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ÉËÊ�ÌÍÎhÏÍÐ�ÏFÑ�ÎhÐ�ÒÌÌÔÓhÌÕ'ÒÐhÕ'ÌÍ�Ö
×{ÌØÎhÙhÚÐ�ÏTÛ�ÙnÑ�Ð�ÏØÌÜ�Ð�ÙnÑ�ÌÝÌÙhÙsÊ�Î»Õ'Ð�Ü�Ö
ÍÌÎÞÒ�Öªß]Ü�ÌjÑ�ÌjàT×$ÖtÊ�á�â
Ü�Ð
ß]×�Ûã�ÎhÍÌÏäÜæå�Ê�Ð�ÙhÚÐ�å�Ö
Ò�ÖtÊÊ�ÎsÊ�ç�Íá�âèÑ�ÎhØÎhÍÌjà�âèÜ
àjß]ÚÐ�Ïêé`ÌÕ'ÚÐ�ÙnÑ�ÌèÙhÜ�ÐhÕ'ÌjÑ�Ù§àèÚëÌjß]Ü�ÎhÙnÑ�ÍÐ�Ï
ß�Ö�Õ¾Ö�ØÎ�ì?ÒÒ�Ötí`î¾Ð�×{×{ÎhÒïUÎsÊ�çtÕ¾Ö0ð¢ñhò �

D4v − 2α2D2v + α4v = iα ó � [(U − c)(D2v − α2v) − vD2U ], ô ñtõ
ÓÁÕ'Î

D = d/dy ö α í÷Ü�ÐªÊ�ÍÐ�Ü�Ð�ÎEØÌÙsÊ�Ð ö¾ó � í÷ØÌÙsÊ�Ð¹ø�ÎhÏÍÐªÊ�çtÕ'Ù]Ö ö c = cr + ici ö v = vr + ivi
í

ÌÙhÚÐ�×{á,ÎEÚÐ�×{å�Ê�ÎhÚÙhÍá,Î�ÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍÐ�ÎEØÌÙsÊ�Ð´Ì=ïSÛ�ÍÚúÌjà ö i íû×{ÍÌ×$Öªà0Î»Õ'ÌÍÌú�Öjü
ýEÊ�à�Ñ�ÎhØÎhÍÌjà�þ?Û�Öªß]ÎhÏ�Ê�àKÜÿÑ�ÒjÛ�ù�ÎEåÒÐ�ïUÌ�Ê�ç´ÙhÚÐ�ÒÐ�ÙnÑ�ÌKÐ�ÙhÍÐ�Ü�ÍÐ�ÓhÐ´åÐ
Ñ�Ð�Ú�Ö

U(y) = 1 − y2, −1 ≤ y ≤ 1,

Ö
v(y)

Û]Õ'Ð�ÜªÊ�ÎnÑ�Ü�Ð�Ò�àÎnÑ`ÓhÒ�Ö
ÍÌØÍá,×ëÛ�ÙsÊ�Ð�Ü�Ìjà× �
v(−1) = Dv(−1) = v(1) = Dv(1) = 0. ô�� õ

ýEÊ�àêÑ�ÎhØÎhÍÌjà��$Ê'Öªß]ÌjÛ�Ù]Ö Í�Ö�Õ*å�Ê�Ð�ÙhÚÐ�ÏäåÐªÊ�Û�ù�ÎhÙhÚÐ�ÍÎhØÍÐ�Ïäå�Ê'Ö
ÙnÑ�ÌÍÐ�Ï
U(y) = f(y) ö ÓÁÕ'Î

f(y)
Í�Ötâ�ÐhÕ'ÌjÑ�Ù§àKØÌÙsÊ�ÎhÍÍÐ`ÌjßUÛ�Ò�Ö
Ü�ÍÎhÍÌjà ð � ò �

f ′′′ +
1

2
ff ′′ = 0, f ′ → 1, f ′′ → 0,

åÒÌ
y → ∞ ô�� õ

ÙhÐ´ÙsÊ�Î»Õ�Û��9ã�Ì×{Ì�ÓhÒ�Ö
ÍÌØÍá,×{Ì=Û�ÙsÊ�Ð�Ü�Ìjà×{Ì �
v(0) = Dv(0) = v(∞) = Dv(∞) = 0. ô	� õ

ýEÊ�à7Ñ�ÎhØÎhÍÌjà
�$Ê'Öªß]ÌjÛ�Ù]Ö0ß�Ö�Õ¾Ö�Ø�Ö=Í�Ö0ù�ÎhÙhÚÐ�ÍÎhØÍÐ�×TÌÍjÑ�ÎhÒÜ�ÖtÊ�Î ô��jö ∞)
ÙhÜ�ÐhÕ'ÌjÑ�Ù§àÞÚÞÖ
Í�ÖtÊ�Ì �ßhÛêß�Ö�Õ¾Ö�ØÌäÍ�ÖÞÚÐ�ÍÎhØÍÐ�×<ÌÍjÑ�ÎhÒÜ�ÖtÊ�Î ô 0, L)

