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Ç
Ì�¿h¼ÊÀÆÇ�Åh·u¹�º�À1»ÑÎ|¾�ÍÑ»½ÄÂ»Ñ¹�Ü�É�Í½ÀÂÁ$ÎSÀÂ¹�º�Å
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Þ$ß�àâá$ã'ä å`æKá$ç`è1å�é å�ê4ågë�ìíì�á`î�ïKð�ê4ð�ñ|ð æ�ìGò
ó�ô
õ�õ�ö`÷
ø�ùúöûõ�úõsø�ü�ödý,úþ£ø�ü�ÿ�ù÷��'ú����Sü�ùü�þ��ú�ô��	��þ�
���ý�ù�ô��þü�þú����ú���ô

A(t)x′(t) +

t
∫

0

K(t, τ)x(τ)dτ = f(t), t ∈ [0, 1], �����

x(0) = a, �����
ÿ��'ü

A(t), K(t, τ) � ö$ô¯ø�ùú���
 ù�ô��hö`ü�ùþ÷�õsø�ú
(n × n) � f(t) � n � ö`ü�ùþ�ô��lú�� �ü�õsø�þ�ô��!�ü�"£ø�÷�ù ��|ý�þ�"��ú�� � x(t) � n � ö`ü�ùþ�ô��uúõ�"�÷�ö$ô��#�ü�"£ø�÷�ù � �|ý�þ�"��ú��%$'&®ù�ô�(�÷
ø�üAù�ô
õ�õ�ö`÷
ø�ùü�þÝõ)��ý+*�ô�� � "�÷�ÿ���ôö$ô¯ø�ùú���ô

A(t) � �
1ù÷-,#�'ü�þþ�ô�� � ø�$�ü�$
det A(t) = 0 ∀t ∈ [0, 1]. �/.'�

0|÷��Zùü21�ü�þúü�ö3�Yô-��ô-*ú �����)�'�����54 ÷��'ù�ô���ý�ö`ü��ô
üsø�õ6�7�	89(�ô��|þü 4 ùü�ù�
:�þ÷;�'ú����Sü�ùü�þ��úù£ý�ü�ö$ô��
�ü�"£ø�÷�ù � �|ý�þ�"��ú�� x(t) � "�÷
ø�÷�ù�ô��2÷�(�ù�ô�<uô
üsøuúõ=��÷��'þ£ý+8 õ�úõsø�ü�ödý>�ø�÷-,#�'ü�õsø��÷�$?0|ùü@� 4 ÷��'ô
ÿ�ô
üsø �õ6� � *£ø�÷lþ�ô-*�ô��	��þ�
1üA��ô
þþ�
1ü/õ�÷�ÿ=�'ô
õ�÷��ô
þ�
xõ 4 ù�ô��÷��B*�ô
õsø���8 � ø�$�ü�$<úõ=��÷��'þ�ô��C�Yô-��ô-*�ô úö`ü�üsø
ùü21�ü�þúü úD���÷��'þ�
1üE��ô
þþ�
1ü

A(t), K(t, τ), f(t)
÷�(��'ô-��ô�8Gø�þü�÷�( ��÷��'úö`÷��®õsø�ü 4 ü�þ���8xÿ=�'ô-�5"�÷ �

õsø�ú%$
F ø¯ôÝù�ô�(�÷
ø¯ôE����?�üsø�õ6� 4 ù÷��'÷��?,uü�þúü�öWúõ�õ)��ü@�'÷��ô
þú�� � þ�ô-*�ô¯ø�
��33G ��H $	0|ùú��ü@�'ü�öWþü�"�÷
ø�÷ �

ù�
1ü4÷ 4 ùü@�'ü)��ü�þú��/ú,ú�� �ü�õsø�þ�
1üZùü2��ý-�	�Yø¯ô¯ø�
 4 ÷I��ô
þþ÷��2ø�ü�ö$ô¯ø�ú�"�ü�$
JEKML ��N`��	�������� �

[2]
$PO�z
r���t?Q�z

A−(t)
p�z�R�S$�¯z��sr�qÂ�����Â��v��-TÂ��z
rup��-U }®{|z
r���t?Q��

A(t)
�

��qÊ��t �Yp�zRv�w¯�y���'�sr��
���£���sr v���z��¯p��sp�t?V
A(t)A−(t)A(t) = A(t).

