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ýïô�ú1þ�÷
ò[ñ�ô²é�þ þ�ï�ø'ò

yn+1 = yn + p1k1 + p2k2, k1 = hf(tn, yn), k2 = hf(tn + βh, yn + βk1).

ÇYï�%SòÉø�è�éBô�í�õù�÷8��ò�ìï�é\þ�ú1õ�è'÷zø'í�õBû��ø'ò�ê ù�÷
ô�ô�ê$÷mñ�ùïþ�÷mñ��<öz÷zøb÷zó��*ªT¤F¬>���¡ø'ì�÷
õ�í<ýí�ô[ñ�ùí�ò�ììú1ò
êoò[ñ�í�ø'ú êoí/%BìíSýùïêoò�ì�é�ñ��Sø�è�é,ùò���ò�ìï�é/ìò�÷
þ
ñ�í�ìí�êoìú�ð2öz÷zøb÷zó��
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2Yímè#��óïê ô�í�í
ñ�ìí��ò�ìï�éBì�÷=õ�í�)!���=ï ÿ ïò�ì�ñ�ú�êoò[ñ�í�øb÷�ª±¯�¬^þ
ñ�í�ùí�î�í4ýí�ù�é�ø'õ�÷Yñ�í�óìí�ô[ñ�ï���ç4è�é
)[ñ�í�î�íëù�÷mö[è�í/%Bïê ô[ñm÷zø'ïï

k1

ï
k2

þ\ù�é�ø'úÓ
�ò!��è�í�ù�÷Býí\ô[ñ�ò�ýò�ì�éê
h
ø'í\ó�è�ò�ìí�þ\ô

h3
þ�õ�è���óï �

ñ�òwè���ìíBï,ýí�ø'ô[ñm÷
þ�ïê þ�ýò�ùþ���Ô�=í�ùê7�zè#�.ª±¯�¬>��" ùò[ö!�zè��zñm÷mñ�ò�ýímè#��óïê

yn+1 = yn + (p1 + p2)hfn + βp2h
2f ′

nfn + 0.5β2p2h
3f ′′

nf 2
n + O(h4),

îÌø'ò|)wè�ò�êoò�ì�ñm÷
ùìú1ò ø'ï����=ò�ùò�ì ÿ ï�÷vè�ú?þ�ú1óïôwè�ò�ìú?ì�÷ ýùïûmè�ï�%Sò�ììí�ê ùò���ò�ìïï
yn

ü
f ′

n =
∂f(yn)/∂y

ü
f ′′

n = ∂2f(yn)/∂y2
�(
�í�óìí�ò°ùò���ò�ìïò

y(tn+1)
þ í�õùò�ô[ñ�ìí�ô[ñ�ï7ñ�í�óõï

tn
ïêoò�ò[ñ

þ�ï�ø

y(tn+1) = y(tn) + hf + 0.5h2f ′f +
h3

6
(f ′′f 2 + f ′2f) + O(h4),

îÌø'ò4)wè�ò�êoò�ì�ñm÷
ùìú1ò,ø'ï����=ò�ùò�ì ÿ ï�÷vè�ú þ�ú1óïôwè�ò�ìú ì�÷°ñ�í�óìí�ê ùò���ò�ìïï
y(tn)

�¹2���ô[ñ��
yn =

y(tn)
����ù�÷
þ�ìïþ�÷méëýímè#��óò�ììú1ò=ù�é�ø'ú ø�è�é\ñ�í�óìí�î�íSïëýùïûmè�ï�%Sò�ììí�î�í�ùò���ò�ìï��\ø'í�ó�è�ò�ìí�þ�ô

h2
üöz÷
ýï���ò�êc��ôwè�í�þ�ï�é/þ
ñ�í�ùí�î�í ýí�ù�é�ø'õ�÷Sñ�í�óìí�ô[ñ�ï/ôÏð�ò�êoúÕª±¯�¬wüõ�í
ñ�í�ùú1ò4ïêoò!� ñBþ�ï�ø

p1 + p2 = 1, βp2 = 0.5.

2Yùï=øb÷
ììú�ð�ô�í�í
ñ�ìí��ò�ìï�é�ð<è�í�õ�÷vè���ì����ßí��ïû�õ��
δn

ôÏð�ò�êoú³ª±¯�¬�êoí/%Bìí öz÷
ýïô�÷mñ��Yôwè�ò¼ø�������ïê
í�û�ù�÷mö�í�ê �

δn =
2 − 3β

12
h3f ′′f 2 +

1

6
h3f ′2f + O(h4).