åÒÌäù�ÐªÊ�ç��Ì�â
L ö Öæß�ÖªÑ�Îh×<ÚëÊ�ÌÍÎhÏÍÐ�Ïèß�Ö
×{ÎhÍÎ

y = 1 − η/L
í Í�Ö ÌÍjÑ�ÎhÒÜ�ÖtÊ�Î

(0, 1)
ü���Ì×{×{ÎnÑ�ÒÌØÍÐäÐ
Ñ�Ð�ù�Ò�Öªé�Öªà åÒÐ�ïUÌ�Ê�çêÍ�ÖêÌÍjÑ�ÎhÒÜ�ÖtÊ

(0,−1) ö åÐªÊ�Û�Ø�Ö
Îh×èÖ
Í�ÖtÊ�Ð�ÓhÌØÍjÛ��ÝÑ�ÎhØÎhÍÌ�� þ?Û�Öªß]ÎhÏ�Ê�à=ß�Ö�Õ¾Ö�ØjÛ�ü
�SÙhÙsÊ�Î»Õ'Ð�Ü�Ö
ÍÌ��<ß�Ö�Õ¾Ö�ØÌ ì?ÒÒ�Ötí`î¾Ð�×{×{ÎhÒïUÎsÊ�çtÕ¾Ö0åÐ�ÙhÜ
àjã�ÎhÍÐK×{ÍÐ�éÿÎhÙnÑ�Ü�ÐKÒ�Ö
ù�Ð
Ñ ð � ò�ü���Ê'Ö
Ü �Íá,×{ÌäúÎsÊ�à×{ÌèØÌÙsÊ�ÎhÍÍÐ�ÓhÐ ÒÎ���ÎhÍÌjàäåÒÌèß�Ö�Õ¾Ö
ÍÍÐ�× Ð�ÙhÍÐ�Ü�ÍÐ�× Ñ�ÎhØÎhÍÌÌäàÜªÊ�à��9Ñ�Ù§à � åÐ�ÌÙhÚ
�© ������������ !�#"�$&%����('�����)�'�*���$,+-��)�+.��/�'�/�01��2435��6���7���8!/�01/9/��1:)�'�)1���.;=<�/>�1����2���8!/�2�?�8.?@:)BA�������?@ !8DC�E�F�F�G�H

�JI



�JK LNMBOPM�QSR>TPU9RWVYX
ÚÒÌÜ�Ð�Ï ÍÎhÏjÑ�Ò�ÖtÊ�ç�ÍÐ�Ï Û�ÙnÑ�Ð�ÏØÌÜ�Ð�ÙnÑ�Ì ô ci = 0

õ ö ÚÒÌÜ�Ð�Ï åÐ�ÙnÑ�Ð�àÍÍÐ�Ï ÙhÚÐ�ÒÐ�ÙnÑ�Ì-ÒÐ�ÙnÑªÖ
ô αci = Z>[J\�]1^ õ ö Ü�á,ØÌÙsÊ�ÎhÍÌÎ�ÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá�âèß]Í�Ö�ØÎhÍÌÏäÌëïSÛ�ÍÚúÌÏêÕ�Ê�à Õ¾Ö
ÍÍÐ�Ïèå�Ö
Òá÷åÐªÊ�Ð �é`ÌjÑ�ÎsÊ�ç�Íá�â0ß]Í�Ö�ØÎhÍÌÏ

α
Ì ó � üì?ÙhÍÐ�Ü�Íá,Î�×{ÎnÑ�ÐhÕ'áÇÒÎ���ÎhÍÌjàCåÒÌÍ�Ö�Õ�Ê�Îné�ÖªÑ´Õ'Ü
Û�×*Ú�Ê'Ö
ÙhÙ]Ö
× � ñtõ4ÚÐ�ÍÎhØÍÐ � Ò�Öªß]ÍÐ�ÙnÑ�Íá,Î�×{Î �Ñ�ÐhÕ'á<ð �!_�` ò�a � õ¼ÙhåÎhÚjÑ�Ò�ÖtÊ�ç�Íá,Î�×{ÎnÑ�ÐhÕ'á ö ÌÙhåÐªÊ�ç
ßhÛ��9ã�ÌÎ�Ò�ÖªßnÊ�Ð�éÿÎhÍÌÎEåÐ´åÐªÊ�ÍÐ�Ï=ÙhÌÙnÑ�Îh×{Î�Ð�Ò �Ñ�Ð�ÓhÐ�Í�ÖtÊ�ç�Íá�â=ïSÛ�ÍÚúÌÏ ð b ö5c ò�üdSÐ�ÍÎhØÍÐ � Ò�Öªß]ÍÐ�ÙnÑ�Íá,Î0×{ÎnÑ�ÐhÕ'áûàÜªÊ�à��9Ñ�Ù§àfehïUïUÎhÚjÑ�ÌÜ�Íá,×{ÌëåÒÌ Í�Ötâ�Ð�éÿÕ'ÎhÍÌÌêÍÎhÏjÑ�Ò�ÖtÊ�ç �ÍÐ�Ï�ÚÒÌÜ�Ð�Ï ö Í�Ö
Ì×{ÎhÍÎhÎ�Û�ÙnÑ�Ð�ÏØÌÜ�Ð�ÓhÐUÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍÐ�ÓhÐ?ß]Í�Ö�ØÎhÍÌjàÿÌ�ÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá�âÿïSÛ�ÍÚúÌÏ ü�þSÒÌ �×{ÎhÍÎhÍÌÎ�×{ÎnÑ�ÐhÕ'Ð�ÜÞÙhåÎhÚjÑ�Ò�ÖtÊ�ç�ÍÐ�ÓhÐ Ò�ÖªßnÊ�Ð�éÿÎhÍÌjàèåÐ
ß]Ü�ÐªÊ�àÎnÑÞÐ
Ñ�á,ÙhÚ�ÖªÑ�ç ÙhåÎhÚjÑ�ÒäÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá�â

