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ß�á0Þ�ãÑñ�ã
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ðáæÑß�æuñ�Û�Ý'éJó ð�ã
ð�ß�æuñ�Û�Ý ç�í å'ã�èÑæ�ÞÞé�êyì�ã
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î�ã
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�M£������ ��w� � �=�V�T��� óF¥ £ �u����
 ^ ó$
�§���ú
û9æuñ�Û�Ý'é¤� ¢,£ � áu¥ £ � ç�ÛVê[î�ã
Þ[ëõËñWôîæ�áß`à¢ö�æ�çuñ�ï�ãWð�å'ã
ç�ç�áìæ�ç�ð¢Û�í�Û0ß�æuñ�Û�Ý^ã�ð¢Û�Þæ�ìÞé�ê�ÿzå�æ �
ß�æ�Þ[ñ�Û�ïó�ñ�ã
ðáæ�ð�ã
ðÊôîÛ�çuñ�Û
ñ�ã ùJà�ÞðòááÜù;Û�îß�é ï Û�ä�å'ã
çuñ�áÊÛ�ôîæÝ'æzå�æ�Þá[ë ó4Þæ�ôîæ�îé4ï�ÞÛ�çuñ�÷
ß�æuèÑÝ�à9ÿzå�æ�ß�æ�Þ[ñ�ã
ß�á ó^ôîÛ�çuñ�Û
ñ�ãþï�ï�æÝ'æ�Þá[ë�í�î�ã
ÞáìÞé�êFà�çzå�Û�ï�áø ú��Jîá�ÿuñ�Û�ß à�ð�ã�â�ã
ÞÞé4æ�ß�æuñ�Û �
Ý'é áß�æ�õËñ ï�ç�æ9ôîæ�áß`à¢ö�æ�çuñ�ï�ã ä�æ�ç�ç�æuñ�Û�ìÞé�êÊß�æuñ�Û�Ý'Û�ïýïýç�á�å�à ñ�Û�í�Ûó$ì[ñ�Û ùJà�Þðòáá ù;Û�îß�é
� ¢,£ �Má�¥ £ �*â�ã
ï�áç®ë[ñ�ñ�Û�å�÷�ð¢Û�Û
ñ ôÛ�å�Û�èÑæ�Þá[ëWà¢âuå�Û�ï�é�ê0ñ�Û�ìæ�ð ú

�ËÝ'æuë�ß�æuñ�Û�Ý'Û�ï¨¥ £ � á¡� ¢,£ � â�ã
ð�å�õeì�ã
æuñ�ç®ëWï,ôîáß�æ�Þæ�ÞááWáÞ[ñ�æ�îôÛ�å�ëòáø���áä�ç�Û�Þ�ã©��
 � �
á�ª,ã
ô�å'ã
çVã���
G�[ó	��� ��ó�ôÛ�çuñ�îÛ�æ�Þá[ë Û�çuà¢ö�æ�çuñ�ï�å�ëæuñ�ç®ë ìæ�îæuâ�ð¢Û�Û�î
Ý'áÞ�ã�ñ�é æ�çuñ�æ�çuñ�ï�æ�ÞÞé�êÜç�Û�ç�æ �
Ý'æ�ø úT� ï�é4ìáçzå�á[ñ�æzå�÷�ÞÛ�ø0í�æ�Û�ß�æuñ�îáá0ð¢Û�Þòæ�ôòá[ëWæ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê9ç�Û�ç�æÝ'æ�øWç�ï
ë[â�ã
Þ�ã,çeôÛ�Þ[ë[ñ�áæ�ß
ëìæ�æ�ð|��Û�îÛ�ÞÛ�í�Û�ôæ�îï�Û�í�Ûþá�ï
ñ�Û�îÛ�í�ÛþôÛ�î�ë¢Ý'ð¢Û�ï�� ï�é4ô[à�ð�å�Û�í�Ûþß�ÞÛ�í�Û
à�í�Û�å�÷�Þáð�ã[ó^Û�ôîæÝ'æzå�ëæ �
ß�Û�í�Û9ß�ÞÛ�èÑæ�çuñ�ï�Û�ß>ñ�Û�ìæ�ð Þ�ã0ô�å�Û�ç�ð¢Û�çuñ�á«�¼ï9ôîÛ�çuñ�î�ã
Þçuñ�ï�æG�zú?+�áç�ðîæuñ�á[â�ã
òá[ë Û�ä�å'ã
çuñ�áÕëìæ�ø �
ð�ã
ß�á¡��Û�îÛ�ÞÛ�í�Û2Û�ä�æ�ç�ôæ�ìáï�ã
æuñÑä�é4çuñ�îé4øWôÛ�áç�ð�æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê0ç�Û�ç�æÝ'æ�ø Ý�å�ë â�ã�Ý^ã
ÞÞÛ�ø ñ�Û�ìðá ú
�;ãrê�Û�èÑÝ'æ�Þáæ æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê ç�Û�ç�æÝ'æ�øýÞ�ã9Û�ç�ÞÛ�ï�æ�áÞù;Û�îß$ã
òááýÛ0ç�ß�æuè�Þé�êÕà¢âuå'ãrê^ó°ôÛ�å�à�ìæ�Þ �
Þé�êýá[âÑÝ'á�ã
í�î�ã
ß�ß�é¬��Û�îÛ�ÞÛ�í�Ûó�çuà¢ö�æ�çuñ�ï�æ�ÞÞÛyç�Þá[è�ã
æuñFï�îæ�ß�æ�ÞÞ©*é4æ â�ã�ñ�î�ã�ñ�éJó�Þæ�Û�äVê�Û�Ý'áß�é4æ
Ý�å�ë ôÛ�çuñ�îÛ�æ�Þá[ë áÞ[ñ�æ�îôÛ�å�áî[à�õËö�á�ê ùJà�Þðòáø úl��ð¢Û�îÛ�çuñ�÷ýï�é4ôÛ�å�Þæ�Þá[ë ÿuñ�Û�í�ÛÕüÑã
ízã�ëï�å�ë �
æuñ�ç®ëÕðîá[ñ�áìæ�ç�ð¢Û�ø�Ý�å�ë|¥ £ � á� ¢,£ �Õó'ñ�ã
ðyð�ã
ð9Ý^ã
ÞÞé4æÑß�æuñ�Û�Ý'éJó Û�ç�ÞÛ�ï�é4ï�ã�ëç�÷WÞ�ã�ß�æuñ�Û�Ý'æ
�[ãrå�æ�îðáÞ�ã[ó
ñ�îæ�ä
à�õËñ,ï�é4ìáçzå�æ�Þá[ë�ùJà�Þðòáø ù;Û�îß�éýÝ�å�ëÑð�ã�èÑÝ'Û�ø�ñ�Û�ìðá�ôîá�ìáçzå�æ�ÞÞÛ�ßÕáÞ �
ñ�æ�í�îáîÛ�ï�ã
Þáá ôÛ�î�ã
ç�ìæuñ�ÞÛ�ø Û�ä�å'ã
çuñ�á â�ã�Ý^ã�ìá úp��Û�Û
ñ�ï�æuñ�çuñ�ï�æ�ÞÞÛó$ç�ð¢Û�îÛ�çuñ�÷yî�ã
ä�Û
ñ�é ß�æuñ�Û�Ý^ã
æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê0ç�Û�ç�æÝ'æ�ø�á ä�æ�ç�ç�æuñ�Û�ìÞÛ�í�Û�ß�æuñ�Û�Ý^ã2ð¢Û�Þæ�ìÞé�ê�ÿzå�æ�ß�æ�Þ[ñ�Û�ï2â�ã
ï�áç�á[ñ�Û
ñ2ÿ�ù;ù;æ�ð[ñ�áï �
ÞÛ�çuñ�á ãrå�í�Û�îá[ñ�ß$ã[ó�îæVãrå�á[â�à�õËö�æ�í�ÛÕî�ã�âVä�áæ�ÞáæþÛ�ä�å'ã
çuñ�á ëìæ�øð�ã
ß�á���Û�îÛ�ÞÛ�í�Ûó�ì[ñ�Û�Û�ç�Û�ä�æ�ÞÞÛ
ã
ð[ñ
à�ãrå�÷�ÞÛ/ôîá�ìáçzå�æ�ÞÞÛ�ß�îæuü�æ�Þáá�â�ã�Ý^ã�ì,ß�æzê¢ã
Þáðá,è�á¢Ý'ð¢Û�çuñ�á4ç�Û�ç�ï�Û�ä�Û�Ý'Þé4ß�á4í�î�ã
Þáò�ã
ß�á ú
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� Ý^ã
ÞÞÛ�ø0î�ã
ä�Û
ñ�æ;Û�ôáç�é4ï�ã
æuñ�ç®ëFÛ�Ý'áÞ9ÿ�ù;ù;æ�ð[ñ�áï�Þé4ø�ãrå�í�Û�îá[ñ�ß4ó�ß�áÞáß�á[âVáî[à�õËö�áø�ï�îæ �
ß�æ�ÞÞ©*é4æ�â�ã�ñ�î�ã�ñ�éJó�Þæ�Û�äVê�Û�Ý'áß�é4æÑÝ�å�ëyî�ã�âVä�áæ�Þá[ë�Ý'ï
à�ß�æ�îÞÛ�øÕÛ�ä�å'ã
çuñ�áÕëìæ�øð�ã
ß�á���Û�îÛ�ÞÛ�í�Ûú
�Jîáï�Û�Ý'á[ñ�ç®ë ãrå�í�Û�îá[ñ�ß Û�ôîæÝ'æzå�æ�Þá[ëýí�î�ã
ÞáòFÝ�å�ëyß�ÞÛ�í�Û�ç�ï
ë[âVÞé�êyÛ�ä�å'ã
çuñ�æ�øÕÞ�ãWÛ�ç�ÞÛ�ï�æ,ñ�îá �
ã
Þíuà�å�ëòáá¡+�æzå�Û�Þæ
ó�ôÛ�å�à�ì�ã
æ�ß�Û�ø9ï�Û�ï�îæ�ß`ë9ôÛ�çuñ�îÛ�æ�Þá[ëWÝ'á�ã
í�î�ã
ß�ß�és��Û�îÛ�ÞÛ�í�Ûú