2Yí�ô[ñ�ùí�ïê ìò�ù�÷
þ�ò�ìô[ñ�þ�í=ø�è�é\õ�í�ì�ñ�ùímè�éBñ�í�óìí�ô[ñ�ïëþ�ú1óïôwè�ò�ìï��ëêoò[ñ�í�øb÷�þ
ñ�í�ùí�î�í<ýí�ù�é�ø'õ�÷��
ç4è�é4)[ñ�í�î�í ù�÷
ô�ô�êoí
ñ�ùïê þ�ô�ýí�êoí�îw÷mñ�òwè���ì���� ôÏð�ò�ê7�

yn+1,1 = yn + k1

ýò�ùþ�í�î�íâýí�ù�é�ø'õ�÷°ñ�í�óìí�ô[ñ�ï��m� ýí�êoí�p��� ï�ø'ò�ïßþmè�í/%Sò�ììú�ð êoò[ñ�í�ø'í�þ í ÿ ò�ìõ�� í��ïû�õï
εn,2êoò[ñ�í�øb÷ þ
ñ�í�ùí�î�í ýí�ù�é�ø'õ�÷�êoí/%Bìí�ì�÷��ñ�ï,ýí©�=í�ùê7�zè�ò

εn,2 = yn+1 − yn+1,1 = p2(k2 − k1).

ç4è�é�ýí�þ�úm��ò�ìï�é ì�÷zø'ò�%Bìí�ô[ñ�ï�øb÷
ììí���í ÿ ò�ìõï�þ�ú1û�ò�ùò�ê β = 1
��
�í�îÌøb÷Hô[ñm÷zø'ï�é

k1

þ�ú1óïôwè�éò[ñ �
ô²éSþHñ�í�óõ�ò

tn
ü�÷

k2

¦ þ�ñ�í�óõ�ò
tn+1

��3=÷
õ�ýí�õ�÷mö�ú1þ�÷� ñ=ù�÷
ô�óò[ñ�úYü�ïô�ýímè��
ö�í�þ�÷
ìïòÉýùí�ï�ö�þ�í�ø'ìú�ð
ùò���ò�ìï�é�þ õù�÷�ìï�ð=ñ�í�óõ�÷vð¡�S÷
îw÷ ýùïþ�í�ø'ï�ñHõ4û�ímè�ò�ò@ì�÷zø'ò�%Bìí�ê7�Yìò�ù�÷
þ�ò�ìô[ñ�þ�Hø�è�é<õ�í�ì�ñ�ùímè�é
ñ�í�óìí�ô[ñ�ï þ�ú1óïôwè�ò�ìï�����2Yùï

β = 1
õ�í�)!���=ï ÿ ïò�ì�ñ�ú êoò[ñ�í�øb÷Yþ
ñ�í�ùí�î�í=ýí�ù�é�ø'õ�÷Yí�ýùò¼ø'òwè�é�� ñ�ô²é

í�ø'ìí
ö�ì�÷zóìí � p1 = p2 = 0.5
ü�÷Hè�í�õ�÷vè���ì�÷mé�í��ïû�õ�÷

δn

ï ìò�ù�÷
þ�ò�ìô[ñ�þ�íYø�è�é õ�í�ì�ñ�ùímè�é ñ�í�óìí�ô[ñ�ï
þ�ú1óïôwè�ò�ìï���ïêoò!� ñvü�ô�í�í
ñ�þ�ò[ñ�ô[ñ�þ�ò�ììíü'þ�ï�ø

δn = −
1

12
h3f ′′f +

1

6
h3f ′2f + O(h4), 0.5‖k2 − k1‖ ≤ ε,

îÌø'ò
‖ · ‖

¦ ìò�õ�í
ñ�í�ù�÷mé/ìí�ùê$÷Sþ
RN

ü
ε Ö ñ�ùò�û��ò�ê$÷mé,ñ�í�óìí�ô[ñ��Bïì�ñ�ò�î�ùïùí�þ�÷
ìï�é��
�ò�ýò�ù��°ýí�ô[ñ�ùí�ïê ìò�ù�÷
þ�ò�ìô[ñ�þ�í�ø�è�é õ�í�ì�ñ�ùímè�é|��ô[ñ�í��óïþ�í�ô[ñ�ïÓª±¯�¬4ýùò¼ø�è�í/%Sò�ììú1ê þ|® ¯F°

ô�ýí�ô�í�û�í�ê(��ç4è�é$)[ñ�í�î�í ù�÷
ô�ô�êoí
ñ�ùïê�þ�ô�ýí�êoí�îw÷mñ�òwè���ì���� ô[ñm÷zø'ï��
k3 = hf(yn+1)

