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ï8ð
ñHò¤ó�ô�õ�öb÷�øùú'ø�ð}û�òüòõTô�ýMò�þ'ñ�ù�öb÷�ò�ÿ���ðVþ'òõ�ø¤÷�ù�ô���û�ù
÷�øù�öb÷�ò����òô�ù�þ'ò¤÷Kñ6÷�ù��	��ú'ü¤÷�ù
�ù
÷�õ�ø �
� ò�ð}û��ø�ð�����øõ��ÿ�ò��2ÿ���ð
ô�ò¤÷tð � òò��vùVýoõb÷��õ��õ��¤÷�ò6ô���øõ��ÿ�ò���þ'ô�ò¤ýoõ�øò����ù�þ2þ'õ��öb÷�ô�òõ�� ö�ò�û�
��û'ð
ô���üõ�öb÷�ò�����ðtó�øù�öb÷�ò���û�ù
÷�øù�öb÷�ò��vù�ÿ���÷oô��èó��1ô�ðt÷���ö �Kñ�ð
ñMø�ð
ÿ��õ�ô�ù��1ú�÷tð
ñKò
��ðtó�øù�öb÷����>ñ�ù�ø �
� õ�ø¤÷���ð � ò�� ôåýMò�þ'ñò"!�ö��võ�ö �"!#�%$&�ò'�b÷�ù��(�vøù�ÿ�òõ)���ù � õ�ö�ö�� ù��òö��1ô�ð��Ù÷�ö �'�"��ð
ô�øõ�øò����vò
÷�õ����vù�þ'ò�*+*&��ó�òò

ρ0( , t + , ∇ , ) + ∇p = µ4 , + ρ(T, C) - ; .0/21
3 �54 , = 0; .76�1

Tt + , · ∇T = χ4T ; .98:1
Ct + , · ∇C = d4C + αd4T, .<;=1

ÿ´þ'õ . �vù�þ'õ~û��>@?�õ���?�õ�ñ�ð2ACBD��ö�ö�òøõ�ö�ñ�ð 1
ρ = ρ0(1 − β1T − β2C); .7E�1

, A ö�ñ�ù��ù�öb÷��Pö��võ�ö�ò�F
p

A þ�ð
ôtû�õ�øòõ�F
T, C

AÆù
÷�ñ�û�ù�øõ�øòõ8÷�õ��G�õ���ðt÷��"��� ò2ñ�ù�ø � õ�ø¤÷���ð � òòHù
÷
øõ�ñ�ù
÷�ù����H!Hö��õÉþ'øò"!.ó�ø�ðVüõ�øò��

T0, C0
F - = (−g, 0, 0)

AI��ö�ñ�ù��õ�øòõ,ö�ò�û��÷J�¤ýoõ�öb÷�ò�F
µ, χ, d, α

ú
ρ0

AK�ùtû�ùVýMò¤÷�õ~û��ø��1õL�ù�öb÷�ùJ�øø��1õ ¡ þ'òø�ð��vòüõ�ö�ñ�ð���ô��¤ó�ñ�ù�öb÷��út÷�õ��G�õ���ðt÷��"�ù����ù�ô�ù�þ'øù�öb÷��ú�ñ�ù ���*+*8ò � òõ�ø¤÷�� þ'ò�*+*&��ó�òò ú÷�õ����vù�þ'ò�*+*&��ó�òò6ò.ö��õÉþ'øõ��M��û�ù
÷�øù�öb÷�ò6ö�ù�ù
÷�ô�õb÷�öb÷�ô�õ�øøù�F
β1, β2

A
�ùtû�ùVýMò¤÷�õ~û��ø��1õ��ù�öb÷�ùJ�øø��1õ.ñ�ù���*+*8ò � òõ�ø¤÷�� ÷�õ���û�ù�ô�ù�ÿ�ù�ò ñ�ù�ø � õ�ø¤÷���ð � òù�øøù�ÿ�ùN��ð
ö�O�ò��õ �
øò��Kö��võ�ö�ò�F

x, y, z
A þ'õ�ñ�ð��¤÷�ù�ô�� ñ�ù�ù��
þ'òø�ðt÷��&��PQ�"��ð
ô�øõ�øòò .7E�1 öb÷�ù�ò¤÷�ó�ø�ð
ñ��vòø���ö@���ò

β2C
ú

�ù�ö�ñ�ùtû��ñ��
C

A ñ�ù�ø � õ�ø¤÷���ð � ò��6û�õ�ÿ�ñ�ù�ÿ�ùMñ�ù��G�ù�øõ�ø¤÷tð��
∗ R�SUT�V�WXSZY�[]\2VU^�_2`a_�SZ\2b2ced	c2_�SU_�f0V�Y�V�gG\2Vih2h�`ab�jLk�`#R�V�faf0c2g�f0k�V�laVmd	V�_�h�Snd	o�_�h�S�p�`a_2WXSX^�q�_2[�rGc�fafs^�`sh�V�Y�SU_2c2gt lab�SU_2WHu'v�w xyv2z0xyv�v�{�|�}2~Xlab�SU_2WL�G��wU{��X|2� �Uv�v�}2� z �s��© � _�f0WUc2WUo�WLY�[]�2c�fs^�c2WU`0^�q�_2[�r�WU`0rJ_2VU^�V�lac2g+��c2T�c2b�f0k�V�laVHV�Wah�`0^�`a_2cJ�@R�V�faf0c2g�f0k�V�g@SUkJS h�`ip�c2c%_�S o�k=~��Uv�v�{2�
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�C�����
�X�����+�2������#���2���X�H���X�����2���#���J�2�#���2�� ����2��¡���������¢�#�]£=���X¤��2�¥�X��¦���� ;
P�ô�õÉþ'õ��§�vù�þ'ò�*8ò � ò��ù�ô�ð
øøù�õ�þ�ð
ôtû�õ�øòõ p̄ = p − ρ0gx . p̄ ���õÉþ'öb÷tð
ôtû��õb÷ ö�ù�?�ù�� ù
÷�ñ�û�ù�øõ �

øòõ1þ�ð
ôtû�õ�øò��Kù
÷�ÿ�ò�þ��ù�öb÷tðt÷�òüõ�ö�ñ�ù�ÿ�ù 1 ú�÷�ù�ÿ´þ�ð¨�"��ð
ô�øõ�øòõFò��G���Vû��ö�ð .0/21 ö���üõb÷�ù��©�"��ð
ô�øõ�øò��
ö�ù�öb÷�ùJ�øò�� .7E�1 �õ��õ��ò�O�õb÷�ö ��ôPô�ò�þ'õ

, t + , ∇ , +
1

ρ0
∇p̄ = ν4 , + g(β1T + β2C), .9ª:1

ÿ´þ'õ
ν = µ/ρ0

A ñòøõ��$ðt÷�òüõ�ö�ñ�ð��åô��¤ó�ñ�ù�öb÷���?�òø�ð��øù�� ö��võ�ö�ò��	«�òöb÷�õ��$ð��"��ð
ô�øõ�øò�� .76�17¬�.<;=1ò .9ª:1 þ'ù�����ö�ñ�ð
õb÷Fù��õ���ðt÷�ù��
 /�® −∂z+ρ0gx(β1A+β2B)∂p̄+A∂T +B∂C

ú
A > 0, B

A'�ù�öb÷�ùJ�øø��1õ��
¯�ù�ÿ´þ�ðTòøô�ð��ò�ð
ø¤÷�ø��1õ�ù
÷�øù�ö�ò¤÷�õ~û��øùC�b÷�ù�ÿ�ùoù��õ���ðt÷�ù���ð°�õ�O�õ�øò�����ñ�ðtóVð
øøù��.ö�òöb÷�õ��G�>ò��võ��Ù÷
���õÉþ'öb÷tð
ôtû�õ�øò��

, = (u(x, y, t), v(x, y, t), w(x, y, t)),

p̄ = −(Aβ1 + β2B)gρ0xz + q(x, y, t), T = −Az + θ(x, y, t), C = −Bz + c(x, y, t),
.7±�1