·�¸º¹¼»�½/¾E¿ Ø » ÔpÀ ¿¤ÁE¿ × ¿gÂ Ù

ÃJáçzå�æ�ÞÞé4æ�ß�æuñ�Û�Ý'éJó�ôîáß�æ�Þ[ëæ�ß�é4æÑïWß�æzê¢ã
Þáð¢æÑç�ô�å�Û
ü�Þé�êyç�îæÝ�ó^ñ�îæ�ä
à�õËñþÝ'áç�ðîæuñ�á[â�ã
òáá
Û�ä�å'ã
çuñ�á�ñ�æ�ìæ�Þá[ë�ß�ÞÛ�èÑæ�çuñ�ï�Û�ßÜß$ã�ñ�æ�îá�ãrå�÷�Þé�ê�ñ�Û�ìæ�ð ó^ôîæÝ'çuñ�ã
ï�å�ëõËö�á�êyÞæ�ð¢Û
ñ�Û�îé4ø�Û�ä�!°æ�ß
è�á¢Ý'ð¢Û�çuñ�á�ç�Û�í å'ã
ç�ÞÛ/í�áôÛ
ñ�æuâVæÍÛeç�ô�å�Û
ü�ÞÛ�çuñ�áÑç�îæÝ'éJú��/à�çuñ�÷/Þ�ãËô�å�Û�ç�ð¢Û�çuñ�áÑïËôîÛ�çuñ�î�ã
Þçuñ�ï�æ

R2

â�ã�Ý^ã
ÞÛ�ß�ÞÛ�èÑæ�çuñ�ï�Û�ß$ã�ñ�æ�îá�ãrå�÷�Þé�ê ñ�Û�ìæ�ð
P = {p1, p2, ..., pn}

úy��î�ã
Þáò�ãFñ�æ�ìæ�Þá[ë â�ã�Ý^ã
æuñ�ç®ë
ôÛ�çzå�æÝ'Û�ï�ã�ñ�æzå�÷�Þé4ßÌÞ�ã
ä�Û�îÛ�ß ß$ã�ñ�æ�îá�ãrå�÷�Þé�ê ñ�Û�ìæ�ð úÍû9æuñ�Û�Ý>æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê ç�Û�ç�æÝ'æ�øÊá ä�æ�ç �
ç�æuñ�Û�ìÞé4øÕß�æuñ�Û�Ýýð¢Û�Þæ�ìÞé�êyÿzå�æ�ß�æ�Þ[ñ�Û�ïWëï�å�ëõËñ�ç®ëFå'ã
í�î�ã
Þ[èÑæ�ï�é4ß�á�ß�æuñ�Û�Ý^ã
ß�á ó ôÛ�ÿuñ�Û�ß`àFôîá
îæuü�æ�ÞááÜÞæ�çuñ�ã
òáÛ�Þ�ã
îÞé�ê â�ã�Ý^ã�ì Þ�ãÕð�ã�èÑÝ'Û�ß üÑã
í�æFôÛýï�îæ�ß�æ�ÞáÊÞæ�Û�äVê�Û�Ý'áß�Û Û�ôîæÝ'æzå�ë[ñ�÷
ÞÛ�ï�Û�æ2ôÛ�å�Û�èÑæ�Þáæ,ç�ï�Û�ä�Û�Ý'Þé�ê�í�î�ã
Þáò�áFôÛ�å�à�ì�ã�ñ�÷þî�ã�âVä�áæ�Þáæ�Û�ä�å'ã
çuñ�áFëìæ�øð�ã
ß�á���Û�îÛ�ÞÛ�í�Û
á0ñ�îæuà�í�Û�å�÷�Þáð�ã
ß�á"+�æzå�Û�Þæ
ú