∗ W?X)Y2Z2[@X]\2^`_�Z)a�b�c�b�X]_�d�e;fge�b�X)b�h�Z2\2Z2ij_�Z=k�k�c�d�l:m cnW�Z�h�h�e�i�h�m Z2o�ZpfgZ2b k�XMfgq b k�X2r�c�b�[@X@a�s2b�^%tje�h�hua�cuk�Z2\�X)b�e�iv o�d�X)b�[)^�wyx2z@{|x�}�{|~�}=x�}=���]�nc�a+�6w�x �={|x�}�{|�2x2x2x���e�e�b�[)c�o�d�X)��e�Z2b�b�Z2o�Z;_�d�Z2c�m�[@X�wy�:�`��W'�M�;��© � b�h�[)e�[)q [:\2^`��e�hua�e�[)c�a�s2b�^%t�[)c�t-b�Z)a�Z2o�e�i��5e�Y2e�d�h�m Z2o�Z�Z2[�k�c�a�c�b�e-��W�Z�h�h�e�i�h�m Z2i�X)m-X6k�c=r�e�e9b�X6q m����)x2x2~��
���
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°uô
þþ÷�üKý�ù�ô��þü�þúü 4 ü�ùü 4 ú�1�ü�ö±E�ú��'ü

V A = 0, �³²��
ÿ��'ü

V = E − AA−.JEKML ��N`��	�������� #
[3]

$�O�z
r���t?´�p?SjUW��v'´£�Y}
λA(t) + K(t, t)

v�w¯�y���'�sr��
���£���sr8}���t�r�����t?V
µ ��z
p	¶ ·�qsr��s���sp?¸	¹�p�z2�Yr��'�@R¯}��

[0, 1]
�1��qÊ��t

rank A(t) = deg det(λA(t) + K(t, t)) = k = º�»�¼�½�¾
∀t ∈ [0, 1].¿/���|�ÁÀ �

[4]
$�Â4v�qsr#¸~{|z
r���t?´�p?SjUW��v'´£�Y}

λA(t) + K(t, t)
v�w¯�y���'�sr��
���£���sr }���t�r�����t?V

µ ��z
p	¶@ÃÊqsr��s���sp?¸	¹]p�zR�Yr��'�@R¯}��
[0, 1] Ä�Å ��¶Æwyz det(A(t) + V (t)K(t, t)) 6= 0 ∀t ∈ [0, 1].¿/���|�ÁÀW#

[5]
$pÆAqÊ��t ws�£��p����Yr���t?Q�z
r��Ê�	¸�p?SMÇ!´�t�q��Ê�

pi, vi, εi, i = 1, N,
��S`���Â��p��sp�� p�����z�Ã

�
�sp�qsr��
�
εi ≤ vi +

i−1
∑

j=0

pjεj,
r��uqs�
��z��
�sws��t��¯z �-Q��sp�}�z

εi ≤ vi +
i−1
∑

j=0

pj

(

i−1
∏

k=j+1

(1 + pk)

)

vj.

È �S÷�ùödý-��úù£ý�ü�öÉ�'÷�õsø¯ô¯ø�÷�*þ�
1ü�ý�õ)��÷��ú�� õsý�<�ü�õsø��÷��ô
þú��lú ü@�'úþõsø��ü�þþ÷�õsø�ú®þü 4 ùü�ù�
:�þ÷
�'ú����Sü�ùü�þ��úù£ý�ü�ö`÷�ÿ�÷ ùü21�ü�þú����Yô-��ô-*ú �����)�]����� $����� L ���ÁÀ �

[1]
$5Â4v�qsr#¸ ws�£�3R¯z
wyz�´�tËÊ�Ì)ÍY�9ÊÏÎ�ÍÝ��S`���Â��p��sp?SûqÊ�'�swyv'V:Ðut��4v�qÊ�'�y�¯t��5Ñ