���òüõ��²*&��øñ � òò u, v, w, q, θ, c ?���þ��÷���þ'ù�ôtû�õb÷�ô�ù��:�¤÷��Hö�òöb÷�õ��võ�þ'ò�*+*8õ��õ�ø � ò�ð}û��ø��H!)�"��ð
ô �
øõ�øò��Hö�÷��õ��	�6øõbóVð
ô�òö�ò��G�L�vò��õ��õ��võ�øø��L�vò

x, y, t.«$û�õÉþ��õb÷åù
÷��võb÷�ò¤÷��úBü¤÷�ù ô)��ð�?�ù
÷�õ��n� P%�DB�ò��ò"!�ð³ 62® ?���û�ò´�ù�öb÷��ù�õ�ø��r÷�ù�üø��1õ lbmo��µ�n�{J¶
k��~��k�s$yÙ�'y�·�ybk�n��.ô�ò�þ�ð .7±�1 þ�û����"��ð
ô�øõ�øò�� ô��¤ó�ñ�ù��H÷�õ���û�ù����ù�ô�ù�þ'øù���ýMò�þ'ñ�ù�öb÷�ò ú�ôKñ�ù
÷�ù����H!
u = v = 0

ú�ð
w, θ, q

óVð
ô�òö �¤÷.û�ò�O°�6ù
÷M�õ��õ��võ�øøù��
x
ú#�ôtû����ö��M�ùtû�òøù��$ð��vò�÷��õb÷���õ�� úZ��� �

÷�ù��ÝòQO�õ�öb÷�ù�� öb÷�õ��õ�øò ö�ù�ù
÷�ô�õb÷�öb÷�ô�õ�øøù��L>?þ'øù ò¤ó��õ�O�õ�øò��Ýù��òö��1ô�ð
õb÷ ÷�õ�üõ�øòõ�ô)�ùtû�ù�ö�õ
h < x < 0

ú�ù�?�õMÿ���ð
øò � �Æñ�ù
÷�ù��ù��åö���÷���÷�ô�õ��
þ��1õ2öb÷�õ�øñò úvðHô�ù�ô
÷�ù��ù��K�õ�O�õ�øòòßô�õ���!¤ø����
ÿ���ð
øò � ð��ùtû�ù�ö��'�ôtû��õb÷�ö �6ö�ô�ù�?�ù�þ'øù�� ú��ù�þ'ô�õ���ýoõ�øøù��.þ'õ��öb÷�ô�ò�� ÷�õ����vù�ñ�ð��ò�ûû����ø��H!�ö�ò�ûZ�

��õ�O�õ�øò��Ýô�ò�þ�ð .7±�1 A4ù�?�ù�?�¸�õ�øòõ��õ�O�õ�øò��¹B�ò��ò"!�ðNA���þ'ù�?�øù òø¤÷�õ������õb÷�ò��ù�ô�ðt÷��ßñ�ð
ñ
þ'ô�ò¤ýoõ�øòõC?�òø�ð��øù�� ö��võ�ö�ò ô2ÿ�ù��ò¤ó�ù�ø¤÷tð}û��øù�� � ò�û�òø�þ��òüõ�ö�ñ�ù�� ÷����"?�õ
úXò��võ���¸�õ�� ö�õ�üõ�øòõ
Ω
ö°!�ð���ð
ñ¤÷�õ��ø��L�>þ'ò�ð��võb÷��ù��

h = º�»�¼�½a¾ �n>Fö�øù�ô�ø��L�vò ñ��ò¤÷�õ��ò����vò¿�ù�þ'ù�?�ò�� ô��b÷�ù�� óVðVþ�ð �
üõM�ôtû����Ù÷�ö �Ýüòö~û�ù¿À]��ð
ö�ö�ÿ�ù�*,ð¿Áoúvüòö~û�ù©$&��ð
ø�þ�÷�û��ÃÂGÄ�úvüòö~û�ù©ÅÆ�vò�þ�÷tð©Ç º úG��ð���ð��võb÷����
÷�õ����vù�þ'ò�*+*&��ó�òò

ε, ε1
úù����õÉþ'õ~û��õ��G�1õÈ*8ù����	�Vû'ð��vò

Á
=
Aβ1gh

4

ν2
,

ÂGÄ
=
ν

χ
,

Ç º =
ν

d
, ε = −

αβ2

β1
, ε1 =

χβ2B

dβ1A
. .9É:1

ÊÌË ����� Ë �����4��Í
Î8ð ö�ð��vù���þ'õ~û�õ
ε1 =

Ç º¨Ï � c(
ÂGÄ Ï � )−1 úTÿ´þ'õ Ï � = gβ1Ah

4(νχ)−1 ú
Ï � c = gβ2Bh

4(νd)−1 AÆ÷�õ���û�ù�ô�ù�õ,ò6ñ�ù�ø � õ�ø¤÷���ð � òù�øø��1õTüòö~û'ðC�G�~û�õ����
PH�L?�õ��õ�� ôHñ�ðVüõ�öb÷�ô�õC!�ð���ð
ñ¤÷�õ��øù�ÿ�ù��$ð
ö�OT÷tð�?�ðKþ�û�òø��

h
úXô��õ��võ�øò)A ô�õ~û�òüòø��

h2/ν
ò

�õ��õ���þ'õ�� ñ2øù�ô��L� òö�ñ�ù��G�L�Ã*&��øñ � ò���� u′, v′, w′, q′, θ′, c′
�ù�*8ù����	�Vû'ð��

u =
ν

h

ÂGÄXÁ 2u′, v =
ν

h

ÂGÄXÁ 2v′, w =
ν

h

Á
w′, q = ρ0β1gAh

2 ÂGÄXÁ
q′,

θ = Ah
ÂGÄUÁ

θ′, c =
Aβ1h

ÂGÄUÁ
c′

β2
.

.9Ð:1
P .9Ð:1 øù�ô��1õ?òö�ñ�ù��G�1õ�*&��øñ � òò�óVð
ô�òö �¤÷Tù
÷+?�õbó���ðtó��võ��ø��H!
�õ��õ��võ�øø��H!

x′ = x/h, y′ = y/h
ú

t′ = νt/h2.
$�ù�þ'öb÷tð
øù�ô�ñ�ð .7±�1 ú .9Ð:1 ô .76�17¬�.<;=1 ò .9ª:1 ���òô�ù�þ'ò¤÷.ñ�ö�òöb÷�õ��võ��"��ð
ô�øõ�øò�� . OT÷��ò"!¤òþ�û��M��þ'ù�?�öb÷�ô�ð�ù����=¸�õ�ø�� 1

ut + λ(uux + vuy) = −qx + 42u+ θ + c,

vt + λ(uvx + vvy) = −qy + 42v,

wt + λ(uwx + vwy) = −x + 42w,

ux + vy = 0,
ÂGÄ
θt + λ

ÂGÄ
(uθx + vθy) − w = 42θ,Ç º ct + λ

Ç º (ucx + vcy) − ε1 w = 42c− ε42θ,

.0/JÑ:1
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ÿ´þ'õ
λ =

ÂGÄÁ 2, 42 = ∂2/∂x2 + ∂2/∂y2 A ù��õ���ðt÷�ù���ÚTð���û'ð
ö�ð��
B�õbó°��üõb÷tð���*+*8õ�ñ¤÷�ù�ôK÷�õ����vù�þ'ò�*+*&��ó�òò . c = 0

ò�ô .0/JÑ:1 ù
÷�ö���÷�öb÷�ô���õb÷��ù�ö~û�õÉþ'øõ�õ°�"��ð
ô�øõ �
øòõFþ�û��Hñ�ù�ø � õ�ø¤÷���ð � òò 1¨Û {¾w�Ütp:Ý�y�yTlbmo��µ�n�{Vk��~��k�{}yÙ�'y�·�ybk�n�y (λ = 0)