Ä ������Å���������Æ�Ç���È���	��¢���gÉ
+�á�ã
í�î�ã
ß�ß$ã|��Û�îÛ�ÞÛ�í�Ûu� í�æ�Û�ß�æuñ�îáìæ�ç�ð¢Û�æFî�ã�âVä�áæ�Þáæ9Û�ä�å'ã
çuñ�á Þ�ã�ß�ÞÛ�í�Û
à�í�Û�å�÷�Þáðá ó$Û�ä�å'ã �
Ý^ã
õËö�áæFçzå�æÝ�à�õËö�áßÌç�ï�Û�øçuñ�ï�Û�ß � Ý�å�ë å�õeä�Û�í�Ûýòæ�Þ[ñ�î�ã

pi

ç�áçuñ�æ�ß�é ñ�Û�ìæ�ðÊß�Û�è�ÞÛyà�ð�ã�â�ã�ñ�÷
Û�ä�å'ã
çuñ�÷�ôîÛ�çuñ�î�ã
Þçuñ�ï�ã[ó'ï�ç�æ;ñ�Û�ìðáFð¢Û
ñ�Û�îÛ�øFä�å�á[èÑæ;ðþÝ^ã
ÞÞÛ�ß`à0òæ�Þ[ñ�î[à�ó'ìæ�ß ðWå�õeä�Û�ß`à�Ý'î[à �
í�Û�ß`à9òæ�Þ[ñ�î[à�ç�áçuñ�æ�ß�éJúEÊ`ã
ð�ã�ë9Û�ä�å'ã
çuñ�÷þÞ�ã�âVé4ï�ã
æuñ�ç®ë�ß�ÞÛ�í�Û�í�î�ã
ÞÞáð¢Û�ß���Û�îÛ�ÞÛ�í�Ûó�á�å�á�Û�ä�å'ã �
çuñ�÷�õ¬��Û�îÛ�ÞÛ�í�Û��¼îáç
ú�
�ó,ËG�zú��<ñ�îÛ�í�Û�æ�Û�ôîæÝ'æzå�æ�ÞáæÑß�ÞÛ�í�Û
à�í�Û�å�÷�Þáð�ã¡��Û�îÛ�ÞÛ�í�Û

Ti

ï�ï�Û�Ý'á[ñ�ç®ë
çzå�æÝ�à�õËö�áßÊÛ�ä�î�ã�âVÛ�ß �

Ti = {x ∈ R2 : d (x, xi) < d (x, xj) ∀j 6= i}. �5
��

#/ðî[à¢è�ÞÛ�çuñ�÷ Þ�ã�âVé4ï�ã
æuñ�ç®ë ô[à�çuñ�Û�ø óËæ�çzå�á>ï�Þ[à¢ñ�îá>Þæ�æÕÞæyç�Û�Ý'æ�î�è�á[ñ�ç®ë Þá>Û�Ý'ÞÛ�øÜñ�Û�ìðá
á[â�ß�ÞÛ�èÑæ�çuñ�ï�ã

P
úE��æ�î[ü�áÞ�ãþëìæ�øðá��Û�îÛ�ÞÛ�í�Û©� òæ�Þ[ñ�îÕô[à�çuñ�Û�øÕÛ�ðî[à¢è�ÞÛ�çuñ�á ó ôîÛVê�Û�Ý�ë[ö�æ�ø

ìæ�îæuâeñ�îáþá�å�á�ä�Û�å�æ�æ4ñ�Û�ìðáþá[âËâ�ã�Ý^ã
ÞÞÛ�í�Û,ß�ÞÛ�èÑæ�çuñ�ï�ãÌ�¼îáç
ú�
�ó/ËG�zú)�Jîá�ÿuñ�Û�ß îæ�ä�îÛ�ßýëìæ�øðá
��Û�îÛ�ÞÛ�í�Û9çzå�à¢è�á[ñ9ôî�ëß$ã�ë ó�ôîÛVê�Û�Ý�ë[öÑã�ëýß�æuèÑÝ�à9Ý'ï
à�ß`ëyà¢âuå'ã
ß�á

pi

á
pj

ó ñ�ã
ð�ã�ë ó�ì[ñ�Û9òæ�Þ[ñ�î
ô[à�çuñ�Û�ø�Û�ðî[à¢è�ÞÛ�çuñ�á ó�ôîÛVê�Û�Ý�ë[ö�æ�øFìæ�îæuâ,ÿuñ�á9ñ�Û�ìðá ó�ôîáÞ�ã�Ý�å�æuè�á[ñ�ôî�ëß�Û�ø��¼îáç
ú?
�ógËG�zú

Í Î
Ï?Ð)Ñ�Å�Ò�Å/Ó&Ð�ÔÕfÖ�Ô9×?×gÔ"Ø,Ù9Ö)Ù9Ú)Ù9Õ7ÙÛ Í=ÜXÝ�Þ)ß Ù9à)ÑVá ß�â ÚwÚ)ÙGÑVáGã�áGÖwÐ�ÔÚwÕfä=å)æcçwÐwÐ�Ó â å�Ù9Ú â Ð Þ Ð�ÔÕfÖ�Ô9×?×EèéØ,Ù9Ö)Ù�È
Ú)Ù9Õ7Ù�Û Î7Ü
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�Jç�ôÛ�å�÷
â�à
ëþù;Û�îß`à�å�àÌ��ø�å�æ�î�ãJÝ�å�ë�ô�å'ã
Þ�ã
îÞÛ�í�Û�ôÛ�å�ÞÛ�ç�ï
ë[âVÞÛ�í�Û,í�î�ã
ù2ã[ó�ß�Û�è�ÞÛ/Ý'Û�ð�ã�â�ã�ñ�÷ó
ì[ñ�Û ôîá9ìáçzå�æ;à¢âuå�Û�ï

n ≥ 3
Ý'á�ã
í�î�ã
ß�ß$ã���Û�îÛ�ÞÛ�í�Û�ç�Û�Ý'æ�î�è�á[ñ�ÞæJß�æ�Þæ�æ

2n − 5
ï�æ�î[ü�áÞ9á0Þæ

ß�æ�Þæ�æ
3n − 6

îæ�ä�æ�î�� ��
�ó/�c�G��ú
�Íã�è�Þé4ßÌç�ï�Û�øçuñ�ï�Û�ß Ý'á�ã
í�î�ã
ß�ß�éê��Û�îÛ�ÞÛ�í�Û ëï�å�ëæuñ�ç®ë>æ�æ�Ý'ï�Û�øçuñ�ï�æ�ÞÞÛ�çuñ�÷ ðÜñ�îá�ã
Þíuà �

å�ëòáá�+�æzå�Û�Þæ
ú�+2å�ë ñ�Û�í�ÛÊì[ñ�Û�ä�éMôÛ�å�à�ìá[ñ�÷Êñ�îá�ã
Þíuà�å�ëòáõë+�æzå�Û�Þæ
óeÞæ�Û�äVê�Û�Ý'áß�ÛÜç�Û�æÝ'á �
Þá[ñ�÷�Û
ñ�îæuâVð�ã
ß�áþï�ç�æËô�ã
îé ñ�Û�ìæ�ð ó�ß�ÞÛ�í�Û
à�í�Û�å�÷�Þáðá¡��Û�îÛ�ÞÛ�í�Û2ð¢Û
ñ�Û�îé�ê�áß�æ�õËñ�Û�ä
ö�æ�æeîæ�ä�îÛ
�¼îáç
ú�
�ó&ì��� .�ó;��
��ú;#/ôîæÝ'æzå�æ�Þáæ�æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê ç�Û�ç�æÝ'æ�ø Ý�å�ë ï�é4ìáçzå�æ�Þá[ëÜáÞ[ñ�æ�îôÛ�å�ëòáø
��áä�ç�Û�Þ�ã�á�ª,ã
ô�å'ã
çVãFï�ï�Û�Ý'á[ñ�ç®ë ìæ�îæuâ9î�ã�âVä�áæ�Þáæ"��Û�îÛ�ÞÛ�í�Û�á ñ�îá�ã
Þíuà�å�ëòáõí+�æzå�Û�Þæ � Ý�å�ë
ëìæ�øðáu��Û�îÛ�ÞÛ�í�Û