�#, ÷
êoò[ñ�ïê1üó�ñ�í
k3

ô�í�þ�ý�÷zøb÷
ò[ñBô�íBô[ñm÷zø'ïò!�
k1

ü�õ�í
ñ�í�ù�÷mé/ýùïêoò�ì�éò[ñ�ô²é�ì�÷ ôwè�ò¼ø�������ò�ê��S÷
î�ò4ïì�ñ�ò�î�ùïùí�þ�÷
ìï�é ü
ï ýí�)[ñ�í�ê7� ò�ò¡ïô�ýímè��
ö�í�þ�÷
ìïò ìò ýùïþ�í�ø'ï�ñ<õ�ø'í�ýímè�ìï�ñ�òwè���ìú1ê þ�ú1óïôwè�ò�ìï�éê ýù�÷
þ�í�� ó�÷
ô[ñ�ï
ô�ïô[ñ�ò�êoú×ªT¤F¬>�5, ÷
ýï���ò�êKô[ñm÷zø'ïï

k1

ü
k2

ï
k3

ýùïêoò�ìï�ñ�òwè���ìí�õ¯öz÷zøb÷zóò
y′ = Ay

ü îÌø'ò©' ò�ô[ñ��
ê$÷mñ�ùï ÿ ÷ ô=ýí�ô[ñ�ízéììú1êoï/õ�í�)!���=ï ÿ ïò�ì�ñm÷
êoï��	"�ùò[ö!�zè��zñm÷mñ�ò<ýímè#��óïê

k1 = Xyn, k2 = (X + X2)yn, k3 = (X + X2 + 0.5X3)yn,
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îÌø'ò
X = hA

��î4ò�î�õ�í þ�ï�ø'ò[ñ��ü�ó�ñ�í

k2 − k1 = X2yn, 2(k3 − k2) = X3yn.


�í�îÌøb÷°ô�í�îÏè'÷
ô�ìí6® ´8°1í ÿ ò�ìõ�� ê$÷
õ�ô�ïê$÷vè���ìí�î�íâô�í�û�ô[ñ�þ�ò�ììí�î�í óïôwè'÷
vn,2 = hλn max

ê$÷mñ�ùï ÿ ú
9Yõ�í�û�ï,ô�ïô[ñ�ò�êoúÕªT¤F¬�êoí/%Bìí�þ�ú1óïôwè�ï�ñ��Býíw�=í�ùê7�zè�ò

vn,2 = 2 max1≤i≤N (|ki
3 − ki

2|/|k
i
2 − ki

1|).
ªr´�¬

�Hûmè'÷
ô[ñ�����ô[ñ�í��óïþ�í�ô[ñ�ï°êoò[ñ�í�øb÷Bþ
ñ�í�ùí�î�íBýí�ù�é�ø'õ�÷�ü'ýímè#��óò�ìì�÷mé�þ ïìô[ñ�ù���êoò�ì�ñm÷vè���ìí��âô�ùò¼ø'ò
�¡�(ï4'ð® ñF°�üýí�õ�÷möz÷
ì�÷�ì�÷Sùïô���ìõ�ò�

�Yì�ñ�ò�ùþ�÷vè\��ô[ñ�í��óïþ�í�ô[ñ�ïâóïôwè�ò�ììí��¯ôÏð�ò�êoúòª±¯�¬¡ýùïûmè�ï�ö�ï�ñ�òwè���ìí2ù�÷
þ�ò�ì2ø'þ��ê(��2Yí�)[ñ�í�ê7�
ø�è�é,õ�í�ì�ñ�ùímè�é/ò�ò���ô[ñ�í��óïþ�í�ô[ñ�ï�êoí/%Bìí�ýùïêoò�ì�é�ñ��Bìò�ù�÷
þ�ò�ìô[ñ�þ�í