Ì)Í
rankA(t) = deg[det(λA(t) + K(t, t))] = k = º�»�¼�½�¾ ∀t ∈ [0, 1];Î�Í
V (0)K(0, 0)a = (V (t)f(t))′|t=0;Ò Í
rankA(0) = rank(A(0)|f(0));Ó Í�ÔÆ�'��{S�sp�r#S

A(t), A′(t), A′′(t), K(t, τ), K ′

t(t, τ), K ′′

tt(t, τ), f(t), f ′(t), f ′′(t)
· p��s�
�'�2Ã

�	S$�¯p?S Ä
Å ��¶ÆwyzER¯z
wyz�´�zRt�{S���sr �swyt�p�qsr��
�sp�p��y�Sp��s�
�'���	S$�¯p��uwyt	Õ]Õ$���'�sp?Q�t
��v���{S�y�]�'�2Ö��sp�t�� Ä0|ù÷�"�÷�ö`ö`ü�þ£ø�úù£ý�ü�ö ý�õ)��÷��ú��2ø�ü�÷�ùü�öj
Á$	0|ü�ù��÷�üKý�õ)��÷��úüS÷��hþ�ô-*�ô
üsøÝ÷
ø�õsý�ø�õsø��úüZõ�úþÿsý-�?�ù �

þ�
�� ø�÷�*ü�"Wþ�ô ÷
ø�ùü2� "�ü
[0, 1],


ø�÷�ù÷�ü,ú�ø�ùüsø���ü/ý�õ)��÷��ú�� ÷��hþ�ô-*�ô�8Gø � *£ø�÷ 4 ù�ô��ô��B*�ô
õsø��×�Yô ���ô-*ú �����)������� ����?�üsø�õ6� õ�÷�ÿ=�'ô
õ�÷��ô
þþ÷�� � ø�ùüsø���ü,ý�õ)��÷��úü,÷
ø�ù�ô�,�ô
üsø ø�ü�÷�ùü�ödýCØ|ù÷�þü�"�ü�ù�ô �ØSô 4 ü)����ú � $jÙ � þ�ô�"�÷�þü�� � *üsø��ü�ù£ø�÷�ü ý�õ)��÷��ú��Ú����?�üsø�õ6�Ë"+�'ô
õ�õ�ú�*ü�õ�"úö ý�õ)��÷��úü�ö õsý�<�ü�õsø��÷ ��ô
þú�� þü 4 ùü�ù�
:�þ÷>�'ú����Sü�ùü�þ��úù£ý�ü�ö`÷�ÿ�÷�ùü21�ü�þú��Û�?�?� úþ£ø�ü�ÿ�ù�ô��	��þ�
��lý�ù�ô��þü�þú��DÜ�ù÷���ô�$
Ý ø�ö`üsø�úö � *£ø�÷7�?�?�?÷��'þ÷�ö`ü�ùþ÷�ÿ�÷uõ)��ý+*�ô�� 4 ü�ù��÷�ü�ý�õ)��÷��úü�ø�ü�÷�ùü�öj
 ÷��hþ�ô-*�ô
üsø � *£ø�÷uöj
É(
ý �'ü�ö
úö`üsø��Rúþ£ø�ü�ÿ�ù�ô��	��þ÷�üSý�ù�ô��þü�þúüI&�÷��	�Yø�ü�ùù�ôÞÜ�ù÷���ô�õ����'ù÷�ö

K(t, t) 6= 0 ∀t ∈ [0, 1].

ß1ßËà ìKã�ñ|ð æ�æ�á ðãâ/ð ä�á�ê7á
&���ô
þþ÷�ö ù�ô��)�'ü)��ü 4 ùü@�?��÷-,uü�þ ú ÷�(�÷�õ�þ÷��ô
þä*úõ)��ü�þþ�
:�lö`üsø�÷�� ùü21�ü�þú��Û�Yô-��ô-*ú �����)�j����� õý�õ)��÷��úü�ö �/.'��4 ü�ù��÷�ÿ�÷ 4 ÷�ù'���5"�ôuø�÷�*þ÷�õsø�ú%$å ô-��ô-�'úö þ�ôu÷
ø�ùü2� "�ü

[0, 1]
ù�ô��þ÷�ö`ü�ùþ£ý+8 õ�üsø�"£ý

∆h = {ti = ih, i = 0, 1, · · · , N, h = 1/N}.

