o(∆t),è ïîïàñòü â ñîñòîÿíèå w ìîæíî èç ñîñòîÿíèÿ w +∆t, ÷òî èìååò ïëîòíîñòü âåðîÿòíîñòåé
π(w + ∆t).2. Çà âðåìÿ ∆t íàñòóïèëî ñîáûòèå ïîòîêà. Âåðîÿòíîñòü ýòîãî ñîáûòèÿ ðàâíà λ∆t +
o(∆t). Òîãäà âîçìîæíû ñëåäóþùèå âàðèàíòû:à) âðåìÿ îáñëóæèâàíèÿ τ ïîñòóïèâøåé çàÿâêè ìåíüøå, ÷åì w. Âåðîÿòíîñòü ýòîãîñîáûòèÿ ðàâíà

w
∫

0

µe−µτdτ = 1 − e−µw,è ïîïàñòü â ñîñòîÿíèå w ìîæíî èç w + ∆t;á) âðåìÿ îáñëóæèâàíèÿ τ ïîñòóïèâøåé çàÿâêè áîëüøå, ÷åì w. Òîãäà óñòàíîâèòñÿíîâîå çíà÷åíèå w ñ ïëîòíîñòüþ âåðîÿòíîñòåé µe−µw. Íî ïðîèçîéòè ýòî ìîæåò ëèáî òîãäà,êîãäà â ìîìåíò âðåìåíè t ñèñòåìà èëè áûëà ïóñòà, âåðîÿòíîñòü ÷åãî ðàâíà π0, ëèáî âìîìåíò âðåìåíè t, êîãäà ìàêñèìàëüíîå îñòàòî÷íîå âðåìÿ îáñëóæèâàíèÿ áûëî ìåíüøå
w, âåðîÿòíîñòü ÷åãî ðàâíà w

∫

0

π(x)dx. Çàìå÷àÿ, ÷òî
π0 +

w
∫

0

π(x)dx +

∞
∫

w

π(x)dx = 1,ïîëó÷àåì
π0 +

w
∫

0

π(x)dx = 1 −

∞
∫

w

π(x)dx. (1)Ïîýòîìó ìû ìîæåì çàïèñàòü
π(w) = (1 − λ∆t)π(w + ∆t)+

+ λ∆t



π(w + ∆t)
(

1 − e−µw
)

+ µe−µw



1 −

∞
∫

w

π(x)dx







 + o(∆t). (2)�àçëàãàÿ π(w + ∆t) â ðÿä Òåéëîðà
π(w + ∆t) = π(w) + π′(w)∆t + o(∆t),çàïèøåì

π(w) = π(w) + ∆t
[

π′(w) − λπ(w) + λπ(w)
(

1 − e−µw
)

+

+µe−µw



1 −

∞
∫

w

π(x)dx







 + o(∆t), (3)
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π′(w) − λe−µwπ(w) + λµe−µw



1 −

∞
∫

0

π(x)dx



 = 0. (4)Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ ðàññìîòðèì �óíêöèþ
p(w) = 1 −

∞
∫

w

π(x)dx. (5)Î÷åâèäíî, ÷òî
lim

w→+∞

p(w) = 0, p′(w) = π(w),è óðàâíåíèå (4) ïðèìåò âèä
p′′(w) − λe−µwp′(w) + λµe−µwp(w) = 0. (6)Äëÿ ýòîãî óðàâíåíèÿ ñäåëàåì çàìåíó ïåðåìåííûõ e−µw = z. Òîãäà

d

dw
= −µe−µw d

dz
= −µz

d

dz
,

d2

dw2
= µ2z

d

dz

(

z
d

dz

)

= µ2

(

z2 d2

dz2
+ z

d

dz

)

,
(7)è óðàâíåíèå (6) ïðèìåò âèä

µ2z2p̃′′(z) + µ2zp̃′(z) + λzµzp̃′(z) + λµzp̃(z) = 0,ãäå p(w) = p̃ (e−µw). Ïåðåõîäÿ ê áåçðàçìåðíîé âåëè÷èíå l = λ/µ, ïîëó÷èì
z
(

p̃′′(z) + lp̃′(z)
)