Ti, xi ∈ P
Þ�ã�ñ
à�î�ãrå�÷�Þé4æ,ç�Û�ç�æÝ'áWÝ�å�ë

xi ∈ P
æ�çuñ�÷�ï�æ�î[ü�áÞé>ñ�îæuà�í�Û�å�÷�Þá �

ð¢Û�ït+�æzå�Û�Þæ
ó�áÞòá¢Ý'æ�Þ[ñ�Þé�ê�ð
xi

ú
+2å�ë�ôÛ�çuñ�îÛ�æ�Þá[ë�Ý'á�ã
í�î�ã
ß�ß�é-��Û�îÛ�ÞÛ�í�ÛWçuà¢ö�æ�çuñ�ï
à�æuñ�ß�ÞÛ�èÑæ�çuñ�ï�Û0ß�æuñ�Û�Ý'Û�ïúg�Íã
ß�é4øyôîÛ �

çuñ�Û�ø á á[âVï�æ�çuñ�Þé4ø°� ß�æuñ�Û�ÝWôæ�îæ�ç�æ�ìæ�Þá[ë�ç�æ�îæÝ'áÞÞé�ê�ôæ�îôæ�Þ¢Ý'áð[à�å�ëîÛ�ï¡�¼ôÛ�å�à�ô�å�Û�ç�ð¢Û�çuñ�æ�ø��zó
á¢Ý'æuë ð¢Û
ñ�Û�îÛ�í�Ûyâ�ã
ð�å�õeì�ã
æuñ�ç®ë ïÕôÛ�Û�ìæ�îæÝ'ÞÛ�ß ôÛ�çuñ�îÛ�æ�Þáá ß�ÞÛ�í�Û
à�í�Û�å�÷�Þáð¢Û�ïó$ï�ê�Û�Ý�ë[ö�á�ê ï
Ý'á�ã
í�î�ã
ß�ß`à¼� ��
=��úy+2å�ë Ý'ï
à�ê ñ�Û�ìæ�ð

pi

á
pj

ß�ÞÛ�èÑæ�çuñ�ï�ÛÕñ�Û�ìæ�ð ó<ä�Û�å�æ�æ9ä�å�á[âVðá�ê ð
pi

ó$ìæ�ßAð
pj

ó`æ�çuñ�÷ýôÛ�å�à�ô�å�Û�ç�ð¢Û�çuñ�÷
H (pi, pj)

ó`Û�ôîæÝ'æzå�ëæ�ß$ã�ë ôî�ëß�Û�ø ó�ôæ�îôæ�Þ¢Ý'áð[à�å�ëîÞÛ�ø ð Û
ñ�îæuâVð[à
pipj

ó�áþÝ'æzå�ë[öÑã�ëFæ�í�Û ôÛ�ôÛ�å'ã
ß4ó�á9ç�Û�Ý'æ�î�è�ã�öÑã�ë9ñ�Û�ìð[à
pi

ú'û9ÞÛ�èÑæ�çuñ�ï�Û ñ�Û�ìæ�ð ó�ä�Û�å�æ�æ2ä�å�á[âVðá�ê
ð

pi

ó$ìæ�ßPð å�õeä�Û�ø Ý'î[à�í�Û�ø ñ�Û�ìð¢æ�á[âFß�ÞÛ�èÑæ�çuñ�ï�ã[ó<ôÛ�å�à�ì�ã
æuñ�ç®ëÊïýîæuâ�à�å�÷�ñ�ã�ñ�æ�ôæ�îæ�ç�æ�ìæ�Þá[ë
n− 1

ôÛ�å�à�ô�å�Û�ç�ð¢Û�çuñ�æ�ø � T (i) =
⋂

i6=j

H (pi, pj)
úT��îæ�ß�æ�ÞÞ&*ã�ëWçzå�Û�è�ÞÛ�çuñ�÷�ãrå�í�Û�îá[ñ�ß$ãÑç�Û�çuñ�ã
ï�å�ëæuñ

O (n2 log n)
ú

�$å�æÝ�à�õËö�áøÕð�å'ã
ç�ç�ß�æuñ�Û�Ý'Û�ïWÛ�ç�ÞÛ�ï�é4ï�ã
æuñ�ç®ëyÞ�ã�áÞðîæ�ß�æ�Þ[ñ�ãrå�÷�ÞÛ�ß>ãrå�í�Û�îá[ñ�ß�æ
ó�ã
ç�áß�ô[ñ�Û �
ñ�áìæ�ç�ð�ã�ë�Û�òæ�Þð�ã ð¢Û
ñ�Û�îÛ�í�Û�ç�Û�çuñ�ã
ï�å�ëæuñ

O (n
√

n)
� ������ú��<à¢ñ�÷þß�æuñ�Û�Ý^ã ç�Û�çuñ�Û�á[ñþï çzå�æÝ�à�õËö�æ�ß �

çuñ�îÛ�á[ñ�ç®ë0Ý'á�ã
í�î�ã
ß�ß$ã°��Û�îÛ�ÞÛ�í�Û2Ý�å�ë0Þæ�ð¢Û
ñ�Û�îÛ�í�Û�Þ�ã�ì�ãrå�÷�ÞÛ�í�Û�ìáçzå'ã�ñ�Û�ìæ�ð óâ�ã�ñ�æ�ß ï�Þæ�æ;ôÛ �
Û�ìæ�îæÝ'ÞÛFï�çuñ�ã
ï�å�ëõËñ�ç®ëýÛ�çuñ�ã
ï
ü�áæ�ç®ë á[â ß�ÞÛ�èÑæ�çuñ�ï�ã0ñ�Û�ìðáÕáÕôæ�îæ�çuñ�î�ã
áï�ã
æuñ�ç®ëýå�á[ü�÷9ì�ã
çuñ�÷
Ý'á�ã
í�î�ã
ß�ß�éJú

� î�ã�âVï�á[ñ�áæ�ß ï�é4ìáçzå�á[ñ�æzå�÷�ÞÛ�ø0í�æ�Û�ß�æuñ�îáá0ä�é�å0î�ã�âVî�ã
ä�Û
ñ�ã
ÞWä�Û�å�æ�æeçzå�Û�è�Þé4ø ó�ÞÛ�ôîæ�ï�Û�ç �
ê�Û�Ý�ë[ö�áøFÛ�òæ�Þð[à

O (n log n)
ãrå�í�Û�îá[ñ�ß4ú/�<ñ�Û
ñ�ãrå�í�Û�îá[ñ�ß Û�ç�ÞÛ�ï�ã
ÞWÞ�ãÑôîáÞòáôæ�î«î�ã�âzÝ'æzå�ëø0á

ï�å'ã
çuñ�ï
à�ø�ï���î ��=������ ���T�|��c�Tð)¦��X�c� ïJ�t� ��
��ú�û9ÞÛ�èÑæ�çuñ�ï�Û0ñ�Û�ìæ�ð
P
Ý'æzå�á[ñ�ç®ëýÞ�ã Ý'ï�ãWôîáä�å�á[âVá �

ñ�æzå�÷�ÞÛ�î�ã
ï�Þé�êýôÛ�Ý'ß�ÞÛ�èÑæ�çuñ�ï�ã
P1

á
P2

ú�ñ�æ�ð[à�îç�áï�ÞÛ�çuñ�îÛ�á[ñ�ç®ëÕÝ'á�ã
í�î�ã
ß�ß$ã���Û�îÛ�ÞÛ�í�ÛWÝ�å�ë
ß�ÞÛ�èÑæ�çuñ�ï