ß]Í�Ö�ØÎhÍÌÏ ö ÍÐ7åÒÌ
enÑ�Ð�×ÇÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍ�Öªà ïSÛ�ÍÚúÌjà Ü�á,ØÌÙsÊ�àÎnÑ�Ù§à â�ÛéÿÎ
ü{É Ò�Ö
ù�Ð
Ñ�ÎCð bªò�Ù�åÐ�×{Ð �ã�çJ� Ò�ÖªßnÊ�Ð�éÿÎhÍÌjà7åÐ�åÐªÊ�ÌÍÐ�×$Ö
×hgSÎhù�á#��ÎhÜ�Ö¹ÌÙhÙsÊ�Î»Õ'Ð�Ü�Ö
Íá åÎhÒÜ�á,ÎÿÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá,Îÿß]Í�Ö�ØÎhÍÌjà
Õ�Ê�àCÑ�ÎhØÎhÍÌjà þ?Û�Öªß]ÎhÏ�Ê�à ö Ö�Üæð c ò$Ù�åÐ�×{Ð
ã�çJ�<×{ÎnÑ�ÐhÕ¾Öi�jÖtÊ�ÎhÒÚÌÍ�Ö0åÐ0åÐªÊ�ÌÍÐ�×$Ö
×hjEÎné�Ö
ÍÕ'Ò�Ö
ÌÙhÙsÊ�Î»Õ�Û�ÎnÑ�Ù§àCÙhåÎhÚjÑ�Ò=Ñ�ÎhØÎhÍÌjàk�$Ê'Öªß]ÌjÛ�Ù]Öjü

ÉêÕ¾Ö
ÍÍÐ�Ï=Ò�Ö
ù�Ð
Ñ�ÎSåÒÌ×{ÎhÍjàÎnÑ�Ù§à�×{ÎnÑ�ÐhÕCÚÐªÊÊ�Ð�Ú�Ö
úÌÌ=Ì�Ê�Ì=åÙhÎhÜtÕ'Ð�ÙhåÎhÚjÑ�Ò�ÖtÊ�ç�Íá,Ï�×{ÎnÑ�ÐhÕCåÐ
åÐªÊ�ÌÍÐ�×$Ö
×lgSÎhù�á#��ÎhÜ�ÖYÕ�Ê�à0ÌÙhÙsÊ�Î»Õ'Ð�Ü�Ö
ÍÌjà=Û�ÙnÑ�Ð�ÏØÌÜ�Ð�ÙnÑ�Ì�å�Ê�Ð�ÙhÚÐ�å�Ö
Ò�ÖtÊÊ�ÎsÊ�ç�Íá�â0Ñ�ÎhØÎhÍÌÏ ö ÜØ�Ö
ÙnÑ�ÍÐ�ÙnÑ�ÌKÑ�ÎhØÎhÍÌÏ7þ?Û�Öªß]ÎhÏ�Ê�àKÌm�$Ê'Öªß]ÌjÛ�Ù]Öjü

ø�Î���ÎhÍÌÎEß�Ö�Õ¾Ö�ØÌ ô ñtõ ö ô�� õ�Ìjã�Îh×èÜ�Ü�ÌÕ'ÎUÙsÊ�Î»Õ�Û��9ã�ÎhÓhÐ¹Ò�ÖªßnÊ�Ð�éÿÎhÍÌjà �

v(y) =

N
∑

n=0

znTn(y), −1 ≤ y ≤ 1, ô�` õ

ÓÁÕ'Î
Tn(y)

íûåÐªÊ�ÌÍÐ�×{ángSÎhù�á#��ÎhÜ�Ö
n � ÓhÐ´åÐ�Ò�àÕ'Ú�Ö0ñ � ÓhÐ�ÒÐhÕ¾Ö �

Tn(cos nθ) = cos nθ, n ≥ 0.