+ p̃′(z) + lp̃(z) = 0. (8)Îòñþäà äëÿ �óíêöèè p̃′(z) + lp̃(z) = q(z) çàïèøåì óðàâíåíèå zq′(z) + q(z) = 0, îáùååðåøåíèå êîòîðîãî èìååò âèä
q(z) =

C1

z
.Òàêèì îáðàçîì, ïîëó÷àåì

p̃′(z) + lp̃(z) =
C1

z
.Îäíàêî ïðè z → 0 ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ñòðåìèòñÿ ê áåñêîíå÷íîñòè, â òî âðåìÿêàê ïî ñìûñëó âñåõ âõîäÿùèõ ñþäà âåëè÷èí ëåâàÿ ÷àñòü äîëæíà áûòü îãðàíè÷åíà.Ïîýòîìó ñëåäóåò ïîëîæèòü C1 = 0, òîãäà äëÿ p̃(z) ïîëó÷àåòñÿ óðàâíåíèå

p̃′(z) + lp̃(z) = 0,îòêóäà p̃(z) = Ce−lz. Íî, òàê êàê ïðè z → 0 p̃(z) → 1, òî C = 1 è ïîýòîìó p̃(z) = e−lz.Âîçâðàùàÿñü ê ïåðåìåííîé w, ïîëó÷àåì
p(w) = exp

(

−le−µw
)

. (9)
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π(w) = p′(w) = lµe−µw exp
(

−le−µw
)

= λe−µw exp
(

−le−µw
)

, (10)ýòî è åñòü îêîí÷àòåëüíûé ðåçóëüòàò. Çàìåòèì, ÷òî
∞

∫

0

π(w)dw = λ

∞
∫

0

e−µw exp
(

−le−µw
)

dw = l

1
∫

0

e−lzdz = 1 − e−l,è ïîýòîìó âåðîÿòíîñòü òîãî, ÷òî ñèñòåìà ïóñòà, ðàâíà π0 = e−l, ýòî ñîâïàäàåò ñ îáû÷íîé�îðìóëîé Ýðëàíãà.Äðóãîé ñïîñîá ðåøåíèÿ óðàâíåíèÿ (4) ñîñòîèò â òîì, ÷òîáû èñêàòü ðåøåíèå â âèäåðÿäà
π(w) =

∞
∑

k=0

Cke
−µ(k+1)w = C0e

−µw + C1e
−2µw + C2e

−3µw + . . . (11)Ïîäñòàâëÿÿ ýòî ðåøåíèå â (4) è ñîáèðàÿ ñëàãàåìûå ïðè îäèíàêîâûõ ñòåïåíÿõ e−µw,ïîëó÷àåì ñëåäóþùóþ ñèñòåìó:
−C0µ + λµ = 0,

−µ(k + 1)Ck − λCk−1 − λµCk−1
1

µk
= 0.

(12)Îòñþäà C0 = λ è èìååì ñëåäóþùåå ðåêóððåíòíîå ñîîòíîøåíèå:
Ck = −

λ

µk
Ck−1 = −

l

k
Ck−1, l =

λ

µ
. (13)Òîãäà

Ck = (−1)k lk

k!
λ,è ïîýòîìó

π(w) = λe−µw

∞
∑

k=0

(−1)k lk

k!
e−kµw = λe−µw exp

(

−le−µw
)

, (14)ò. å. ïîëó÷åí òîò æå ñàìûé ðåçóëüòàò, ÷òî è ðàíåå.Âåðíåìñÿ ê ñëó÷àþ äâàæäû ñòîõàñòè÷åñêîãî âõîäÿùåãî ïîòîêà. Îáîçíà÷èì ÷åðåç
πi(w), i = 1, 2, ñòàöèîíàðíóþ ïëîòíîñòü âåðîÿòíîñòåé âåëè÷èíû w ïðè óñëîâèè, ÷òîèíòåíñèâíîñòü ïîòîêà λ = λi. Òîãäà, ðàññìàòðèâàÿ, ñêàæåì, π1(w), çàïèøåì ñëåäóþùååñîîòíîøåíèå:

π1(w) = (1 − λ1∆t − α1∆t) π1(w + ∆t) + α2∆tπ2(w + ∆t)+

+ λ1∆t



π1(w + ∆t)
(

1 − e−µw
)

+ µe−µw



1 −

∞
∫

w

π1(x)dx







 + o(∆t),îòêóäà îáû÷íûì ñïîñîáîì ïîëó÷àåì óðàâíåíèå äëÿ π1(w):
π′

1(w) − λ1e
−µwπ1(w) − α1π1(w) + α2π2(w) + λ1µe−µw



1 −

∞
∫

w

π1(x)dx



 = 0. (15)
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π′

2(w) − λ2e
−µwπ2(w) − α2π2(w) + α1π1(w) + λ2µe−µw



1 −

∞
∫

w

π2(x)dx



 = 0. (16)Áóäåì èñêàòü ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé â âèäå ðÿäîâ ïî ñòåïåíÿì e−µw:
π1(w) =

∞
∑

k=0

Cke
−µ(k+1)w, π2(w) =

∞
∑

k=0

Dke
−µ(k+1)w. (17)Òîãäà, ïîäñòàâëÿÿ ýòè ðÿäû è ñîáèðàÿ ñëàãàåìûå ñ e−µw, ïîëó÷èì

−µC0 − α1C0 + α2D0 + λ1µ = 0,
−µD0 − α2D0 + α1C0 + λ2µ = 0,

(18)îòêóäà èìååì
C0 =

λ1µ + (λ1 + λ2)α2

µ + α1 + α2
,

D0 =
λ2µ + (λ1 + λ2)α1

µ + α1 + α2
.

(19)Ïðèðàâíèâàÿ êîý��èöèåíòû ïðè e−µ(k+1)w, ïîëó÷àåì
−µ(k + 1)Ck − λ1Ck−1 − α1Ck + α2Dk − λ1µ

Ck−1

µk
= 0 ,

−µ(k + 1)Dk − λ2Dk−1 − α2Dk + α1Ck − λ2µ
Dk−1

µk
= 0,

(20)èëè â ñòàíäàðòíîì âèäå
(µ(k + 1) + α1)Ck − α2Dk = −λ1

k + 1

k
Ck−1 ,

(µ(k + 1) + α2)Dk − α1Ck = −λ2
k + 1

k
Dk−1.

(21)Îòñþäà ïîëó÷àåòñÿ ðåêóððåíòíîå ñîîòíîøåíèå, ïîçâîëÿþùåå âû÷èñëèòü Ck è Dk ÷åðåç
Ck−1 è Dk−1:

Ck = −
λ1 (µ(k + 1) + α2)

kµ (µ(k + 1) + α1 + α2)
Ck−1 −

λ2α2

kµ (µ(k + 1) + α1 + α2)
Dk−1,

Dk = −
λ2 (µ(k + 1) + α1)

kµ (µ(k + 1) + α1 + α2)
Dk−1 −

λ1α1

kµ (µ(k + 1) + α1 + α2)
Ck−1.

(22)Ýòà ñèñòåìà ïîçâîëÿåò, çíàÿ C0 è D0, âû÷èñëÿòü ïîñëåäîâàòåëüíî âñå Ck è Dk è òåìñàìûì íàõîäèòü π1(w) è π2(w), ïî êðàéíåé ìåðå, ÷èñëåííî.Òàê êàê �èíàëüíûå âåðîÿòíîñòè òîãî, ÷òî λ(t) = λ1 è λ(t) = λ2 ðàâíû ñîîòâåòñòâåííî
α2 /(α1 + α2) è α1 /(α1 + α2) , áåçóñëîâíàÿ ïëîòíîñòü âåðîÿòíîñòåé π(w) âåëè÷èíû wðàâíà

π(w) =
α2π1(w) + α1π2(w)

α1 + α2
, (23)÷òî ïîçâîëÿåò âû÷èñëÿòü π(w), ïî êðàéíåé ìåðå, ÷èñëåííî.
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