vn,2 ≤ 2
�

2Yímè#��óò�ìì���� í ÿ ò�ìõ��Mªr´�¬Éêoí/%Bìí ô�óï�ñm÷mñ��\î�ù���û�í��/ýí
ñ�í�ê7�,ó�ñ�í � ¤F¬1þ�í�þ�ô�ò=ìò4í�ûzé�öz÷mñ�òwè���ìí
ê$÷
õ�ô�ïê$÷vè���ìí�òYô�í�û�ô[ñ�þ�ò�ììí�ò=óïôwè�í�ô�ï�è���ìí�í
ñ�ø'òwè�ò�ìí í
ñ�í�ô[ñm÷vè���ìú�ð	Æ	¯�¬@þSô[ñ�ò�ýò�ììí�êßêoò[ñ�í�ø'ò
ýùïêoò�ì�éò[ñ�ô²é/ê$÷vè�í�ï�ñ�ò�ù�÷ ÿ ï���Æ�´�¬^ø'í�ýímè�ìï�ñ�òwè���ìú1ò4ïô�õ�÷8%Sò�ìï�é,þ�ìí�ô�ï�ñ�ìòwè�ïìò!�ìí�ô[ñ�� öz÷zøb÷ �
óï�ªT¤F¬>��2Yí�)[ñ�í�ê7�<öwø'ò�ô!�4õ�í�ì�ñ�ùímè�����ô[ñ�í��óïþ�í�ô[ñ�ïBïô�ýímè��
ö!��ò[ñ�ô²é\õ�÷
õ�í�î�ù�÷
ìïóï�ñ�òwè��4ì�÷Hù�÷mö�êoò�ù
�S÷
îw÷ ïì�ñ�ò�î�ùïùí�þ�÷
ìï�é��8"¯ùò[ö!�zè��zñm÷mñ�òÉýùí�î�ìí
ö�ïù���ò�êoú(���S÷
î

hn+1

þ�ú1óïôwè�ïê�ôwè�ò¼ø�������ïê°í�û �
ù�÷mö�í�ê(�ÇYí�þ�ú(���S÷
î

hac
ýí ñ�í�óìí�ô[ñ�ï�í�ýùò¼ø'òwè�ïê¯ýí �=í�ùê7�zè�ò

hac = q1hn

üvîÌø'ò
hn

ò�ô[ñ��Hýí�ôwè�ò¼ø �
ìï��¡��ô�ýò���ìú(�p�S÷
î$ïì�ñ�ò�î�ùïùí�þ�÷
ìï�é ü
÷

q1

üzôz��óò[ñ�í�ê�ô�í�í
ñ�ìí��ò�ìï�é
k2−k1 = O(h2

n)
ü�öz÷zøb÷
ò[ñ�ô²é

��ù�÷
þ�ìò�ìïò�ê
q2
1‖k2 − k1‖ = ε

�7ó ÷
î
hst

ýí*��ô[ñ�í��óïþ�í�ô[ñ�ï öz÷zøb÷zø'ïêÔ�=í�ùê7�zè�í��
hst = q2hn

ü
îÌø'ò

q2

ü�ôÉ��óò[ñ�í�ê ù�÷
þ�ò�ìô[ñ�þ�÷
vn,2 = O(hn)

ü�í�ýùò¼ø'òwè�éò[ñ�ô²éëï�ö���ù�÷
þ�ìò�ìï�é
q2vh,2 = 2

��"�ùò[ö!�zè�� �
ñm÷mñ�ò<ýùí�î�ìí
ö�ïù���ò�êoú(���S÷
î

hpro
n+1

þ�ú1óïôwè�éò[ñ�ô²é�ýí ôwè�ò¼ø�������ò!�*�=í�ùê7�zè�ò �

hpro
n+1 = max[hn, min(hacc, hst)].

ªôÅ�¬

çS÷
ìì�÷mé*�=í�ùê7�zè'÷Býí
ö�þ�ímè�éò[ñ\ô[ñm÷
û�ï�è�ï�ö�ïùí�þ�÷mñ��2ýí�þ�ò¼ø'ò�ìïòp�S÷
îw÷Bì�÷©��ó�÷
ô[ñ�õ�òõ��ô[ñm÷
ìí�þmè�ò�ìï�é
ùò���ò�ìï�é ü�îÌø'òYí�ýùò¼ø'òwè�é�������� ùímè���ïî�ù�÷
ò[ñw��ô[ñ�í��óïþ�í�ô[ñ������Yêoò�ììí�ì�÷vè�ïóïòHñm÷
õ�í�î�íw��ó�÷
ô[ñ �
õ�÷âô�����ò�ô[ñ�þ�ò�ììí í�î�ù�÷
ìïóïþ�÷
ò[ñ þ�í
ö�êoí/%Bìí�ô[ñ�ïßýùïêoò�ìò�ìï�é éþ�ìú�ð�êoò[ñ�í�ø'í�þ¯ø�è�éßùò���ò�ìï�é
%Sò�ô[ñ�õï�ð,öz÷zøb÷zó��
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ö(¸|÷ æ�øz½�æ1ä=å�Â7ÀÏÄ'æ�Ä�»�ãEù�Â