î Ö�Õ¾Ö
ÍÍá,Ï=åÒÐ�ïUÌ�Ê�ç´ÙhÚÐ�ÒÐ�ÙnÑ�ÌKÐ�ÙhÍÐ�Ü�ÍÐ�ÓhÐÿÑ�ÎhØÎhÍÌjàKÑªÖ
ÚjéÿÎUÒ�ÖªßnÊ'Ö
ÓsÖ
Îh×èÜ�Ò�àÕ �

U(y) =
N

∑

n=0

unTn(y), −1 ≤ y ≤ 1, ô b�õ
Ì=Í�Ötâ�ÐhÕ'Ì×èÚÐJehïUïUÌúÌÎhÍjÑ�á

un
ü

þSÐhÕ'ÙnÑªÖ
ÜªÊ�àjà ô�` õ ö{ô b�õ4Ü ô ñtõ ö ÌÙhåÐªÊ�ç
ßhÛ
àCÙhÜ�Ð�ÏÙnÑ�Ü�Ö¹åÐªÊ�ÌÍÐ�×{Ð�ÜogSÎhù�á#��ÎhÜ�Ö¹Ì7åÒÌÒ�Ö
Ü�ÍÌÜ�Öªà
ÚÐJehïUïUÌúÌÎhÍjÑ�á åÒÌUÒ�ÖªßnÊ�ÌØÍá�â

Tn ö åÐªÊ�Û�Ø�Ö
Îh×0Û�Ò�Ö
Ü�ÍÎhÍÌjà?Õ�Ê�àUÌÙhÚÐ�×{á�âUÚÐJehïUïUÌúÌÎhÍjÑ�Ð�Ü zn
�

1

24

N
∑

p=n+4
p≡n( mod 2)

[p3(p2 − 4)2 − 3n2p5 + 3n4p3 − pn2(n2 − 4)2]zp − (2α2 − iα ó � c)×

×
N

∑

p=n+2
p≡n( mod 2)

p(p2 − n2)zp + (α4 − iα ó � c)dnzn−

−
1

2
iα ó �

N
∑

p=2

zp

∑

m≡p( mod 2)
|m|≤p−2
|n−m|≤N

p(p2 − n2)ūn−m − α2
∑

|p|≤N
|n−p|≤N

z̄pūn−p−

−
∑

|p|≤N
|n−p|≤N

z̄p

∑

m≡|n−p|+2
m+n≡p( mod 2)

m(m2 − (n − p)2)un = 0, ô�c õ
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z̄p = d|p|z|p|, ūp = d|p|u|p|, −N ≤ p ≤ N, d0 = 2, dp = 1, p > 0,

p ≡ n(mod2)
Ð�ù�Ð
ß]Í�Ö�Ø�Ö
ÎnÑ ö ØjÑ�Ð p − n

Õ'ÎsÊ�ÌjÑ�Ù§àKÍ�Ö
úÎsÊ�Ð´Í�Ö � ü�SÙhåÐªÊ�ç
ßhÛ
à=ÙsÊ�Î»Õ�Û��9ã�ÌÎYÙhÜ�Ð�ÏÙnÑ�Ü�Ö´åÐªÊ�ÌÍÐ�×{Ð�Ü�gSÎhù�á#��ÎhÜ�Ö �
Tn(±1) = (±1)n, Tn(±1) = (±1)n−1n2,

×{Ð�é`ÍÐ�åÒÌÜ�ÎhÙnÑ�Ì�ÓhÒ�Ö
ÍÌØÍá,ÎUÛ�ÙsÊ�Ð�Ü�Ìjà ô�� õ�åÒÌ y = −1
Ì

y = 1
ÙhÐ�Ð
Ñ�Ü�ÎnÑ�ÙnÑ�Ü�ÎhÍÍÐ¹Ú=Ü�ÌÕ�Û

N
∑

n=0
n≡0( mod 2)

zn = 0,
N

∑

n=0
n≡0( mod 2)

n2zn = 0, ô�I õ

N
∑

n=1
n≡1( mod 2)

nzn = 0,
N

∑

n=1
n≡1( mod 2)

n2zn = 0. ô�K õ

ýEÊ�àEÑ�ÎhØÎhÍÌÏ�Ù¼ÙhÌ×{×{ÎnÑ�ÒÌØÍá,×æåÒÐ�ïUÌ�Ê�Îh×CÒ�Öªß]×{ÎhÒÿÙhÌÙnÑ�Îh×{á Û�Ò�Ö
Ü�ÍÎhÍÌÏ ô�c õ ÙhÐ�ÚÒ�ÖªãÿÖ
ÎnÑ�Ù§àÜtÕ'Ü�Ð�Î ö ÑªÖ
Ú�Ú�Ö
ÚK×{Ð�é`ÍÐ´Ò�Ö
ÙhÙh×$ÖªÑ�ÒÌÜ�ÖªÑ�ç¹Ñ�ÐªÊ�ç�ÚÐ¹ØÎnÑ�Íá,Î
zn ö n = 0, 2, ..., N = 2M