Ý (�÷��hþ�ô-*úö
Ai = A(ti), fi = f(ti), Kij = K(ti, tj), Vi = E − A(ti)A

−(ti) � xi �æ4 ùú�(���ú �,uü�þþ÷�üÁ�hþ�ô-*ü�þúü4ø�÷�*þ÷�ÿ�÷Ýùü21�ü�þú��
x(ti).°7�?�Ýùü21�ü�þú��ç�Yô-��ô-*ú �����)�5�����g4 ùü@�?�'ô
ÿ�ô
üsø�õ6� 4 ùúö`ü�þú£ø���õ=��ü�ödý � ÷�õ�þ÷��ô
þþ£ý+8 þ�ô4þü2���þ÷�ö

ö`üsø�÷��'ü F �+��ü�ù�ô � �?�?��ô 4�4 ù÷�"�õ�úö$ô��úú 4 ù÷�ú�� �÷��'þ÷�� � ú7"��ô-�'ù�ô¯ø
ý�ùþ÷��¤�S÷�ùödý-��ü 4 ù�ô��
�� 4 ù'� �ö`÷
ý�ÿ�÷��	��þú�"�÷� � �?�?�è�
:*úõ)��ü�þú��/úþ£ø�ü�ÿ�ù�ô��'ô � $
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F ø¯ô�õ=��ü�ö$ôÝúö`ü�üsøA�ú��

Ai+1(xi+1 − xi) + h2

i+1
∑

j=1

Ki+1jxj = hfi+1, x0 = a, i = 0, 1, ..., N − 1. �����
0|ü�ùü 4 ú�1�ü�ö ����� Þ�ú��'üSùü�"£ý�ùùü�þ£ø�þ÷�ÿ�÷?õ�÷�÷
ø�þ÷�1�ü�þú�� �

(Ai+1 + h2Ki+1i+1)xi+1 = Ai+1xi + hfi+1 − h2

i
∑

j=1

Ki+1jxj, (5 � )

x0 = a, i = 0, 1, ..., N − 1.
����� L ���ÁÀ>#%$�Â4v�qsr#¸ ��S`���Â��p��sp?S v�qÊ�'�y�¯t��Mr������'��{ÁSñÌ Ä±Å ��¶ÆwyzEqs�
��z��
�sws��t��¯zx�-Q��sp�}�z

‖ x(tj) − xj ‖= O(h) ∀j = 1, N,
¶Æw¯�

xj

�Y�
�'�sw¯�Ê�'�sp?S�t�RÝqst�qsr���{ÁSòÊ�ó'ô)Í Äõ �	ö%À�÷�À���	��'����ø��]ù?úKö`þ÷-,RúöË"�ô�,#�'÷�üKú��Sù�ô��ü�þõsø� ����� þ�ô�ö$ô¯ø�ùú��£ý Vi+1.
Ù��S÷ 4 ùü@�'ü)��ü �þú�� �ç� �S÷�ùödý-�'ô �³²��=� õ)��ü@��ý�üsø � *£ø�÷ Vi+1Ai+1 = 0.

&ûùü2��ý-�	�Yø¯ô¯ø�ü 4 ÷���ý+*úö

h2Vi+1

i+1
∑

j=1

Ki+1jxj = hVi+1fi+1. �/¯'�
°uô���ü�ü 4 ÷��'ü��õsø�
ý�ü�ö�þ�ô�õsø�ù÷�"ú õ�úõsø�ü�öj
 �/¯'� ù�ô��hþ÷�õsø�þ�
1öIô
þ�ô���÷�ÿ�÷�öy�'ú����Sü�ùü�þ��ú�ô��	��þ÷�ÿ�÷
÷ 4 ü�ù�ô¯ø�÷�ù�ô>
ø�÷�ù÷�ÿ�÷ 4 ÷�ù'���5"�ô � ô?úö`ü�þþ÷2ú�� (i + 1) � ÿ�÷ ù�ô��ü�þõsø��ô �/¯'� �
:*£ø�ü�ö ý �5�÷�ü�þþ÷�ü

i � üù�ô��ü�þõsø��÷Rú 4 ùú�(�ô��úö (i − 1) � ü ��4 ÷���ý+*ü�þþ�
:��ùü2��ý-�	�Yø¯ô¯ø?ù�ô��)�'ü)��úöWþ�ô
h2