P1

á
P2

ó[ã;â�ã�ñ�æ�ß çeôÛ�ß�Û
ö�÷�õòî«î�ã�âzÝ'æzå�ëõËö�æ�øWòæ�ôá�ïËï�Û�ç�çuñ�ã
Þ�ã
ï�å�áï�ã
æuñ�ç®ë�Ý'á�ã
í�î�ã
ß �
ß$ã Ý�å�ëÕáç ê�Û�Ý'ÞÛ�í�ÛFß�ÞÛ�èÑæ�çuñ�ï�ã

P
ú?�Jæ�ç�ß�Û
ñ�î�ëÕÞ�ã0ï�ç�õPôîáï�å�æ�ð�ã�ñ�æzå�÷�ÞÛ�çuñ�÷0Ý^ã
ÞÞÛ�í�Û9ß�æuñ�Û�Ý^ã[ó

Û�Þ9ï�éÍâVé4ï�ã
æuñ�ä�Û�å�÷
ü�áæJñ�î[àVÝ'ÞÛ�çuñ�á�ôîá9ìáçzå�æ�ÞÞÛ�øFîæVãrå�á[â�ã
òáá ú
�ó
G� � § í�Û�Ý�àô�<ñ�áï�æ�Þ¤õ�Û�î[ñ
à�Þö� � ' �ÑÞ�ã Û�ç�ÞÛ�ï�æ ß�æuñ�Û�Ý^ã�î �J÷����� ������ ïò�¼ß�æuñ�Û�ÝAâ�ã
ß�æuñ�ã
õ �

ö�æ�ø�ô�å�Û�ç�ð¢Û�çuñ�á��$ôîæÝ�å�Û�è�á�åWãrå�í�Û�îá[ñ�ßyÝ�å�ë ï�é4ìáçzå�æ�Þá[ëÑÝ'á�ã
í�î�ã
ß�ß�éò��Û�îÛ�ÞÛ�í�Ûó�ï�îæ�ß�æ�ÞÞ&*ã�ë
çzå�Û�è�ÞÛ�çuñ�÷�ð¢Û
ñ�Û�îÛ�í�ÛÑç�Û�çuñ�ã
ï�å�ëæuñ

O (n log n)
ú�+Ñã
ÞÞé4øþß�æuñ�Û�ÝFä�é4çuñ�îé4ø0ôÛ,ç�ð¢Û�îÛ�çuñ�áWî�ã
ä�Û
ñ�é

á9Û
ñ�ÞÛ�ç�á[ñ�æzå�÷�ÞÛþôîÛ�çuñ�Û�ø9ï�îæVãrå�á[â�ã
òáá ú

ø�¸ºù ×2Ö�úüûFÖ ¾y» × ¿sý)þ)ÿ�����������	
���

��î[à�ôô�ã9ß�æuñ�Û�Ý'Û�ï¡î �J÷����� ������ ïÑÞ�ã�ü2å'ã0ç�ï�Û�æ ôîáß�æ�Þæ�Þáæ�ï�Û9ß�ÞÛ�í�á�êÕôî�ã
ð[ñ�áìæ�ç�ðá�êýâ�ã�Ý^ã�ì�ãrê
ï�é4ìáçzå�á[ñ�æzå�÷�ÞÛ�øFí�æ�Û�ß�æuñ�îáá ú���ç�æJÛ�Þá0ç�ï�Û�Ý�ë[ñ�ç®ë0ðWâ�ã�Ý^ã�ìæJôÛ�çuñ�îÛ�æ�Þá[ë9í�î�ã
ù2ã�Û�ôîæÝ'æzå�æ�ÞÞÛ �
í�Ûþï�á¢Ý^ã[ú��ËÝ'æuë�ß�æuñ�Û�Ý'Û�ï�î �J÷������������ ïJâ�ã
ð�å�õeì�ã
æuñ�ç®ëyïþôæ�îæ�ß�æuö�æ�ÞááÕí�Û�îá[âVÛ�Þ[ñ�ãrå�÷�ÞÛ�øFå�áÞáá
î �J÷�����ý������ ï l

��î�å�áÞáá�â�ã�ìáçuñ�ðá�ïJ�Jç�ï�æ�î�ê�àyï�Þá[â ôÛ0ô�å�Û�ç�ð¢Û�çuñ�á ú���Û0ï�îæ�ß`ëFÝ'ï�á[èÑæ�Þá[ëyñ�ã
ð¢Û�ø
å�áÞáá�ù;Û�îß�áî[à�æuñ�ç®ë�áÞù;Û�îß$ã
òá[ëÑÛ/í�î�ã
ù;æ
ó
ð¢Û
ñ�Û�îé4ø�Þæ�Û�äVê�Û�Ý'áß�Û;ï�é4ìáçzå�á[ñ�÷úw��á¢Ý�Þ�ã
ø¢Ý'æ�Þ �
ÞÛ�í�ÛFí�î�ã
ù2ã9ß�æ�Þ[ëæuñ�ç®ë ôîá�Ý'Û�çuñ�á[èÑæ�Þááî�å�áÞáæ�øÕâ�ã�ìáçuñ�ðá�ïþç�ôæ�òá�ãrå�÷�Þé�êÕñ�Û�ìæ�ð Þ�ã9ô�å�Û�ç �
ð¢Û�çuñ�á��*ç�Û�ä�éÍñ�áø úy�JîáýôÛ�çuñ�îÛ�æ�ÞááÕÝ'á�ã
í�î�ã
ß�ß�é ��Û�îÛ�ÞÛ�í�ÛFÞæ�Û�äVê�Û�Ý'áß�Û�ç�ÛVê[î�ã
Þ[ë[ñ�÷�ñ�Û�ìðá
ôæ�îæ�ç�æ�ìæ�Þá[ë�Ý'á�ã
í�î�ã
ß�ß�é ç$å�áÞáæ�øaî �J÷������������ ïú�ÊNî[àVÝ'ÞÛ�çuñ�÷/â�ã
ð�å�õeì�ã
æuñ�ç®ë ïeñ�Û�ß4ó
ì[ñ�Û;ï�é4ìáç �
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å�æ�ÞÞ�ã�ëyÞ�ãþñ�æ�ð[à¢ö�áøýß�Û�ß�æ�Þ[ñ9ì�ã
çuñ�÷�Ý'á�ã
í�î�ã
ß�ß�é â�ã
ï�áç�á[ñ9Û
ñWñ�Û�ìæ�ð
pi ∈ P

ó^ð¢Û
ñ�Û�îé4æ ß�Û�íuà¢ñ
Þ�ãrê�Û�Ý'á[ñ�÷�ç®ë�ð�ã
ðFï�éÍü�æ
ó�ñ�ã
ðFá9Þá[èÑæ2ôî�ëß�Û�ø

l
ú��JîáWÝ'Û�çuñ�á[èÑæ�Þáá¡î�å�áÞáæ�ø9â�ã�ìáçuñ�ðá�ï,çVã
ß�Û�ø

ï�æ�î�ê[Þæ�ø ï�æ�î[ü�áÞé ëìæ�øðá���Û�îÛ�ÞÛ�í�Û9Þæ�ï�Û
âVß�Û�è�ÞÛ0Û�ôîæÝ'æzå�á[ñ�÷9à¢âVæzå
pi ∈ P