ö�òöb÷�õ��G� .0/JÑ:1 ø�ð���þ'õ�øùô���ð�?�ù
÷�õ°P%� P%�#$@�:!¤ø�ðVüõ�ô�ð� 8�® þ�û��Hñ�����ÿ û�ù�� � ò�û�òø�þ��òüõ�ö�ñ�ù���÷����"?��&��Î�ò¤ýoõ,÷tð
ñ¤ýoõTù�ÿ���ð
øò �
üò��vö �N�b÷�ù�� ÿ�õ�ù��võb÷��òõ�� ú�÷tð
ñ ü¤÷�ù

h
ô.òöi!�ù�þ'øù�� óVðVþ�ðVüõoõ�öb÷�����ðVþ'ò���ö��ù��õ��õ�üøù�ÿ�ù6ö�õ�üõ�øò��

÷����"?��&�
$�õ��õ���þ'õ�� ñ � ò�û�òø�þ��òüõ�ö�ñò��åñ�ù�ù��
þ'òø�ðt÷tð��

r, ϕ, z,
ø�ð�����ð
ô�òô�ñ�ù�ù��
þ'òø�ðt÷��

z
�ù�ù�ö�òo÷���� �?��&�]¯�ù�ÿ´þ�ð.ö�òöb÷�õ��$ð .0/JÑ:1 AÞ�"��ð
ô�øõ�øò���þ'ô�ò¤ýoõ�øò�� ú]��øõ��ÿ�òò ò)�õ��õ�øù�ö�ðM���ò��võ�ö�ò ôM?�õbó���ðtó ��võ��ø��H!��õ��õ��võ�øø��H!�Aß���ò��võb÷Mô�ò�þ

ut + λ

(

uur +
v

r
uϕ −

v2

r

)

= −qr + 4u−
u

r2
−

2vϕ

r2
+ (θ + c) cosϕ,

vt + λ
(

uvr +
v

r
vϕ +

uv

r

)

= −
1

r
qϕ + 4v −

v

r2
+

2

r2
uϕ − (θ + c) sinϕ,

wt + λ
(

uwr +
v

r
wϕ

)

= −r cosϕ+ 4w, .0/�/21
ur +

1

r
u+

1

r
vϕ = 0,

ÂGÄ
θt + λ

ÂGÄ
(uθr + vθϕ) − w = 4θ,Ç º ct + λ

Ç º (ucr + vcϕ) − ε1w = 4c− ε4θ,
ÿ´þ'õ

u, v, w
Aà���ù�õ�ñ � òò.ô�õ�ñ¤÷�ù���ðTö�ñ�ù��ù�öb÷�ò2ø�ðTù�ö�ò r, ϕ, z � ò�û�òø�þ��òüõ�ö�ñ�ù��2ö�òöb÷�õ��G�>ñ�ù�ù��
þ'ò �

ø�ðt÷ . ù�?�ù
ó�ø�ðVüõ�øò��Fþ�û��+���ù�õ�ñ � ò��Tö�ñ�ù��ù�öb÷�õ��È���õbýMøòõ 1 ú 4 = ∂2/∂r2+r−1∂/∂r+r−2∂2/∂ϕ2 A
ù��õ���ðt÷�ù���ÚTð���û'ð
ö�ðoô��ùtû����øù��6ö�òöb÷�õ��võTñ�ù�ù��
þ'òø�ðt÷2�

$�õ��õ���þ'õ�� ñC�ù�öb÷tð
øù�ô�ñ�õ�ø�ðVü�ð}û��øù � ñ���ð
õ�ô�ù��oóVðVþ�ðVüò ¡ ø�ð��¤÷�ò
�õ�O�õ�øòõ
u, v, w, θ, c, q

ö�òöb÷�õ ��G� .0/�/21 ô � ò�û�òø�þ��õ 0 ≤ r ≤ 1, 0 ≤ ϕ ≤ 2π,
��þ'ù�ôtû�õb÷�ô�ù��:����¸�õ�õTø�ðVü�ð}û��ø��L�´��ö~û�ù�ô�ò����

u = u0(r, ϕ), v = v0(r, ϕ), w = w0(r, ϕ), θ = θ0(r, ϕ),

c = c0(r, ϕ), q = q0(r, ϕ)
���ò

t = 0, 0 < r < 1;
.0/26�1

��ö~û�ù�ô�ò����Ã���ò�û�ò���ð
øò��Kþ�û��6ö�ñ�ù��ù�öb÷�õ���ø�ð�÷�ô�õ��
þ'ù��Höb÷�õ�øñ�õ

u = v = w = 0
���ò

r = 1, t > 0; .0/J8:1
��ö~û�ù�ô�ò����ßþ�û��
á�÷�õ��G�õ���ðt÷��"���HâTò�áxñ�ù�ø � õ�ø¤÷���ð � òò"â,ø�ð�öb÷�õ�øñ�õ

θr = 0, cr − εθr = 0
���ò

r = 1, t > 0; .0/�;=1
��ö~û�ù�ô�ò����Ýù�ÿ���ð
øòüõ�øøù�öb÷�ò�*&��øñ � ò�� u, w, θ, c, q ���ò

r = 0

|u| <∞, |v| <∞, |w| <∞, |θ| <∞, |c| <∞, |q| <∞. .0/2E�1
P�ô�õÉþ'õ���*&��øñ � ò��ß÷�ù�ñ�ð

ψ(r, ϕ)
úVö�ô��¤óVð
øø��"��ö

u
ò
v
ö�ù�ù
÷�øù�O�õ�øò����vò

u = r−1ψϕ, v = −ψr

�
¯�ù�ÿ´þ�ðoö�òöb÷�õ��$ð .0/�/21 �õ��õ��ò�O�õb÷�ö ��ô�ô�ò�þ'õ

4ψt +
λ

r

∂(4ψ, ψ)

∂(r, ϕ)
= 44ψ + (θr + cr) sinϕ+

1

r
(θϕ + cϕ) cosϕ; .0/Jª:1
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�X�����+�2������#���2���X�H���X�����2���#���J�2�#���2�� ����2��¡���������¢�#�]£=���X¤��2�¥�X��¦���� ª

wt +
λ

r
(ψϕwr − ψrwϕ) = 4w − r cosϕ; .0/2±�1

ÂGÄ
θt +

λ
ÂGÄ
r

(ψϕθr − ψrθϕ) − w = 4θ; .0/JÉ:1
Ç º ct +

λ

r

Ç º (ψϕcr − ψrcϕ) − ε1w = 4c− ε4θ, .0/JÐ:1
ÿ´þ'õ

∂(4ψ, ψ)

∂(r, ϕ)
= (4ψ)rψϕ − (4ψ)ϕψr, 4ψ = ψrr +

1

r
ψr +

1

r2
ψϕϕ.

Î8ðVü�ð}û��ø��1õ,ò2ÿ���ð
øòüø��1õ¨��ö~û�ù�ô�ò������õ�ù�?���ðtó��"�Ù÷�ö �H÷tð
ñ ¡
w = w0(r, ϕ), ψ = ψ0(r, ϕ), θ = θ0(r, ϕ), c = c0(r, ϕ)

���ò
t = 0; .76�Ñ:1

ψ = 0, ψr = 0, θr = 0, cr − εθr = 0
���ò

r = 1; .76"/21
1

r
ψϕ, ψr, w, θ, c

ù�ÿ���ð
øòüõ�ø��²���ò
r = 0. .76�6�1

¯`ð
ñò�� ù�?���ðtó�ù��1úZ�õ�Ooð
õ�� óVðVþ�ðVü�� .0/Jª:17¬�.76�6�1 öPøõ�ò¤ó�ô�õ�öb÷�ø��L�vò
ψ,w, θ, c,

���òüõ��
t ≥ 0

ú
0 ≤

r ≤ 1
ú
0 ≤ ϕ ≤ 2π

�

ã1ÛÃäNå éGæ�êFávàFévç�àFãåä'çFá`î@è�æLé êFä¹ê,âvê�ë ä à�êÙë
â Þ�îFæèíFé$ä'å�ä�çÙî�ávê%è á`îFê�çFá$â$évà�àFáGì Þ�å�ä à%í�ê

$&�õÉþ'öb÷tð
ôtû��õb÷ òø¤÷�õ��õ�ö öb÷tð � òù�ø�ð��ø�ð��<óVðVþ�ðVü�ð þ�û��<ö�òöb÷�õ��G� .0/Jª:17¬�.76�6�1 ú ô ñ�ù
÷�ù��ù��
wt = ψt = θt = ct = 0

ú�÷�ù�ÿ´þ�ð�ø�ðVü�ð}û��ø��1õ���ö~û�ù�ô�ò�� .76�Ñ:1 øõKöb÷tð
ô��¤÷�ö ���D$@��öb÷�� ø�ð�ÿ���ð
øò � õ��ö~û�ù�ô�òõ�þ�û���á�÷�õ��G�õ���ðt÷��"���HâMò��võ�õb÷Hô�ò�þåò¤ó .76"/21 ¡ θr = 0.
BD��þ'õ��'��ð
ö�ö��$ðt÷��òô�ðt÷����ùtû�ó��=¸�õ�õ

þ'ô�ò¤ýoõ�øòõ
ú ÷2� õ��Xô2ö�òöb÷�õ��võ .0/Jª:17¬�.0/JÐ:1 �ùtû�ùVýMò��
λ = 0. î ó .0/2±�1 ö~û�õÉþ��õb÷}ú�ü¤÷�ù 4w = r cosϕ.��õ�O�õ�øòõ��b÷�ù�ÿ�ù��"��ð
ô�øõ�øò���ò�¸�õ�� ô�ô�ò�þ'õ

w = W (r) cosϕ.
$�ù�ö~û�õM�ù�þ'öb÷tð
øù�ô�ñò´�ùtû���ü�ð
õ��

�"��ð
ô�øõ�øòõ,ø�ð
W (r) ¡

W ′′ +
1

r
W ′ −

1

r2
W = r.