ü¾þSÒÌienÑ�Ð�×
Ö
Ü
Ñ�Ð�×$ÖªÑ�ÌØÎhÙhÚÌ�Ü�á,åÐªÊ�Íjà��9Ñ�Ù§àKÓhÒ�Ö
ÍÌØÍá,ÎUÛ�ÙsÊ�Ð�Ü�Ìjà ô�K õsüýEÊ�àêÍ�Ötâ�Ð�éÿÕ'ÎhÍÌjà

M + 1
ÍÎhÌjß]Ü�ÎhÙnÑ�Íá�âäÚÐJehïUïUÌúÌÎhÍjÑ�Ð�Ü

z2m ö m = 0, 1, . . ., M = N/2Ìjß
M + 3

Û�Ò�Ö
Ü�ÍÎhÍÌÏCåÒÌ×{ÎhÍjàÎnÑ�Ù§àCÑªÖ]Û � ×{ÎnÑ�ÐhÕ ð I ò ö ÚÐ
Ñ�Ð�Òá,ÏCß�Ö
Ú�Ê��6Ø�Ö
ÎnÑ�Ù§àCÜ�Ð
Ñ�ù�Ò�Ö
Ùhá,Ü�Ö
ÍÌÌ
Õ'Ü
Û�â åÐ�ÙsÊ�Î»Õ'ÍÌ�â*Û�Ò�Ö
Ü�ÍÎhÍÌÏ åÒÌ

m = M − 1, M
ÑªÖ
Ú ö ØjÑ�ÐêÙKÕ'Ü
Û�×�à*ÓhÒ�Ö
ÍÌØÍá,×{Ì Û�ÙsÊ�Ð �Ü�Ìjà×{Ì ô�I õUåÐªÊ�Û�Ø�Ö�9Ñ�Ù§à M + 1

Û�Ò�Ö
Ü�ÍÎhÍÌÎ�Õ�Ê�à
M + 1

ÍÎhÌjß]Ü�ÎhÙnÑ�Íá�â ÚÐJehïUïUÌúÌÎhÍjÑ�Ð�Ü
z2m ö

m = 0, 1, . . ., M − 1
ü ÉTÒÎnßhÛ�Ê�ç�ÑªÖªÑ�Î´Ìjß ô�c õ9åÐªÊ�Û�Ø�Ö
Îh×FÖtÊ�ÓhÎhù�Ò�Ö
ÌØÎhÙhÚjÛ�� ß�Ö�Õ¾Ö�ØjÛKÍ�Ö¹ÙhÐ�ù�ÙnÑ�Ü�ÎhÍ �Íá,ÎUß]Í�Ö�ØÎhÍÌjàKÐ�ù
ã�ÎhÓhÐ´Ü�ÌÕ¾Ö �

Az = cBz, ô ñ � õÓÁÕ'Î
z
íûÜ�ÎhÚjÑ�Ð�ÒKÍÎhÌjß]Ü�ÎhÙnÑ�Íá�â0Õ�Ê�ÌÍá

M + 1
a

A, B
íûÌjß]Ü�ÎhÙnÑ�Íá,ÎY×$ÖªÑ�ÒÌúáTÒ�Öªß]×{ÎhÒÍÐ�ÙnÑ�Ì

(M + 1) × (M + 1)
ÙsÊ�Î»Õ�Û��9ã�ÎhÓhÐ�Ü�ÌÕ¾Ö �

A =













1 1 1 ...1
0 4 9 ...N2

0 0 a11 ... a1,M−1

· · ·
0 0 aM−1,1 ...aM−1,M−1













, B =













0 0 0 ...0
0 0 0 ...0
0 0 b11 ...b1,M−1

· · ·
0 0 bM−1,1 ...bM−1,M−1













.