ó ï�Û�ðî[à�í ð¢Û
ñ�Û �
îÛ�í�Û çuñ�îÛ�á[ñ�ç®ë9Ý^ã
ÞÞ�ã�ëWëìæ�øð�ã[ú�+2å�ë9îæuü�æ�Þá[ë9à�ð�ã�â�ã
ÞÞé�êFôîÛ�ä�å�æ�ßò�eú�õ�Û�î[ñ
à�ÞFôîæÝ�å�Û�è�á�å
ß�Û�Ý'áù;áòáîÛ�ï�ã
ÞÞé4ø ï�ã
îá�ã
Þ[ñýß�æuñ�Û�Ý^ãuî �J÷����� ������ ïþôÛ�çuñ�îÛ�æ�Þá[ë Ý'á�ã
í�î�ã
ß�ß�éü��Û�îÛ�ÞÛ�í�ÛÕÞ�ã
ô�å�Û�ç�ð¢Û�çuñ�á|� � '���ú)� Ý^ã
ÞÞÛ�ø�î�ã
ä�Û
ñ�æËÛ�ôáç�é4ï�ã
æuñ�ç®ëWÞæ�ç�ð¢Û�å�÷�ð¢Û�á[âVß�æ�Þæ�ÞÞé4øWï�á¢Ý0ÿuñ�Û�í�Û�ãrå�í�Û�îá[ñ �
ß$ã|� �c����ú?��ß�æ�çuñ�Û0ñ�Û�í�Û9ì[ñ�Û�ä�é áç�ð�ã�ñ�÷þÝ'á�ã
í�î�ã
ß�ß`à|��Û�îÛ�ÞÛ�í�Û0ìæ�îæuâ�ôæ�îæ�ç�æ�ìæ�Þáæ�ç,å�áÞáæ�ø

l
ó

çuñ�îÛ�á[ñ�ç®ëyñ�Û�å�÷�ð¢ÛWñ�ãþì�ã
çuñ�÷�Ý'á�ã
í�î�ã
ß�ß�éJó^Þ�ãþð¢Û
ñ�Û�î[à�õAñ�Û�ìðá ó Þ�ãrê�Û�Ý�ë[ö�áæ�ç®ëÕÞá[èÑæ
l
ó^Þæ�Û�ð�ã �

âVé4ï�ã
õËñ�ï�å�á[ëÞá[ë ú
�/à�çuñ�÷�â�ã�Ý^ã
ÞÛ�ß�ÞÛ�èÑæ�çuñ�ï�Û�ñ�Û�ìæ�ð Þ�ãFô�å�Û�ç�ð¢Û�çuñ�á

P = {p1, p2, ..., pn}
úE+2å�ë ôîæ�Û�Ý'Û�å�æ�Þá[ë

ôîÛ�ä�å�æ�ß�éPï
â�ã
áß�ÞÛ�í�ÛFï�å�á[ëÞá[ëyñ�Û�ìæ�ð ó�î�ã
ç�ôÛ�å�Û�èÑæ�ÞÞé�ê ôÛ9î�ã�âVÞé4æ�çuñ�Û�îÛ�ÞéPÛ
ñ�ôî�ëß�Û�ø
l
ó

Þæ�Û�äVê�Û�Ý'áß�Û,î�ã�âzÝ'æzå�á[ñ�÷�ôÛ�å�à�ô�å�Û�ç�ð¢Û�çuñ�÷ó�å�æuè�ã�ö,à�õ Þ�ã�Ý�î�å�áÞáæ�ø�â�ã�ìáçuñ�ðá�ïó�Þ�ãËÝ'ï�æNÛ�ä�å'ã
çuñ�á ú
#NÝ'Þ�ãWÛ�ä�å'ã
çuñ�÷0ç�Û�Ý'æ�î�è�á[ñ0ñ�Û�ìðá ó î�ã
ç�ôÛ�å�Û�èÑæ�ÞÞé4æ�Þ�ã�Ý|î �J÷�����Õ������ ïó'Þ�ãrê�Û�Ý�ë[ö�áæ�ç®ëÕä�å�á[èÑæÑð
Þæ�ð¢Û
ñ�Û�îÛ�ø0ñ�Û�ìð¢æ

pi ∈ P
ó[ìæ�ß ð0çVã
ß�Û�ø�î �J÷�����9������ ïó�Ý'î[à�ízã�ë¡� ñ�Û�ìðá óî�ã
ç�ôÛ�å�Û�èÑæ�ÞÞé4æ;ä�å�á �

èÑæ4ð�î �J÷����� ������ ïó�ìæ�ßyð�Þæ�ð¢Û
ñ�Û�îÛ�ø�ñ�Û�ìð¢æNá[âÍâ�ã�Ý^ã
ÞÞÛ�í�Û;ß�ÞÛ�èÑæ�çuñ�ï�ã
P
ú�û9ÞÛ�èÑæ�çuñ�ï�ÛJñ�Û�ìæ�ð

q
ó

î�ã
ï�ÞÛ
àVÝ^ãrå�æ�ÞÞé�êýÛ
ñÌî �J÷����� ������ ï�áýçVã
ß�Û�øÕä�å�á[âVð¢Û�øÕñ�Û�ìðá
pi ∈ P

ó Þ�ã�âVé4ï�ã
æuñ�ç®ë|î«ä�æ�îæ�í�Û�ï�Û�ø
å�áÞáæ�ø�ï¨��î� �V���f�þ������ ïJ�zúw�JÛ,Û�ôîæÝ'æzå�æ�Þáõ,ó[ß�ÞÛ�èÑæ�çuñ�ï�Û,ñ�Û�ìæ�ð ó�î�ã
ï�ÞÛ
àVÝ^ãrå�æ�ÞÞé�êþÛ
ñ,â�ã�Ý^ã
ÞÞÛ�ø
ñ�Û�ìðá

pi ∈ P
ó�å�æuè�ã�ö�æ�ø�ï�éÍü�æNí�Û�îá[âVÛ�Þ[ñ�ãrå�÷�ÞÛ�ø�å�áÞáá ó�á�çVã
ß�Û�ø�å�áÞáá ó�Û�ä�î�ã�â�à�æuñ,ô�ã
î�ã
ä�Û�å�à�ú

Ê`ã
ðáßÕÛ�ä�î�ã�âVÛ�ß4ó î«ä�æ�îæ�í�Û�ï�ã�ë�å�áÞá[ë�ïNôîæÝ'çuñ�ã
ï�å�ëæuñ�ç�Û�ä�Û�ø�ôÛ�çzå�æÝ'Û�ï�ã�ñ�æzå�÷�ÞÛ�çuñ�÷�ô�ã
î�ã
ä�Û�å�áìæ �
ç�ðá�êÕÝ�à�íú�(/î�ã
ï�Þæ�Þáæþô�ã
î�ã
ä�Û�å�éJó�Û
ñ�ÞÛ�ç�á[ñ�æzå�÷�ÞÛÕù;Û�ð[à�çVã

F (xF , yF )
áyÝ'áîæ�ð[ñ�îáç�é

y = L
ó

â�ã
ôáç�é4ï�ã
æuñ�ç®ë�ï�çzå�æÝ�à�õËö�æ�ßÜï�á¢Ý'æ �

y =
1

2 (yF − L)

(

(x − xF )2 + y2

F − L2
)

.
���c�

�/â����c��ï�á¢Ý'ÞÛóÍì[ñ�Û ô�ã
î�ã
ä�Û�å'ã[ó�ï�æuñ�ï�á ð¢Û
ñ�Û�îÛ�ø Þ�ã
ôî�ã
ï�å�æ�Þé�ï�ï�æ�î�ê^ó4çuà¢è�ã
æuñ�ç®ë>ôÛ ß�æ�îæ
ôîáä�å�á[èÑæ�Þá[ë ñ�Û�ìðá

p
ðºî�å�áÞáá â�ã�ìáçuñ�ðá�ï�á ôÛ�çuñ�æ�ôæ�ÞÞÛ ï�é4îÛ�èÑÝ^ã
æuñ�ç®ëÊï ï�æ�î[ñ�áð�ãrå�÷�ÞÛ