î ö��ùtû�
ó�������ö~û�ù�ô�òõ,ù�ÿ���ð
øòüõ�øøù�öb÷�ò .0/2E�1 þ�û�� w ���ò
r = 0

úø�ð2!�ù�þ'ò��

W =
1

8
r3 + cr,

ò�û�ò
w =

(

1

8
r3 + cr

)

cosϕ.

î ó,ÿ���ð
øòüøù�ÿ�ù���ö~û�ù�ô�ò��
w = 0

���ò
r = 1

ù����õÉþ'õ~û�ò��Ã�ù�öb÷�ùJ�øø��"�
c = −1/8. î ÷tð
ñ ú

w =
1

8
(r3 − r) cosϕ. .76�8:1

ïoð}û�õ�õ�ø�ð2!�ù�þ'ò��
θ(r, ϕ)

ò¤ó°�"��ð
ô�øõ�øò�� .0/JÉ:1 �#$�ùtû'ð
ÿ~ð�� θ = T (r) cosϕ
ú��ù�ö~û�õ�øõ�ñ�ù
÷�ù����H! ô�� �

üòö~û�õ�øò����ùtû���üò��
θ = −

(r5 − 3r3 + 4r)

26 · 3
cosϕ. .76�;=1
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��ð
ö����õÉþ'õ~û�õ�øòõ+áxñ�ù�ø � õ�ø¤÷���ð � òò"â8÷�õ��õ����Mø�ð���þ'õb÷�ö ��ò¤ó .0/JÐ:1 ¡

c = −
(ε1 + ε)(r5 − 3r3 + 4r)

26 · 3
cosϕ. .76�E�1

ðFüò¤÷��1ô�ð�����ð
ô�õ�øöb÷�ô�ð

θr = −
cosϕ

26 · 3
(5r4 − 9r2 + 4), θϕ =

sinϕ

26 · 3
(r5 − 3r3 + 4r),

cr = −
(ε1 + ε) cosϕ

26 · 3
(5r4 − 9r2 + 4), cϕ =

(ε1 + ε) sinϕ

26 · 3
(r5 − 3r3 + 4r),

ø�ð���þ'õ��Ã����ð
ô��"� ü�ð
öb÷��Pô��"��ð
ô�øõ�øòò .0/Jª:1 ¡

(θr + cr) sinϕ+
1

r
(θϕ + cϕ) cosϕ = −

sin 2ϕ

26 · 3
(2r4 − 3r2)(1 + ε+ ε1).

$�ùtû�ùVýMòô
4ψ = z

ú����ò�þ'õ��ÝñM�"��ð
ô�øõ�øò��

4z =
sin 2ϕ

26 · 3
(2r4 − 3r2)(1 + ε+ ε1),

�õ�O�õ�øòõTñ�ù
÷�ù��ù�ÿ�ùPò�¸�õ��Ýô�ô�ò�þ'õ
z = Z(r) sin 2ϕ/(26 · 3)

��ð@��ð
ô�øõ�øòõ,ø�ð
Z(r)

ò��võ�õb÷Kô�ò�þ

Z ′′ +
1

r
Z ′ −

4

r2
Z = −(3r2 − 2r4)(1 + ε+ ε1).

ñ ø�ðVüò¤÷}ú�ø�ðVþ'ùPòö�ñ�ðt÷��
Z(r)

ôPô�ò�þ'õ+�ùtû�òøù��$ð�O�õ�öb÷�ù���öb÷�õ��õ�øò��#$�ù�ö~û�õ,øõ�ñ�ù
÷�ù����H!Hô��1üòö~û�õ �
øò����ùtû���üò��

Z =
(1 + ε+ ε1)

16
r6 −

(1 + ε+ ε1)

4
r4 + ar2,

ò�û�ò
z =

[

(1 + ε+ ε1)

16
r6 −

(1 + ε+ ε1)

4
r4 + ar2

]

sin 2ϕ

26 · 3
.

$�ù��b÷�ù��	�Mþ�û��
ψ(r, ϕ)

ò��võ�õ��´�"��ð
ô�øõ�øòõ

4ψ =

[

(1 + ε+ ε1)

16
r6 −

(1 + ε+ ε1)

4
r4 + ar2

]

sin 2ϕ

26 · 3
.

P�øù�ô��ú��ùtû'ð
ÿ~ð��
ψ = Ψ(r) sin 2ϕ/(26 · 3)

ú��ùtû���üò��´�"��ð
ô�øõ�øòõ,ø�ð
Ψ(r) ¡

Ψ′′ +
1

r
Ψ′ −

4

r2
Ψ =

(1 + ε+ ε1)

16
r6 −

(1 + ε+ ε1)

4
r4 + ar2.

��õ�O�õ�øòõ?ò�¸�õb÷�ö ��ôFô�ò�þ'õe�ùtû�òøù��$ð�ô�ù�ö����vù��Töb÷�õ��õ�øò ú�ò8þ�û��
ψ(r, ϕ)

ø�ð2!�ù�þ'ò��N���õÉþ'öb÷tð
ôtû�õ�øòõ
ö&��üõb÷�ù��Ýù�ÿ���ð
øòüõ�øøù�öb÷�ò .76�6�1

ψ(r, ϕ) =
sin 2ϕ

26 · 3

[

(1 + ε+ ε1)

16 · 60
r8 −

(1 + ε+ ε1)

4 · 32
r6 +

a

12
r4 + br2

]

öK÷�ù�üøù�öb÷����Æþ'ù6þ'ô��:!©�ù�öb÷�ùJ�øø��H!
a, b.

>Føòåù����õÉþ'õ~û����Ù÷�ö ��ò¤ó2ÿ���ð
øòüø��H!¿��ö~û�ù�ô�ò�� .76"/21 úù
÷�ñ���þ�ð
a = 3(1 + ε + ε1)/20

ú
b = −11(1 + ε+ ε1)/(2 · 3 · 5)

�#>Fñ�ù�øü�ðt÷�õ~û��øù�*&��øñ � ò��6÷�ù�ñ�ð
ò��võ�õb÷Mô�ò�þ

ψ(r, ϕ) =
sin 2ϕ

213 · 32 · 5
(1 + ε+ ε1)(2r

8 − 15r6 + 24r4 − 11r2). .76�ª:1
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�X�����+�2������#���2���X�H���X�����2���#���J�2�#���2�� ����2��¡���������¢�#�]£=���X¤��2�¥�X��¦���� É
ï,û��

q
ò��võ�õ��Ã���õÉþ'öb÷tð
ôtû�õ�øòõTò¤ó¨�õ��ô��H!Kþ'ô��:!M�"��ð
ô�øõ�øò��6ö�òöb÷�õ��G� .0/�/21 ¡

q =
r2(1 + ε+ ε1)

210 · 32 · 5
[10(2r4 − 9r2 + 24) + 3(5r4 − 20r2 + 9) cos 2ϕ]. .76�±�1

òvö~û�ò
ε = −ε1

ú$÷�ù©�ùtû���üò��à�õ�O�õ�øòõN$@�:!¤ø�ðVüõ�ô�ð©?�õbó���üõb÷tðåñ�ù�ø � õ�ø¤÷���ð � òòÆ 8�® �Hòvö~û�ò
ε = −1− ε1,