þSÎhÒÜ�á,ÎSÕ'Ü�ÎEÙnÑ�ÒÐ�ÚÌ7×$ÖªÑ�ÒÌú
A
Ì

B
åÐªÊ�Û�ØÎhÍáÝÌjß�ÓhÒ�Ö
ÍÌØÍá�âKÛ�ÙsÊ�Ð�Ü�ÌÏ ô�I õ ö Ö�esÊ�Îh×{ÎhÍjÑ�á

ai,j
Ì

bi,j
í Ìjß=Û�Ò�Ö
Ü�ÍÎhÍÌÏ ô�c õsü���Ö
ÚêÚ�Ö
Úë×$ÖªÑ�ÒÌú�Ö

B
Ìjß � ß�ÖæÍjÛ�Ê�ÎhÜ�á�âèåÎhÒÜ�á�â Õ'Ü
Û�âëÙnÑ�ÒÐ�Ú

Ð�ÙhÐ�ù�ÎhÍÍ�Öªà ö Ñ�ÐKÜ�Ð
ß]ÍÌÚ�Ö�9ÑKÑ�ÒjÛ]Õ'ÍÐ�ÙnÑ�Ì Ù´ÎhÎ´Ð�ù�Ò�Öªã�ÎhÍÌÎh×,ü�g?Ñ�Ð�ù�á Ìjß]ù�Îné�ÖªÑ�çienÑ�Ð�ÓhÐ ö Ð�ù�ÍjÛ�Ê�àjàÜ�ÍÎ»Õ'Ì�Ö
ÓhÐ�Í�ÖtÊ�ç�Íá,Î9esÊ�Îh×{ÎhÍjÑ�á ÌEÍÐ�Ò×{ÌÒjÛ
à?Õ'Ì�Ö
ÓhÐ�Í�ÖtÊ�ç�Íá,Î�esÊ�Îh×{ÎhÍjÑ�á åÎhÒÜ�á�â?Õ'Ü
Û�âUÙnÑ�ÒÐ�ÚY×$ÖªÑ �ÒÌúá
A
Ì=åÒÌ×{ÎhÍjàjàmenÑ�Ð`åÒÎhÐ�ù�Ò�Öªß]Ð�Ü�Ö
ÍÌÎUÐhÕ'ÍÐ�Ü�ÒÎh×{ÎhÍÍÐ´Ú=×$ÖªÑ�ÒÌúÎ

B ö åÐªÊ�Û�Ø�Ö
Îh× �

A =













1 0 0 ...0
0 1 0 ...0
0 0 ã11 ...ã1,M−1

· · ·
0 0 ãM−1,1 ...ãM−1,M−1













, B =













0 0 0 ...0
0 0 0 ...0

0 0 b̃11 ...b̃1,M−1

· · ·

0 0 b̃M−1,1 ...b̃M−1,M−1













.

��Ð�ù�ÙnÑ�Ü�ÎhÍÍá,ÎUß]Í�Ö�ØÎhÍÌjàKÙhÌÙnÑ�Îh×{á
(Ã − cB̃)z̃ = 0, ô ñ�ñtõ
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ÓÁÕ'Î

Ã =‖ ãik ‖M−1
1

Ì
B̃ =‖ b̃ik ‖M−1

1

í ÛéÿÎ ÍÎhÜ�á,ÒÐ�éÿÕ'ÎhÍÍ�ÖªàÔ×$ÖªÑ�ÒÌú�ÖèÒ�Öªß]×{ÎhÒÍÐ�ÙnÑ�Ì
(M − 1) × (M − 1) ö Ñ�ÎÿéÿÎ ö ØjÑ�Ð�Û�ÌÙÀâ�ÐhÕ'ÍÐ�ÏÞÙhÌÙnÑ�Îh×{á ô�c õsü�þSÒÌ×{ÎhÍjàjàKÕ¾ÖtÊ�ÎhÎ QZ � ÖtÊ�ÓhÐ�ÒÌjÑ�×ð K ò�Ú åÐªÊ�Û�ØÎhÍÍÐ�Ï ÙhÌÙnÑ�Îh×{Î ô ñ�ñtõ ö åÐªÊ�Û�Ø�Ö
Îh×ÔÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá,Î`ß]Í�Ö�ØÎhÍÌjà ü�ýEÊ�àÞÍ�Ötâ�Ð�éÿÕ'ÎhÍÌjà ÙhÐ�ù �ÙnÑ�Ü�ÎhÍÍá�â=ïSÛ�ÍÚúÌÏ=ÌjßUÜ�á,ØÌÙsÊ�ÎhÍÍá�â

z̃
Ð�ù�Ò�ÖªÑ�Íá,×êåÒÎhÐ�ù�Ò�Öªß]Ð�Ü�Ö
ÍÌÎh×êÍ�Ötâ�ÐhÕ'Ì×

z ö ß�ÖªÑ�Îh×ëÌÙ �åÐªÊ�ç
ßhÛ�Îh×èÒ�ÖªßnÊ�Ð�éÿÎhÍÌÎ ô�` õsü�UÖ Ð�ÙhÍÐ�Ü�ÎHÖtÊ�ÓhÐ�ÒÌjÑ�×$Ö ù�á�Ê'Ö Ò�Öªß]Ò�Ö
ù�Ð
ÑªÖ
Í�Ö Û�ÍÌÜ�ÎhÒÙ]ÖtÊ�ç�Í�ÖªàAåÒÐ�ÓhÒ�Ö
×{×$Ö Í�Ö àjß]á,ÚÎ
��� ó��4ó-������[.� �>��� ^ � ^ � [J\z� ü � Õ�Ê�à Ò�Ö
ÙhØÎnÑªÖ7Û�ÙnÑ�Ð�ÏØÌÜ�Ð�ÙnÑ�Ìëå�Ê�Ð�ÙhÚÐ�å�Ö
Ò�ÖtÊÊ�ÎsÊ�ç�Íá�â Ñ�ÎhØÎhÍÌÏ
Ù6Õ'Ü�Ð�ÏÍÐ�Ï0Ñ�Ð�ØÍÐ�ÙnÑ�çJ�Yü