Þ�ã
ôî�ã
ï�å�æ�ÞÞé4ø0å�à�ì ó�ï�é�ê�Û�Ý�ë[ö�áøFá[â;ñ�Û�ìðá
p
ú

Ê�Û�ìð�ã/ôæ�îæ�ç�æ�ìæ�Þá[ëÑÝ'ï
à�êÑô�ã
î�ã
ä�Û�å°ó�Þ�ã�âVé4ï�ã
æ�ß$ã�ë�ð¢Û�Þ[ñ�îÛ�å�÷�ÞÛ�ø�ñ�Û�ìð¢Û�ø��� � �V���)�/�����w� �zó�î�ã
ï �
ÞÛ
àVÝ^ãrå�æ�Þ�ã Û
ñ ñ�Û�ìæ�ð

pi, pj ∈ P
á¡î«ä�æ�îæ�í�Û�ï�Û�øWå�áÞáá�ïú��$å�æÝ'Û�ï�ã�ñ�æzå�÷�ÞÛó'Û�Þ�ã�å�æuè�á[ñ�Þ�ã�îæ�ä�îæ

ëìæ�øðá���Û�îÛ�ÞÛ�í�Ûó^ôîÛVê�Û�Ý�ë[ö�æ�í�Û9ß�æuèÑÝ�àFñ�Û�ìð�ã
ß�á
pi

á
pj ∈ P

ú�Ê`ã
ðáßÜÛ�ä�î�ã�âVÛ�ß4ó ãrå�í�Û�îá[ñ�ß
õ�Û�î[ñ
à�Þ�ã ç�Û�çuñ�Û�á[ñ�ï�ß�Û�Ý'æzå�áîÛ�ï�ã
Þáá9îÛ�çuñ�ãaî«ä�æ�îæ�í�Û�ï�Û�øþå�áÞáá�ï;ï�Û�ï�îæ�ß`ë�Ý'ï�á[èÑæ�Þá[ëÌî�å�áÞáá
â�ã�ìáçuñ�ðá�ïËç�ï�æ�î�ê�àÑï�Þá[âËá�Û
ñ�çzå�æuè�áï�ã
ÞááÑñ�Û�ìÞÛ�í�Û2ô[à¢ñ�á ó�ôîÛ�ø¢Ý'æ�ÞÞÛ�í�Û2ð¢Û�Þ[ñ�îÛ�å�÷�ÞÛ�ø�ñ�Û�ìð¢Û�ø ó
ôæ�îæ�ß�æuöÑã
õËö�æ�øç®ë�ïrÝ'Û�å�÷�îæ�ä�î�ãÑëìæ�øðáu��Û�îÛ�ÞÛ�í�Ûú

�Jîá�Ý'ï�á[èÑæ�Þáá°î�å�áÞáá�â�ã�ìáçuñ�ðá�ïJï�Þá[â/ô�ã
î�ã
ä�Û�å�éJó�ù;Û�îß�áî[à�õËö�áæFî«ä�æ�îæ�í�Û�ï
à�õÜå�áÞáõFïó
á[âVß�æ�Þ[ëõËñ�ç®ëWÞæ�ôîæ�îé4ï�ÞÛúÚ;ã
ð�á�ï�Û2ï�ç�æzêþãrå�í�Û�îá[ñ�ß$ãrê^ó�áç�ôÛ�å�÷
â�à�õËö�á�êWá¢Ý'æ�õ ß�æuñ�Û�Ý^ãMî �J÷�����
������ ïóÞæ�Û�äVê�Û�Ý'áß�Û�ôîÛ�ï�Û�Ý'á[ñ�÷�Ý'áç�ðîæuñ�ÞÛ�æ,ß�Û�Ý'æzå�áîÛ�ï�ã
ÞáæJÝ'ï�á[èÑæ�Þá[ëÌî�å�áÞáá9â�ã�ìáçuñ�ðá�ï,ôÛ
ñ�Û�ìð�ã
ß ô�å�Û�ç�ð¢Û�çuñ�á ó$ï�ð¢Û
ñ�Û�îé�ê ï�Û
âVÞáð�ã
õËñÕç�Û�ä�éÍñ�á[ë ó�á[âVß�æ�Þ[ëõËö�áæ9çuñ�î[à�ð[ñ
à�î[à�î«ä�æ�îæ�í�Û�ï�Û�ø
å�áÞáá�ïú/�<ñ�áFç�Û�ä�éÍñ�á[ëFß�Û�íuà¢ñ�ä�éÍñ�÷�Ý'ï
à�ê0ï�á¢Ý'Û�ï �

������������ �������� � � ���®�þ�=����w�V� � � î�å�áÞá[ë â�ã�ìáçuñ�ðá�ïþÝ'Û�çuñ�áízã
æuñýÞÛ�ï
à�õ ñ�Û�ìð[à
pi ∈ P

úp�
îæuâ�à�å�÷�ñ�ã�ñ�æÕÞÛ�ï�ã�ë Ý�à�ízã ï�çuñ�ã
ï�å�ëæuñ�ç®ë ïî«ä�æ�îæ�í�Û�ï
à�õ å�áÞáõFïóÍôÛ�ëï�å�ëæuñ�ç®ë Ý'ï�æ�ÞÛ�ï�é�êÊð¢Û�Þ �
ñ�îÛ�å�÷�Þé�ê9ñ�Û�ìðá��
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à�çzå�Û�ï�áõ«+�æzå�Û�Þæ
ó�æ�çzå�áWï�Þ[à¢ñ�î÷�Û�ðî[à¢è�ÞÛ�çuñ�á ó[Û�ôáçVã
ÞÞÛ�øþï�Û�ðî[à�íNå�õeä�Û�í�Û,ôÛ�çuñ�îÛ�æ�ÞÞÛ�í�Û�ñ�îæ �
à�í�Û�å�÷�Þáð�ã[ó�Þæ ôÛ�ô�ã�Ý^ã
æuñ�Þá Û�Ý'Þ�ã9á[â â�ã�Ý^ã
ÞÞé�êýñ�Û�ìæ�ðýñ�îá�ã
Þíuà�å�ëòáá«� .���úy�$å�æÝ'Û�ï�ã�ñ�æzå�÷�ÞÛó
ôîáþï�Û
âVÞáðÞÛ�ï�æ�Þáá°î«ç�Û�ä�éÍñ�á[ë�ðî[à�ízã�ïeôÛ2à¢âuå'ã
ß

pi, pj, pk

�¼îáç
ú�')��ù;Û�îß�áî[à�õËñ�ç®ëWá�ï�æ�î[ü�áÞ�ã
ëìæ�øðá¨��Û�îÛ�ÞÛ�í�Ûó�á2ñ�îæuà�í�Û�å�÷�Þáð