$?Ù|ö`ü�ü�ö

Vi+1

i+1
∑

j=1

Ki+1jxj − 2Vi

i
∑

j=1

Kijxj + Vi−1

i−1
∑

j=1

Ki−1jxj =

=
1

h
(Vi+1fi+1 − 2Vifi + Vi−1fi+1), i = 1, 2, ..., N − 1.

ó�ü2��ý-�	�Yø¯ô¯ø�÷�ö�õ)��÷-,uü�þú��A��ô
þþ÷��,õ�úõsø�ü�öj
 ú2õ�úõsø�ü�öj
 ����� ����?�üsø�õ6�
(Ai+1 + Vi+1Ki+1i+1 + h2Ki+1i+1)xi+1 − (Ai+1 − Vi+1Ki+1i + 2ViKii − h2Ki+1i)xi+

+
i−1
∑

j=1

(Vi+1Ki+1j − 2ViKij + Vi−1Ki−1j + h2Ki+1j)xj =

= hfi+1 + 1/h(Vi+1fi+1 − 2Vifi + Vi−1fi−1). ��é��°7�?�2ø�÷�*þ÷�ÿ�÷Ýùü21�ü�þú��
x(ti)

úö`ü�ü�öûô
þ�ô���÷�ÿ�ú�*þ£ý+8 ��é�� õ�úõsø�ü�ödý
(Ai+1 + Vi+1Ki+1i+1 + h2Ki+1i+1)x(ti+1) − (Ai+1 − Vi+1Ki+1i + 2ViKii − h2Ki+1i)x(ti)+

+
i−1
∑

j=1

(Vi+1Ki+1j − 2ViKij + Vi−1Ki−1j + h2Ki+1j)x(tj) =

= hfi+1 + 1/h(Vi+1fi+1 − 2Vifi + Vi−1fi−1) + hρi+1+

+1/h(Vi+1ρi+1 − 2Viρi + Vi−1ρi−1), �/û'�
ÿ��'ü

ρi � ÷�õsø¯ô¯ø�÷�*þ�
:��*+��ü�þ 4 ÷�ÿ�ùü21�þ÷�õsø�ú%$
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Ý (�÷��hþ�ô-*ú�

εj = x(tj) − xj,
ú�� ��é�� ú �/û'�)��4 ÷���ý+*úö

(Ai+1 + Vi+1Ki+1i+1 + h2Ki+1i+1)εi+1−

−(Ai+1 − Vi+1Ki+1i + 2ViKii − h2Ki+1i)εi + h2

i−1
∑

j=1

Lijεj = qi+1, �/ü'�
ÿ��'ü

Lij = Vi+1Ki+1j − 2ViKij + Vi−1Ki−1j + h2Ki+1j ; qi+1 = hρi+1 + 1/h(Vi+1ρi+1 − 2Viρi +
Vi−1ρi−1)

�ü)��ú�*úþ�
Á$
&�
1ù�ô�,uü�þúü

Vi+1Ki+1j − 2ViKij + Vi−1Ki−1j � ù�ô��)�'ü)��ü�þþ�ô��,ù�ô��hþ÷�õsø��E
ø�÷�ù÷�ÿ�÷ 4 ÷�ù'���5"�ô
4 ÷ 4 ü�ù��÷�� 4 ü�ùü�ö`ü�þþ÷�� � ô Vi+1Ki+1i − ViKii � ù�ô��)�'ü)��ü�þþ�ô���ù�ô��hþ÷�õsø�� 4 ü�ù��÷�ÿ�÷ 4 ÷�ù'���5"�ô 4 ÷
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Ai+1 − Vi+1Ki+1i + 2ViKii − h2Ki+1i = Ai+1 + ViKii − (Vi+1Ki+1i − ViKii) − h2Ki+1i =