÷�ù
ψ(r, ϕ) = 0

ò ú�ö~û�õÉþ'ù�ô�ðt÷�õ~û��øùú
u = v = 0

ú
q = 0

ú¤ð
w = w(r, ϕ)

ú
θ = θ(r, ϕ)

ú
c = c(r, ϕ)

ù����õÉþ'õ~û����Ù÷�ö ���ù�*8ù����	�Vû'ð�� .76�8:17¬�.76�E�1 �
ó?ÛÃäNå éGæ�êFávàFévç�àFãåä'çFá`î@è�æLé êFä¹ê,âvê�ë ä à�êÙë

ç�ç�êÞè énê,évà�àFáGìÞå�ä]ô�çFä çFéGå�æèçFä>Þ�å�ä à%í�ê
��ð
ö�ö��vù
÷��ò���ö~û���ü�ð��Köb÷tð � òù�ø�ð��øù�ÿ�ù,þ'ô�ò¤ýoõ�øò�� ú�ñ�ù�ÿ´þ�ðTø�ð,ÿ���ð
øò � õ%��ö~û�ù�ô�òõ?þ�û��
*&��øñ � òò θ���ò

r = 1
ò��võ�õb÷Mô�ò�þ

θ = A cosϕ, .76�É:1
ÿ´þ'õ

A
AÆóVðVþ�ð
øø�ð��M�ù�öb÷�ùJ�øø�ð����

õÈ��øñ � ò�� w(r, ϕ)
�ù � ���õbýMøõ��	�6þ�ð
õb÷�ö �¥*8ù����	�Vû�ù�� .76�8:1 � î ó��"��ð
ô�øõ�øò�� .0/JÉ:1 ò���ö~û�ù�ô�ò��

.76�É:1 ô�ù�ö�öb÷tð
ø�ð
ôtû�òô�ð
õ��Qá�÷�õ��G�õ���ðt÷��"���:â

θ = −
[r5 − 3r3 + (2 − 192A)r] cosϕ

26 · 3
. .76�Ð:1

î ó+�"��ð
ô�øõ�øò�� .0/JÐ:1 ò6ÿ���ð
øòüøù�ÿ�ù���ö~û�ù�ô�ò�� .76�6�1 ø�ð2!�ù�þ'ò��©áxñ�ù�ø � õ�ø¤÷���ð � ò��öâ

c = −
(ε1 + ε)

26 · 3

[

r5 − 3r3 +
(4 − 2ε(96A− 1))

1 + ε
r

]

cosϕ. .98�Ñ:1
$&��ð
ô�ð��2ü�ð
öb÷��Pô��"��ð
ô�øõ�øòò .0/Jª:1 ��ð
ô�ø�ð

(θr + cr) sin ϕ+
1

r
(θϕ + cϕ) cosϕ = −

sin 2ϕ

26 · 3
(2r4 − 3r3)(1 + ε+ ε1).

¯`ð
ñò�� ù�?���ðtó�ù��1úvô��L��ðtýoõ�øòõ.þ�û��³*&��øñ � òò ÷�ù�ñ�ð ò��võ�õb÷ ÷tð
ñ�ù�õHýoõM���õÉþ'öb÷tð
ôtû�õ�øòõ
úèñ�ð
ñÝò
ô .76�±�1 �PH�1üòö~û�ò��Ã�$ð
ö�ö�ù�ô��L����ð
öi!�ù�þ ö��võ�ö�òHüõ��õbóÈ�ù��õ��õ�üøù�õ,ö�õ�üõ�øòõ8÷����"?�� ¡

Q = ρ

∫

Ω

, · ÷ dΩ,
ÿ´þ'õ

ρ
Aß��û�ù
÷�øù�öb÷��ú ÷ A ô�õ�ñ¤÷�ù��Høù����$ð}û�ò ú

Ω
Aß�ù��õ��õ�üøù�õ,ö�õ�üõ�øòõ,÷����"?��&�

$�ù�ö�ñ�ùtû��ñ�� , · ÷ = w,
÷�ù

Q = ρ

h
∫

0

2π
∫

0

wr drdϕ,

ÿ´þ'õ
w
óVðVþ�ð
õb÷�ö �Hô���ðtó��võ��ø��H!��õ��õ��võ�øø��H!Hô�ô�ò�þ'õ

w =
ν

h

Á 1

8
(r3 − r) cosϕ,

�ù��b÷�ù��	�
Q = 0.

«$û�õÉþ'ù�ô�ðt÷�õ~û��øùúD��ð
öi!�ù�þ ö��võ�ö�òÝüõ��õbó��ù��õ��õ�üøù�õ6ö�õ�üõ�øòõ6÷����"?��ø��ð
ô�õ�ø
ø��Vû�È�	ùB÷�ù���ð
ô�õ�øöb÷�ô�ùú�ð
ø�ð}û�ù�ÿ�òüøù�õ���ö~û�ù�ô�ò��ÆóVð��vñø���÷�ù�öb÷�òQ�ù
÷�ù�ñ�ð¤úZ�ù
ó�ô�ùtû��õb÷�ø�ðVþ'õ��¤÷���ö �
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ø�ð2÷�ùúXü¤÷�ù��õ�O�õ�øò�� ô�ò�þ�ð .7±�1 !�ù��ù�O�ù�ð������ù�ñ�ö�ò��vò����"�Ù÷�öb÷tð � òù�ø�ð��øù�õM÷�õ�üõ�øòõKô}þ�ð}û�ò ù
÷
÷�ù�� � ù�ôÙþ�û�òøøù�ÿ�ù�ÿ�ù��ò¤ó�ù�ø¤÷tð}û��øù�ÿ�ù � ò�û�òø�þ���ð¤ú�ô��èó�ô�ð
øøù�õBû�òøõ��ø��L�)��ð
ö����õÉþ'õ~û�õ�øòõ�� ÷�õ�� ��õ���ðt÷��"��� ò ñ�ù�ø � õ�ø¤÷���ð � òòåô}þ'ùtû�6õ�ÿ�ù�?�ù�ñ�ù�ô�ù��N�ù�ô�õ���!¤øù�öb÷�ò��m¯`ð
ñò��>ù�?���ðtó�ù��1ú�ù�?�ù�?�¸�õ�øòõ
�õ�O�õ�øò��©B�ò��ò"!�ð�?���þ'õb÷����ò�?tû�ò¤ýoõ�øøù6ù��òö��1ô�ðt÷��.þ'ô�ò¤ýoõ�øòõ�ö��võ�ö�ò ô � õ�ø¤÷���ð}û��øù�� ü�ð
öb÷�ò
� ò�û�òø�þ���ð��HPÆô�õ���!¤øõ��Ã�ùtû�ù�ô�òøõ2÷����"?��Öö��võ�ö���þ'ô�ò¤ýoõb÷�ö �Ýô ù
÷��ò � ðt÷�õ~û��øù�� ø�ð�����ð
ôtû�õ�øòò
ù�ö�ò

z
ú�ð6ôHøò¤ýMøõ��NA ô��ùtû�ùVýMò¤÷�õ~û��øù��1úZ�b÷�ù�ö~û�õÉþ��õb÷ ò¤ó .76�8:1 �Z¯`ð
ñ ñ�ð
ñ

w
��ñ�ðtó��1ô�ð
õb÷�ø�ð �����ð
ôtû�õ�øòõoþ'ô�ò¤ýoõ�øò�� ö��võ�ö�ò ¡ w > 0

A ô6øò¤ýMøõ��¥�ùtû�ù�ô�òøõ�÷����"?���ún�ù�ö�ñ�ùtû��ñ��
cosϕ < 0

ú
w < 0

A ôPô�õ���!¤øõ����ùtû�ù�ô�òøõ . cosϕ > 0 1 � ñ þ'õ�ö�����ü¤÷�õ�øùú�ü¤÷�ù
r3 − r < 0

���ò
0 < r < 1

�

ú ÛQû>ä�Þ�å éGæ�êFávàFévç�àFãåä'çFá`î@è�æLé êFä¹ê,âvê�ë ä à�êÙë
��õ�Ooð
õ�� øõ�öb÷tð � òù�ø�ð��ø��"��óVðVþ�ðVü�� .0/Jª:17¬�.76�6�1 þ�û����ùtû�ó��=¸�ò"!oþ'ô�ò¤ýoõ�øò��

(λ = 0).
��ð
ö�ö��vù
÷��ò��

ø�ðVü�ð}û��øù � ñ���ð
õ�ô��"� óVðVþ�ðVü��Hþ�û��N�"��ð
ô�øõ�øò�� .0/2±�1 ö���ö~û�ù�ô�ò����vò .0/JÑ:17¬�.0/26�1 �]��õ�O�õ�øòõKò�¸�õ�� ô
ô�ò�þ'õ

w = W (r, t) cosϕ. .98�/21$�ù�ö~û�õ+�ù�þ'öb÷tð
øù�ô�ñòHô��"��ð
ô�øõ�øòõ .0/2±�1 ���ò"!�ù�þ'ò��Ýñ2óVðVþ�ðVüõ

Wt = Wrr +
1

r
Wr −

1

r2
W − r; .98:6�1

W |t=0 = 0; .98�8:1
W |r=1 = 0; .98�;=1

|W | <∞
���ò

r = 0. .98:E�1��õ�O�õ�øòõTóVðVþ�ðVüò .98:6�17¬�.98:E�1 ò�¸�õb÷�ö ���ù
�võb÷�ù�þ��õÈ�"����õ¨�õ�O�õ�øò���ñ���ð
õ�ô��H!2óVðVþ�ðVü2þ�û�����ð ���ð�?�ùtû�òüõ�ö�ñò"!M�"��ð
ô�øõ�øò���� î ÷tð
ñ ú�ùtû���üò��

w =

[

∞
∑

n=1

cn

(µ
(1)
n )2

[

exp
(

−(µ(1)
n )2t

)

− 1
]

J1(µ
(1)
n r)

]

cosϕ, .98�ª:1
ÿ´þ'õ

cn = (µ
(1)
n )−1 J2(µ

(1)
n )/‖J1(µ

(1)
n r)‖2 A ñ�ù���*+*8ò � òõ�ø¤÷��¹�:��þ�ð¨õÈ�"����õÈ ;�® ú J1(µ)

AÆ*&��øñ � ò��B�õ�ö�ö�õ~û����õ��ô�ù�ÿ�ùC�ù�þ�ð��õ��ô�ù�ÿ�ùC�ù��:��þ'ñ�ð¤ú
µ

(1)
n

Arõ�õ8ø��Vû�ò��
ñ ðt÷�õ��ü�õ�Ooð
õ�� ø�ðVü�ð}û��øù � ñ���ð
õ�ô��"� óVðVþ�ðVü��6þ�û����"��ð
ô�øõ�øò�� .0/JÉ:1 ö°��ö~û�ù�ô�ò����vò .76�Ñ:17¬�.76�6�1�ùC�võb÷�ù�þ��õÈ�"����õ���P¹�õbó��Vû�V÷tðt÷�õ�ø�ð2!�ù�þ'ò��Ýô��L��ðtýoõ�øòõ�þ�û���á�÷�õ��G�õ���ðt÷��"���Hâ

θ =

{

∞
∑

n=1

cn

(µ
(1)
n )4

[

−

ÂGÄ
1 −

ÂGÄ exp

(

−
(µ

(1)
n )2tÂGÄ

)

+

+
1

1 −
ÂGÄ exp

(

−(µ(1)
n )2t

)

− 1

]

J1(µ
(1)
n r)

}

cosϕ,
ÂGÄ

6= 1. .98:±�1
ïoð}û�õ�õ¨�õ�Ooð
õ�� ø�ðVü�ð}û��øù � ñ���ð
õ�ô��"� óVðVþ�ðVü��Kþ�û����"��ð
ô�øõ�øò�� .0/JÐ:1 ö+��ö~û�ù�ô�ò����vò .76�Ñ:17¬�.76�6�1 �Pý�õbó��Vû�V÷tðt÷�õTø�ð2!�ù�þ'ò��Qáxñ�ù�ø � õ�ø¤÷���ð � ò��öâ

(
Ç º 6= 1)

c =

{

∞
∑

n=1

cn

(µ
(1)
n )4

[

−

Ç º (ε1 + ε)

1 −
Ç º exp

(

−
(µ

(1)
n )2tÇ º

)

+
ε1

1 −
Ç º exp(−(µ(1)2t

n )−
ε
ÂGÄ

(1 −
ÂGÄ

)(1 −
Ç º )×



�C�����
�X�����+�2������#���2���X�H���X�����2���#���J�2�#���2�� ����2��¡���������¢�#�]£=���X¤��2�¥�X��¦���� /JÑ

× exp

(

−
(µ

(1)
n )2tÂGÄ

)

+
ε

(1 −
ÂGÄ

)(1 −
Ç º ) exp(−(µ(1)

n )2t) − (ε1 + ε)

]

J1(µ
(1)
n r)

}

cosϕ.

��ð
ö�ö��vù
÷��ò�� ÷�õ��õ���� ö~û���ü�ð�� ú`ñ�ù�ÿ´þ�ð�üòö~û'ð�$&��ð
ø�þ�÷�û��ßò©ÅÆ�vò�þ�÷tðN��ð
ô�ø�� õÉþ'òøò � õ
ú`÷2� õ��ÂGÄ%þÆÇ º = 1.
õÈ��øñ � ò�� w(r, ϕ)

ó~þ'õ�ö��M÷tð
ñ¤ýoõ�þ�ð
õb÷�ö ��*8ù����	�Vû�ù�� .98:±�1 ú'ð�óVðVþ�ðVü�ðoþ�û���á�÷�õ��G�õ ���ðt÷��"���Hâ
θ(r, ϕ, t)

?���þ'õb÷Pò��võb÷��Mô�ò�þ
θt − w = ∆θ; θ

∣

∣

t=0
= 0; θr

∣

∣

r=1
= 0; |θ| <∞

���ò
r = 0.

��õ�O�õ�øòõÈ�b÷�ù��2óVðVþ�ðVüòHò�¸�õb÷�ö ���ùC�võb÷�ù�þ��õÈ�"����õ,ò2ò��võ�õb÷����õÉþ'öb÷tð
ôtû�õ�øòõ

θ =

[

∞
∑

n=1

cn

(µ
(1)
n )4

(e−(µ
(1)
n )2t + t(µ(1)

n )2 e−(µ
(1)
n )2t − 1) J1(µ

(1)
n r)

]

cosϕ. .98�É:1
ñ þ'õ�ö��

cn
÷tð
ñòõPýoõ
ú�ñ�ð
ñ ò ô�*8ù����	�Vû'ð2! .98�ª:1 ú .98:±�1 ��ÿ�ø�ð}û�ù�ÿ�òüøùú�óVðVþ�ðVü�ðKþ�û��

c(r, ϕ, t)
���ò

λ = 0
ò��võ�õb÷Mô�ò�þ

ct − ε1w = ∆c− ε∆θ; c|t=0 = 0; cr − εθr = 0
���ò

r = 1; |c| <∞
���ò

r = 0.