¶�÷
ô�ô�êoí
ñ�ùïê öz÷zøb÷zó��¨3Yí��ï¯ø�è�é ô�ïô[ñ�ò�êoú í�û�ú1õìí�þ�ò�ììú�ð¯ø'ï����=ò�ùò�ì ÿ ï�÷vè���ìú�ðM��ù�÷
þ�ìò�ìï��
þ�ï�øb÷

y′ = f(y), y(t0) = y0, g(y, t) ≤ 0,
ª±ñ�¬

îÌø'ò
g(y, t)

¦ ô�í�û�úÉñ�ï��ì�÷mé|����ìõ ÿ ï�é ü�ï�è�ï ìòwè�ïìò!�ìú(��ýùò¼ø'í�ð�ù�÷
ìï�ñ�òwè����¹2Yí�ô�õ�ímè���õ�� êoìí �
î�ïò�êoí�ø'òwè�ï übýùò¼ø'ô[ñm÷
þmè�é�����ïò�ïì�ñ�ò�ùò�ô
übè�ïìò!�ìúYübû��ø'ò�ê�ù�÷
ô�ô�ê$÷mñ�ùïþ�÷mñ��ëï�ð�õ�÷
õ�ì�÷
ïû�ímè�ò�ò
þ�÷8%Bìú(�\õ�è'÷
ô�ô�ô�í�û�úÉñ�ï��ìú�ð$����ìõ ÿ ï����#, ÷
êoò[ñ�ïê1ü�ó�ñ�í4è���û�í��\ìòwè�ïìò!�ìú(�2ýùò¼ø'í�ð�ù�÷
ìï�ñ�òwè��
êoí/%Bìíëýùïþ�ò�ô[ñ�ï õ/è�ïìò!�ìí�ê7�°þ�ï�ø��2ø'í�û�÷
þmè�ò�ìïò�ê ø'í�ýímè�ìï�ñ�òwè���ìí��.�4÷mö�í�þ�í��°ýò�ùò�êoò�ììí��
x = g(y, t)

��" ùò[ö!�zè��zñm÷mñ�ò<öz÷zøb÷zó��.ª±ñ�¬Éêoí/%BìíSýò�ùò�ýïô�÷mñ��\þ�þ�ï�ø'ò

y′ = f(y),

x′ =
∂g

∂y
f(y) +

∂g

∂t
,

ªrú�¬

x ≤ 0.

,�ø'ò�ô!�=ýùïìïê$÷
ò[ñ�ô²é ü�ó�ñ�í=ô�í�û�úÉñ�ï��ì�÷mé©����ìõ ÿ ï�é�è�ïìò!�ì�÷���ÇYï�%Sò$ø�è�é�ýùí�ô[ñ�í
ñ�úßû��ø'ò�êâýùò¼ø �
ýímè'÷
îw÷mñ��ü�ó�ñ�í ïôÏð�í�ø'ì�÷mé,öz÷zøb÷zó�÷Sô�õ�÷vè�éùì�÷mé����¡ø'ì�÷
õ�í�þ�ô�ò=ýùïþ�ò¼ø'ò�ììú1ò4ìï�%Sò=ù�÷
ô�ô���%Sø'ò�ìï�é
ù�÷
ô�ýùí�ô[ñ�ù�÷
ì�é�ñ�ô²é ì�÷\ô�ïô[ñ�ò�êoú����Hô�í�û�í�ò�þ�ìïê$÷
ìïòSôwè�ò¼ø���ò[ñ/í�û�ù�÷mñ�ï�ñ��2ì�÷ëþ�ú1û�í�ù°êoò[ñ�í�øb÷ëïì �
ñ�ò�î�ùïùí�þ�÷
ìï�é��E2Yímè�ìí�ô[ñ���� ìò[éþ�ìú(�°êoò[ñ�í�ø ïô�ýímè��
ö�í�þ�÷mñ��\ìòwè��
ö�é ü'ýí
ñ�í�ê7�/ó�ñ�í\í�ì/ñ�ùò�û��ò[ñ
þ�ú1óïôwè�ò�ìï�é

f(y)
þSýí
ñ�ò�ì ÿ ï�÷vè���ìí�í�ý�÷
ô�ìí��2í�ûmè'÷
ô[ñ�ï üîÌø'ò=êoí�ø'òwè���ìòYí�ýùò¼ø'òwè�ò�ì�÷�����ø'ù���î�í��

ô[ñ�í�ùí�ìúYüzéþ�ìú1ò$êoò[ñ�í�ø'ú ï�ö�þ�ò�ô[ñ�ìú ý�è�í�ð�í�����ô[ñ�í��óïþ�í�ô[ñ�������2Yí�)[ñ�í�ê7�Höwø'ò�ô!� û��ø'ò�ê/ïô�ýímè��
ö�í �
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