ÉTÕ¾Ö
ÍÍÐ�Ï Ò�Ö
ù�Ð
Ñ�Î`Ò�Ö
ÙhØÎnÑ�á<åÒÐ�Ü�Î»Õ'ÎhÍá Õ�Ê�àæÑ�ÎhØÎhÍÌÏêþ?Û�Öªß]ÎhÏ�Ê�à Ì
�$Ê'Öªß]ÌjÛ�Ù]Öjü�ÉÝÑªÖ
ùªÊ ü�ñ
Õ¾Ö
Íá åÎhÒÜ�á,Î=ñ � ÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá�âÞØÌÙhÎsÊ Ñ�ÎhØÎhÍÌjà þ?Û�Öªß]ÎhÏ�Ê�à ö Ü�á,ØÌÙsÊ�ÎhÍÍá�âÞåÒÌ

α = 1 ö�ó � =
10 000 ö M = 200

ü
þSÎhÒÜ�Ð�Î�ÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍÐ�Î0ØÌÙsÊ�ÐCÙ�Í�Ö
Ìù�ÐªÊ�ç��ÎhÏê×{ÍÌ×{Ð�Ï Ø�Ö
ÙnÑ�çJ� Ð�åÒÎ»Õ'ÎsÊ�àÎnÑCÛ�ÙnÑ�Ð�ÏØÌÜ�Ð�ÙnÑ�ç

Ñ�ÎhØÎhÍÌjà ü�É ÑªÖ
ùªÊ ü � åÒÌÜ�Î»Õ'ÎhÍáËÎhÓhÐ7ß]Í�Ö�ØÎhÍÌjà ö Ü�á,ØÌÙsÊ�ÎhÍÍá,Î�Õ�Ê�à Ñ�ÎhØÎhÍÌjàl�$Ê'Öªß]ÌjÛ�Ù]ÖCåÒÌ
α = 0.16869 ö�ó � = 500

Ì0Ò�Öªß]Íá�â
M

Ì
L
ü

ø�Ö
ÙhØÎnÑ�á åÐ
ß]Ü�ÐªÊ�à��9Ñ�ÙÁÕ'ÎsÊ'ÖªÑ�çÿÙsÊ�Î»Õ�Û��9ã�ÌÎSÜ�á,Ü�ÐhÕ'áSüÉ�á,ù�Ð�ÒÐ�×
L
åÒÌ¹ïUÌÚÙhÌÒÐ�Ü�Ö
ÍÍÐ�×

MÌ�Ê�Ì
N ö Ì�Ê�Ì�Û�Ü�ÎsÊ�ÌØÎhÍÌÎh× M

åÒÌ�ïUÌÚÙhÌÒÐ�Ü�Ö
ÍÍÐ�×
L
×{Ð�é`ÍÐ4Õ'Ð�ÙnÑ�ÌØçSåÐ�Ü�á#��ÎhÍÌjà�Ñ�Ð�ØÍÐ�ÙnÑ�Ì ü

��åÎhÚjÑ�Ò�ÖtÊ�ç�Íá,Ï¹×{ÎnÑ�ÐhÕ0úÎsÊ�ÎhÙhÐ�Ð�ù�Ò�Öªß]ÍÐYåÒÌ×{ÎhÍjàjÑ�çSÕ�Ê�à´Ü�á,ØÌÙsÊ�ÎhÍÌjà`ÐhÕ'ÍÐ�Ü�ÒÎh×{ÎhÍÍÐEÍÎhÙhÚÐªÊ�ç �
� ��¡=¢�£¥¤��¥¦
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µ&£D¶�È�¦�È·�¸D¹@ºW».¼½¶Y¾.¡.¶@».¿�¹@ÀWÀWÁ�ÂvÃYÀ��YÄD¹@ÀW£WÅ½»�¹@ÄD¹@ÀW£WÆ
Ç#È��>Ã�¹@ÅJ¢DÆ�É