= Ai+1 + Vi+1Ki+1i+1 + hDi+1i+1 − h2Ki+1i; ���-þ'�
Vi+1Ki+1j − 2ViKij + Vi−1Ki−1j + h2Ki+1j =

=
(

V (t)K(t, τ)
)

′′

tt

∣

∣

t=ti+1,τ=tj
+ h2Ci+1j = Ui+1j + h2Ci+1j , �������

ÿ��'ü
‖Di+1i+1‖, ‖Ui+1j‖, ‖Ci+1j‖ � ù�ô��þ÷�ö`ü�ùþ÷Ý÷�ÿ�ù�ô
þú�*ü�þþ�
1ü�$
0|÷ç��ü�ö`ö`ü � ö$ô¯ø�ùú���ô Ai+1 + Vi+1Ki+1i+1

þü��
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εi+1 = (Ai+1 + Vi+1Ki+1i+1)

−1(Ai+1 + Vi+1Ki+1i+1 + hDi+1i+1)εi−

−h2

i−1
∑

j=1

Lijεj + qi+1, i = 0, 1, ..., N − 1, �������
ÿ��'ü

Lij = (Ai + ViKi)
−1Lij, qi = (Ai + ViKi)

−1qi;

(Ai+1 + Vi+1Ki+1i+1)
−1(Ai+1Vi+1Ki+1i+1 + hDi+1i+1) = E + hDi+1i+1,
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‖Di+1i+1‖ � ù�ô��þ÷�ö`ü�ùþ÷�÷�ÿ�ù�ô
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ö 4 ÷ þ÷�ùö`ü ��Yô 4 ú�1�ü�ö

‖E + hDi+1i+1‖ ≤ 1 + hd, ‖Lij‖ ≤ l, ‖qi+1‖ ≤ q, ���-.'�
ÿ��'ü

l, q, d � ù�ô��þ÷�ö`ü�ùþ÷�÷�ÿ�ù�ô
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Á$
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‖εi+1‖ ≤ (1 + hd)‖εi‖ + h2l

i−1
∑

j=1

‖εj‖ + q.
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‖εj‖ = ‖(x(tj) − xj)‖ = O(h) ∀j = 1, N.ÿ�ü�÷�ùü�ö$ôI�'÷�"�ô��Yô
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Ai+1

1

h

k
∑

l=0

ρlxi+1−l + h

i+1
∑

j=0

ωi+1jKi+1jxj = fi+1, ��� ²��
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ÿ��'ü 1

h

k
∑

l=0

ρlxi+1−l � ô 4�4 ù÷�"�õ�úö$ô��ú�� x′(ti+1) � h
i+1
∑

j=0

ωi+1jKi+1jxj � ô 4�4 ù÷�"�õ�úö$ô��ú�� úþ£ø�ü �
ÿ�ù�ô��	��þ÷�ÿ�÷Ýõ)�'ô
ÿ�ô
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ÿ�ô
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x1, x2, ..., xk−1
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 ��� ²�� ö`÷�ÿsý�øç(�
Aø��E���þ�
1ö`ú 4 ùú ωi+1i+1 = 0
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1ö`ú 4 ùú ωi+1i+1 6= 0
$
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ρ0Ai+1 + h2ωi+1i+1Ki+1i+1.
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K(t, t) 6= 0 ( � � ¾ K(t, t) 6= 0) ∀t ∈
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1ü~ö`üsø�÷��5
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(

1 t
t t2

)(

x′

1(t)
x′

2(t)

)

+

∫ t

0

(

et−τ 2eτ

1 2et+τ + 1

)(

x1(τ)
x2(τ)

)

dτ =

(

et(t + 1) − te−t + 2t
et(3t + 1) − e−t(t2 + 1)

)

,

t ∈ [0; 1], x0 = (1, 1)> � ø�÷�*þ÷�üSùü21�ü�þúü x = (et, e−t)>.ó�ü2��ý-�	�Yø¯ô¯ø�
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