ñ ø�ðVüò¤÷}ú"áxñ�ù�ø � õ�ø¤÷���ð � ò��"â,ò��võ�õb÷
��ð
ö����õÉþ'õ~û�õ�øòõ

c =

{

∞
∑

n=1

[

cn

(µ
(1)
n )4

(ε1 + ε)e−(µ
(1)
n )2t +

tcn

(µ
(1)
n )2

(ε1 + ε)e−(µ
(1)
n )2t +

+
t2εcn

2
e−(µ

(1)
n )2t −

cn

(µ
(1)
n )2

(ε1 + ε)

]

J1(µ
(1)
n )

}

cosϕ. .98�Ð:1
$�ùtû���ü�ð
õ�� ö~û�õÉþ�"��¸�ò��'�õbó��Vû�V÷tðt÷ ¡ øõ�öb÷tð � òù�ø�ð��øù�õN�õ�O�õ�øòõHþ�û��

w, c, θ
���ò

t → ∞öb÷��õ��vò¤÷�ö �oñTöb÷tð � òù�ø�ð��øù��	�¨�õ�O�õ�øò���óVðVþ�ðVüò,ù��ùtû�ó��=¸�õ��6þ'ô�ò¤ýoõ�øòò��2¯`ð
ñò��Hù�?���ðtó�ù��1ú����ò
?�ùtû��O�ò"!�ô��õ��võ�ø�ð2!�øõ�öb÷tð � òù�ø�ð��øù�õ��õ�O�õ�øòõoô��H!�ù�þ'ò¤÷2ø�ðMöb÷tð � òù�ø�ð��ø��L�)�õbýMò��1ú����òüõ��
ò����ò�ÂGÄ%þÆÇ º = 1

÷tð
ñ¤ýoõ¨�ùtû���ü�ð
õ�� ô��H!�ù�þ ø�ðoöb÷tð � òù�ø�ð��øù�õ¨�õ�O�õ�øòõ,óVðVþ�ðVüò��
>�÷��võb÷�ò��1ú�ü¤÷�ù´!�ð���ð
ñ¤÷�õ��øù�� ù�ö�ù�?�õ�øøù�öb÷���� ù�?�ö���ýoþ�ð
õ��vù�ÿ�ù ñ�û'ð
ö�ö�ðß÷�õ�üõ�øò��§�ôtû��õb÷�ö �

ô�ù
ó��vùVýMøù�öb÷��+�õ��õ�øù�ö�ð,ò��vò���ð
ö�ö�òô�øù��C���ò��võ�ö�òPø�ð&?�ùtû��O�òõö��ð
ö�öb÷�ùJ�øò��Pô}þ'ùtû��÷����"?��³���ò
ö�ù�ô��võ�öb÷�øù��åþ'õ��öb÷�ô�òò����ù�þ'ùtû��øù�ÿ�ù�ÿ���ðVþ'òõ�ø¤÷tðo÷�õ��G�õ���ðt÷��"��� ò��ù��õ��õ�üøù��6ö�ò�û� ÷J�¤ýoõ�öb÷�ò
. ���ò��b÷�ù�� ô�õ~û�òüòø�ð&�ù�ö~û�õÉþ'øõ��C�vùVýoõb÷+?��è÷��8ù�üõ�ø��&�$ð}û�ù�� 1 �:> � õ�øñ��oô�õ~û�òüòø��³���ù�þ'ùtû��øù��
ö�ñ�ù��ù�öb÷�ò©�vùVýMøù��ùtû���üò¤÷���ò¤ó
*8ù����	�Vû�

w = νh−1 Á w′
úXÿ´þ'õ

w′
ò��võ�õb÷��ù��:��þ'ù�ñ õÉþ'òøò � �&F

÷�ù�ÿ´þ�ð
w ∼ Aβ1gh

3/ν.
$�ùtû'ð
ÿ~ð��

h = 5
ö��1ú

ν = 10−2 ö�� 2 � ö
ú β1 = 0.4 · 10−3 ï −1 ú A = 1
ï � ö��1ú

g = 0.2
ö�� � ö 2 ú����ò"!�ù�þ'ò�� ñ2ù � õ�øñ�õ w ∼ / ö�� � ö��

�1Û��>ä çFâ$á$äüç�ç�ê��`îFê�ë ä à�êFä
��ð
ö�ö��vù
÷��ò���öb÷tð � òù�ø�ð��ø��"� óVðVþ�ðVü�� .0/Jª:17¬�.76�6�1 ���òPþ'ù�öb÷tðt÷�ù�üøù��$ð}û�H!Mó�ø�ðVüõ�øò��"!���ð���ð��võb÷ ���ð

λ
��òvõ+�õ�O�õ�øòõÈ�vùVýMøù����õÉþ'öb÷tð
ô�ò¤÷���*8ù����$ð}û��ø��L�vò��:��þ�ð��vò

ψ(r, ϕ) = ψ0(r, ϕ) +

∞
∑

k=0

λk+1 ψk+1(r, ϕ),

w(r, ϕ) = w0(r, ϕ) +

∞
∑

k=0

λk+1wk+1(r, ϕ),
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θ(r, ϕ) = θ0(r, ϕ) +
∞

∑

k=0

λk+1 θk+1(r, ϕ), .<;:Ñ:1

c(r, ϕ) = c0(r, ϕ) +
∞

∑

k=0

λk+1 ck+1(r, ϕ),

ÿ´þ'õ
ψ0, w0, c0

õ�öb÷��È�õ�O�õ�øòõ�ö�ù�ù
÷�ô�õb÷�öb÷�ô��"��¸�ò"!KóVðVþ�ðVüC���ò
λ = 0 . ø�ð����ò��võ�� ú ψ0, w0, c0

ù����õ �
þ'õ~û����Ù÷�ö �
*8ù����	�Vû'ð��vò .76�ª:1 ú .76�8:17¬�.76�E�1i1 ú
ð@*&��øñ � òò Ψk+1, wk+1, θk+1, ck+1

A �ù�ö~û�õÉþ'ù�ô�ðt÷�õ~û� �
øùPñ�ð
ñ��õ�O�õ�øòõTw�n�k�yb��k�s���óVðVþ�ðVü

44ψk+1 +

(

∂θk+1

∂r
+
∂ck+1

∂r

)

sinϕ+
1

r

(

∂θk+1

∂ϕ
+
∂ck+1

∂ϕ

)

cosϕ =

=
1

r

k
∑

j=0

∂(4ψj , ψk−j)

∂(r, ϕ)
; .<;�/21

4wk+1 =
1

r

k
∑

j=0

∂(ψj , wk−j)

∂(r, ϕ)
; .<;=6�1

4θk+1 + wk+1 =

ÂGÄ
r

k
∑

j=0

∂(ψj , θk−j)

∂(r, ϕ)
; .<;:8:1

4ck+1 − ε4θk+1 + ε1wk+1 =

Ç º
r

k
∑

j=0

∂(ψj , ck−j)

∂(r, ϕ)
. .<;�;=1

À]��ð
øòüø��1õ+��ö~û�ù�ô�ò��.þ�û��
ψk+1, wk+1, θk+1, ck+1

ù�öb÷tð��Ù÷�ö �����õbýMøò��vò ¡ .76"/217¬�.76�6�1 �Î8ð���þ'õ��¿�õ��ô�ù�õ%���ò�?tû�ò¤ýoõ�øòõ
ú�÷2� õ����ùtû�ùVýMò�� ô .<;:Ñ:17¬�.<;�;=1 k = 0.
¯�ù�ÿ´þ�ð8óVðVþ�ðVü�ð,ùTø�ð2!�ùVý �

þ'õ�øòò
ψ1, w1, θ1, c1

ò��võ�õb÷Mô�ò�þ

44ψ1 +

(

∂θ1
∂r

+
∂c1
∂r

)

sinϕ+
1

r

(

∂θ1
∂ϕ

+
∂c1
∂ϕ

)

cosϕ =
1

r

∂(4ψ0, ψ0)

∂(r, ϕ)
,

4w1 =
1

r

∂(ψ0, w0)

∂(r, ϕ)
, 4θ1 + w1 =

ÂGÄ
r

∂(ψ0, θ0)

∂(r, ϕ)
, .<;=E�1

4c1 − ε4θ1 + ε1w1 =

Ç º
r

∂(ψ0, c0)

∂(r, ϕ)
.