α = 1
¯WÊ�¨

= 10 000
¯
M = 100

µ&£D¶�È ¨ È·�¸D¹@ºW».¼½¶Y¾.¡.¶@».¿�¹@ÀWÀWÁ�ÂvÃYÀ��YÄD¹@ÀW£WÅ½»�¹@ÄD¹@ÀW£WÆ
Ç#È��>Ã�¹@ÅJ¢DÆ�É

α = 1
¯DÊ�¨

= 10 000
¯
M = 200

µ&£D¶�Èª�È·�¸D¹@ºW».¼½¶Y¾.¡.¶@».¿�¹@ÀWÀWÁ�ÂvÃYÀ��YÄD¹@ÀW£WÅ½»�¹@ÄD¹@ÀW£WÆ
Ë�¢Ì�>ÃY£WÈ�¶��JÉ

α = 0.179
¯�Ê�¨

= 580
¯
M = 200

µ&£D¶�È�¬È!·�¾.¡.¶@».¿�¹@ÀWÀ��>Æ�Í�ÈÀWºW¤W£WÆ�»�¹@ÄD¹@ÀW£WÆ=Ç#È��>Ã�¹@ÅJÎ
¢DÆ §ÐÏ Î�Ñ&¾YÒÌ� ³

µ&£D¶�È!°�È!·�¾.¡.¶@».¿�¹@ÀWÀ��>Æ=Í�ÈÀWºW¤W£WÆ-»�¹@ÄD¹@ÀW£WÆ�Ç#È��>Ã�¹@ÅJÎ
¢DÆ § µ,Î�Ñ&¾YÒÌ� ³

µ&£D¶�È>®�È!·�¾.¡.¶@».¿�¹@ÀWÀ��>Æ�Í�ÈÀWºW¤W£WÆ�»�¹@ÄD¹@ÀW£WÆ=Ç#È��>Ã�¹@ÅJÎ
¢DÆ § Ä�Î�Ñ&¾YÒÌ� ³
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µ&£D¶�ÈÌ«
ÈWÓ#¼W£W¿.Á�¹-¸D¾.¶@»�¾�ÆJÀWÀWÁ�Â�¶@º¾!¼D¾.¶@»�¹@Å�¼D¾.¶@»!�
ÚÌ�âæÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá�âæß]Í�Ö�ØÎhÍÌÏ ÌæïSÛ�ÍÚúÌÏ ü�É�á,ØÌÙsÊ�ÎhÍÍá,Î¹ÙhåÎhÚjÑ�Òá åÒÌæÒ�Öªß]Íá�â

M = 100
Ì

��J� Õ¾Ö
ÍáCÕ�Ê�àYÑ�ÎhØÎhÍÌjàÿþ?Û�Öªß]ÎhÏ�Ê�à ô ÒÌÙ
ü�ñ�Ì � õ Ì¥�$Ê'Öªß]ÌjÛ�Ù]Ö ô ÒÌÙ
ü � õsüªÉ�ÌÕ'ÍÐ ö ØjÑ�Ð?åÒÌ M = 200Õ'Ð�ÙnÑ�ÌÓsÖ
ÎnÑ�Ù§àKåÒÌÎh×�Ê�Îh×$Öªà¹Ñ�Ð�ØÍÐ�ÙnÑ�çüø�ÖªßnÊ�ÌØ�Ö�9Ñ�Ù§à=åÒÌÙnÑ�ÎhÍÐ�ØÍá,ÎU×{ÐhÕ'áÇð¢ñ � ò ö ÚÐ
Ñ�Ð�Òá,Î?ÌÍÐ �ÓÁÕ¾ÖÞÍ�Öªß]á,Ü�Ö�9Ñ ×{ÐhÕ¾Ö
×{ÌÕÔ�ÏÒÌ ö Ì�Ê�ÌlÖ � ×{ÐhÕ¾Ö
×{Ì ö Õ�Ê�àëÚÐ
Ñ�Ð�Òá�â
cr → 1 ö ci = O[(α ó � )−1/3] öúÎhÍjÑ�Ò�ÖtÊ�ç�Íá,ÎY×{ÐhÕ'á ö ÌÍÐ�ÓÁÕ¾Ö�Í�Öªß]á,Ü�Ö
Îh×{á,ÎE×{ÐhÕ¾Ö
×{ÌKþSÎhÚÎhÒÌÙ]Ö ö Ì�Ê�Ì � � ×{ÐhÕ¾Ö
×{Ì ö Õ�Ê�à=ÚÐ
Ñ�Ð�Òá�â

cr → 0 ö ci = O[(α ó � )−1/2]
åÒÌ

α ó � → ∞ ö ÌCÌ×{Î>�9Ñ0×{ÎhÙnÑ�Ð=×{ÐhÕ'áØ× ÎhÍÙnÑ�Î»Õ¾Ö ö Ì�Ê�Ì ��� ×{ÐhÕ'á öÕ�Ê�àKÚÐ
Ñ�Ð�Òá�â
cr → 2/3 ö ci ∼ −i[π(n + 2)]2α/4 ó � åÒÌ α ó � /n → 0

ü��UÖ�ÒÌÙ
ü ��_ bÿåÒÌÜ�Î»Õ'ÎhÍáÙhÐ�ù�ÙnÑ�Ü�ÎhÍÍá,Î�ïSÛ�ÍÚúÌÌ ô Ùhå�Ê�Ð��Íá,ÎUÊ�ÌÍÌÌ=íËÒÎ]ÖtÊ�ç�Íá,ÎYØ�Ö
ÙnÑ�Ì ö åjÛ�ÍÚjÑ�ÌÒKíË×{ÍÌ×{á,ÎYØ�Ö
ÙnÑ�Ì�õ
Õ�Ê�à7×{ÐhÕ �Yö,��ö � ÙhÐ�Ð
Ñ�Ü�ÎnÑ�ÙnÑ�Ü�ÎhÍÍÐüN�UÖ`ÒÌÙ
ü c Ìjß]Ð�ù�Ò�ÖªéÿÎhÍáÝåÐªÊ�Û�ØÎhÍÍá,Î�ÙhåÎhÚjÑ�Ò�ÖtÊ�ç�Íá,×F×{Î �Ñ�ÐhÕ'Ð�×èÚÒÌÜ�á,ÎUåÐ�ß]Í�Ö�ØÎhÍÌjà×

ci
ü

ÙÛÚ=Ü�ÝPÞ{ßáà�Ü=â�ã,ä�å{â�æ#ä�ç
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