«�ù�ÿ û'ð
ö�øù .76�8:17¬�.76�ª:1 ú
∂(ψ0, w0)

∂(r, ϕ)
=

cosϕ(1 + ε+ ε1)

215 · 32 · 5
×

×
[

8r10 − 53r8 + 93r6 − 59r4 + 11r2 + cos 2ϕ(−2r10 + 6r8 − 6r6 + 2r4)
]

; .<;:ª:1
∂(ψ0, θ0)

∂(r, ϕ)
= −

º�»�½ ϕ(1 + ε+ ε1)

218 · 33 · 5

[

8r12− 69r10+ 215r8−

−335r6+ 225r4 − 44r2 + cos 2ϕ(2r12 − 24r10 + 48r8 + 4r6 − 30r4)
]

; .<;=±�1



�C�����
�X�����+�2������#���2���X�H���X�����2���#���J�2�#���2�� ����2��¡���������¢�#�]£=���X¤��2�¥�X��¦���� /26
∂(ψ0, c0)

∂(r, ϕ)
= −

cosϕ(1 + ε+ ε1)(ε+ ε1)

218 · 33 · 5

[

8r12 − 69r10 + 215r8−

−335r6 + 225r4 − 44r2 + cos 2ϕ(2r12 − 24r10 + 48r8 + 4r6 − 30r4)
]

; .<;:É:1
∂(4ψ0, ψ0)

∂(r, ϕ)
= −

(1 + ε+ ε1)
2 sin 4ϕ

219 · 33 · 5

(

−
1

4
r13 + 2r11 −

63

5
r9 +

25

4
r7 −

17

10
r5

)

. .<;:Ð:1
$�ù�þ'öb÷tð
ôtû����oô��L��ðtýoõ�øò�� .<;:ª:17¬�.<;:Ð:1 ô .<;=E�1 ú2�ùtû���üò��N�"��ð
ô�øõ�øò��,þ�û���ù����õÉþ'õ~û�õ�øò��

w1, θ1
ú

c1, ψ1.
��õ�Ooð��Hò"!�ú�ø�ð���þ'õ��Ýö~û�õÉþ�"��¸�òõÈ���õÉþ'öb÷tð
ôtû�õ�øò�� ¡

w1 =
(1 + ε+ ε1) cosϕ

215 · 32 · 5

[

1

15
r11 −

53

80
r9 +

31

16
r7 −

59

24
r5 +

11

8
r3 −

31

120
r+

+ cos 2ϕ

(

−
1

60
r11 +

3

40
r9 −

1

8
r7 +

1

12
r5 −

1

60
r

)]

; .7E�Ñ:1

θ1 = −
(1 + ε+ ε1) cosϕ

215 · 32 · 5

[

1

2520
r13 −

53

9600
r11 +

31

1280
r9 −

59

1152
r7 +

11

192
r5 −

31

360
r3+

+
87

134400
r + cos 2ϕ

(

−
1

10080
r13 +

1

1600
r11 −

1

640
r9 +

1

576
r7 −

1

480
r3 +

23

5600
r

)]

−

−

ÂGÄ
cosϕ(1 + εε1)

218 · 33 · 5

[

1

21
r13 −

23

40
r11 +

43

16
r9 −

335

48
r7 +

225

24
r5 −

11

2
r3 −

1

420
r+

+ cos 2ϕ

(

1

84
r13 −

1

5
r11 +

3

5
r9 +

1

12
r7 −

5

4
r3 −

79

420
r

)]

; .7E"/21

c1 =−
(ε+ ε1)(1 + ε+ ε1) cosϕ

215 · 32 · 5

[

1

2520
r13 −

53

9600
r11 +

31

1280
r9 −

59

1152
r7 +

11

192
r5 −

31

960
r3+

+
877

134400
r + cos 2ϕ

(

−
1

10080
r13 +

1

1600
r11 −

1

640
r9 +

1

576
r7 −

1

480
r3 +

23

5600
r

)]

−

−

ÂGÄ
cosϕ(1 + ε+ ε1) · ε

218 · 33 · 5

[

1

21
r13 −

23

40
r11 +

43

16
r9 −

335

48
r7 +

225

24
r5 −

11

2
r3 −

1

420
r+

+ cos 2ϕ

(

1

84
r13 −

1

5
r11 +

3

5
r9 +

1

12
r7 −

5

4
r3 −

79

420
r

)]

−

−

Ç º cosϕ(ε+ ε1)(1 + ε+ ε1)

218 · 33 · 5

[

1

21
r13 −

23

40
r11 +

43

16
r9 −

335

48
r7 +

225

24
r5 −

11

2
r3 −

1

420
r+

+ cos 2ϕ

(

1

84
r13 −

1

5
r11 +

3

5
r9 +

1

12
r7 −

5

4
r3 −

79

420
r

)]

. .7E�6�1
Î8ð���þ'õ�øø��1õ��õ�O�õ�øò��¿��þ'ù�ôtû�õb÷�ô�ù��:���Ù÷ ò ÿ���ð
øòüø��L�§��ö~û�ù�ô�ò���� .76"/21 ú .76�6�1 � î ÷tð
ñ úm�õ�O�õ�øòõ
öb÷tð � òù�ø�ð��øù��6óVðVþ�ðVüò����òKþ'ù�öb÷tðt÷�ù�üøù
�$ð}û�H!

λ
ô��õ��ô�ù��³���ò�?tû�ò¤ýoõ�øòò6ò��võ�õb÷Kô�ò�þ

ψ(r, ϕ) = ψ0(r, ϕ) + λψ1(r, ϕ), w(r, ϕ) = w0(r, ϕ) + λw1(r, ϕ),

θ(r, ϕ) = θ0(r, ϕ) + λθ1(r, ϕ), c(r, ϕ) = c0(r, ϕ) + λc1(r, ϕ).
.7E�8:1

��ð
ö�ö��$ðt÷��òô�ð
õ��vù�õoôMóVðVþ�ðVüõ .0/Jª:17¬�.76�6�1 ���ò
λ = 0

÷�õ�üõ�øòõoò��võ�õb÷M��û�ù�ö�ñ�ù�öb÷�ò ö�ò��G�võb÷��òò
x = 0

ú
y = 0

�>@?tû'ð
öb÷��P÷�õ�üõ�øò��
x2 + y2 < 1

ú
z ∈ R

��ðtó�?�òô�ð
õb÷�ö ����û�ù�ö�ñ�ù�öb÷J���vò
x = 0

ú
y = 0
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ø�ð2üõb÷��L�õPü�ð
öb÷�ò úXñ�ðtýoþ�ð���ò¤óPñ�ù
÷�ù����H! óVð��ùtû�øõ�ø�ð2ôtû�ùVýoõ�øø��L�vò�þ�����ÿPôMþ�����ÿ~ð � ò�û�òø�þ��ò �
üõ�ö�ñò��vòM�ù�ô�õ���!¤øù�öb÷J���vò2÷�ù�ñ�ð

ψ(x, y) = const
ú
z ∈ R

��¯ö��ð
õ�ñ¤÷�ù��òò.ýMò�þ'ñò"!Kü�ð
öb÷�ò � ò��võ��Ù÷
ö��ò���ð}û��ø��L��!�ð���ð
ñ¤÷�õ�����P ô�õ���!¤øõ����ùtû�ù�ô�òøõF÷����"?��>ö��võ�ö���þ'ô�ò¤ýoõb÷�ö �6ôoù
÷��ò � ðt÷�õ~û��øù��Ýø�ð �����ð
ôtû�õ�øòò6ù�ö�ò

z
ú�ðoôoøò¤ýMøõ���AÆô��ùtû�ùVýMò¤÷�õ~û��øù�� . �òö�� /21 ��$�ùJ�ö�øò��1úü¤÷�ùC�òö���øñò6ò¤ó�ù�? ���ðtýoõ�ø�� ôoþ'õ�ñ�ð��¤÷�ù�ô��H!�ñ�ù�ù��
þ'òø�ðt÷tð2!�ú ô�õ��¤÷�òñ�ð}û��ø�ð���ù�ö���AÖù�ö��

z
ú'ôMø�ð�����ð
ôtû�õ�øòò�ñ�ù
÷�ù��ù��

���ù�òöi!�ù�þ'ò¤÷2þ'ô�ò¤ýoõ�øòõ�ö��võ�ö�ò����Hð
ö�OT÷tð�?��ù2ñ�ù�ù��
þ'òø�ðt÷�ø��L� ù�ö ����ô��L?�ò���ð
õb÷�ö � ö~û�õÉþ�"��¸�ò��
ù�?���ðtó�ù�� ¡

−1 ≤ x ≤ 1, −1 ≤ y ≤ 1, −∞ ≤ z ≤ ∞.

$&�òô�õÉþ'õ��à���ò��võ�� üòö~û�õ�øøù�ÿ�ùQ��ð
ö�üõb÷tð©���ù�*8ò�û�õ�� ö�ñ�ù��ù�öb÷�ò úL��ð
ö����õÉþ'õ~û�õ�øò��³á�÷�õ��G�õ ���ðt÷��"���Hâ ò¹áxñ�ù�ø � õ�ø¤÷���ð � òò"â�þ�û��'��ðtóbû�òüø��H!>ó�ø�ðVüõ�øò�� ö��"�G�G� ��ð���ð��võb÷��ù�ô
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