(pi, pj, pk)
ú �JÛ�ÿuñ�Û�ß`àJñ�îá�ã
Þíuà�å�ëòáõº+�æzå�Û�Þæ<ß�Û�è�ÞÛËôÛ�å�à �

ì�ã�ñ�÷,ÞæNñ�Û�å�÷�ð¢Û,á[âeç�ï�Û�øçuñ�ï�ãeÝ'ï�Û�øçuñ�ï�æ�ÞÞÛ�çuñ�á Ý'á�ã
í�î�ã
ß�ß�éò��Û�îÛ�ÞÛ�í�Ûó�ÞÛ,á Þæ�ôÛ�ç�îæÝ'çuñ�ï�æ�ÞÞÛ
ï ß�Û�ß�æ�Þ[ñ Û�ä�î�ã�âVÛ�ï�ã
Þá[ë©î«ç�Û�ä�éÍñ�á[ë9ðî[à�ízã�ïú

CF¸ED Ö ¿�F Ù ÁE¿HG Ù&ú ¿�FJI/»HK Ù ¾ û ¿

�<ñ�î[à�ð[ñ
à�î�ã�î«ä�æ�îæ�í�Û�ï�Û�øWå�áÞáá�ï2ß�æ�Þ[ëæuñ�ç®ë�ï�â�ã
ï�áç�áß�Û�çuñ�á�Û
ñ�ôÛ�çzå�æÝ'Û�ï�ã�ñ�æzå�÷�ÞÛ�çuñ�á�ôÛ�çuñ
à�ô�ã �
õËö�á�ê�ç�Û�ä�éÍñ�áø � ôîáyï�Û
âVÞáðÞÛ�ï�æ�Þáá�î«ç�Û�ä�éÍñ�á[ë�ñ�Û�ìðá�ïÑÞÛ�ï�Û�æ,îæ�ä�îÛ Ý'á�ã
í�î�ã
ß�ß�é Þ�ã�ìáÞ�ã
æuñ
î�ã
çuñ�á ó�ôîá9ï�Û
âVÞáðÞÛ�ï�æ�ÞááÌî«ç�Û�ä�éÍñ�á[ë9ðî[à�ízã�ïeÝ'ï�ãÑî�ã
çuñ
à¢ö�á�êFîæ�ä�î�ã�çuñ�ãrå�ðáï�ã
õËñ�ç®ë ó'Û�ä�î�ã�â�à
ë



_a`cb9dfeg`chfiTj/hlk?j�m nVe?m opopqsrF`=eg`�i/`�n�`tju`�vweghxkyhVz�hfiTj/hMnVe?m iTjT{|`c}Gz/mwb9d9j?~�~�~ §c�

Ï?Ð)Ñ�Å8L�Å#M;Ö âXÞ ÑVá9Ô ß å â ÚwÐ â æ)' â à#"wÐ©Ø,Ù9Ö)Ù9Ú)Ù9Õ7Ù ß Ù!"wÖwä�ÕFá�Ù!'#"wÐ
p1

Þ)ß ä�Ñ ß æ) fÚwè�×Ñ . Ð)Ñ3"�ÙG×Ö â & â Ö

ï�æ�î[ü�áÞ[à9ëìæ�øðá���Û�îÛ�ÞÛ�í�ÛúT+2å�ëFîæVãrå�á[â�ã
òáá�ãrå�í�Û�îá[ñ�ß$ãþÞæ�Û�äVê�Û�Ý'áß$ã�çuñ�î[à�ð[ñ
à�î�ã�Ý^ã
ÞÞé�ê^ó
ç�ôÛ�ç�Û�ä�Þ�ã�ë�ê[î�ã
Þá[ñ�÷�ì�ã
çuñ�á�Ý'á�ã
í�î�ã
ß�ß�éJó°ï�é4ìáçzå�æ�ÞÞé4æ�Þ�ãWñ�æ�ð[à¢ö�áø ß�Û�ß�æ�Þ[ñFï�îæ�ß�æ�Þá ú�Ú;ã
ð
ôî�ã
ï�á�å�Ûó�Ý�å�ë ä�Û�å�÷
ü�áÞçuñ�ï�ã,ãrå�í�Û�îá[ñ�ß�Û�ï2ß�æuñ�Û�Ý^ã$î �J÷�����þ������ ïÍáç�ôÛ�å�÷
â�à�õËñ�ç®ëþç�ôáç�Û�ð�çNôîáÛ �
îá[ñ�æuñ�Û�ß Ý�å�ë ê[î�ã
Þæ�Þá[ë0Û�ìæ�îæÝ'áWç�Û�ä�éÍñ�áø0áWÞæ�ð¢Û
ñ�Û�î�ã�ë Ý'áÞ�ã
ß�áìæ�ç�ð�ã�ë0çuñ�î[à�ð[ñ
à�î�ã�Ý�å�ëþÛ�ôá �
çVã
Þá[ë�ç�Û�çuñ�Û�ëÞá[ëaî«ä�æ�îæ�í�Û�ï�Û�ø,å�áÞáá�ï	� Ý'ï
à�ê�ç�ï
ë[âVÞé4ø ç�ôáç�Û�ð ó�á�å�á2Ý'ï�Û�áìÞÛ�æ<Ý'æ�îæ�ï�ÛJôÛ�áç�ð�ã[ú

�<ñ�îÛ�ë[öÑã�ëç®ë*Ý'á�ã
í�î�ã
ß�ß$ã ��Û�îÛ�ÞÛ�í�Û ê[î�ã
Þá[ñ�ç®ë ï Ý'ï
à�ç�ï
ë[âVÞÛ�ß ç�ôáç�ð¢æÌîæ�ä�æ�îONJP £RQ
�SN �c¦  ���z� P �c�T���=�®���£p�T���TQ����J� �"� �c���¨�¼îáç
ú�.c�zú�Ú;ã�èÑÝ'é4ø ÿzå�æ�ß�æ�Þ[ñ ç�ôáç�ð�ã áß�æ�æuñ à�ð�ã�â�ã�ñ�æzå�÷
Þ�ã�à¢âVæzå

pi ∈ P
�»ñ�ã
ä�å°ú?
��zó�à�ð�ã�â�ã�ñ�æzå�÷ Þ�ãÑÞ�ã�ì�ãrå�÷�Þ[à�õ á0ð¢Û�Þæ�ìÞ[à�õ ï�æ�î[ü�áÞé>îæ�ä�î�ã��»ñ�ã
ä�å°ú��c�zó

à�ð�ã�â�ã�ñ�æzå�÷�Þ�ãÑîæ�ä�îÛó[ëï�å�ëõËö�æ�æ�ç®ëFç�Û�ç�æÝ'Þáß Ý�å�ë�Ý^ã
ÞÞÛ�í�Û�îæ�ä�î�ã[ó�ÞÛÑÞ�ã
ôî�ã
ï�å�æ�ÞÞé4ß ïÑôîÛ �
ñ�áï�Û�ôÛ�å�Û�è�Þ[à�õPçuñ�Û�îÛ�Þ[àº�»ñ�ã
ä�å°úE�w�zú�ñ�æ�ä�î�ãþëìæ�øðá ó^ôÛ�çuñ�îÛ�æ�ÞÞÛ�øyï�Û�ðî[à�í�à¢âuå'ã

pi ∈ P
ó'Û�îá �

æ�Þ[ñ�áîÛ�ï�ã
ÞéÜôîÛ
ñ�áï,ê�Û�Ý^ã,ì�ã
ç�Û�ï�Û�ø�çuñ�îæzå�ðá óì[ñ�Û;Ý^ã
æuñ;Ý'Û�ôÛ�å�Þá[ñ�æzå�÷�Þé4æJôîæ�áß`à¢ö�æ�çuñ�ï�ãÑôîá
îæVãrå�á[â�ã
òáá�ìáçzå�æ�ÞÞé�êÑß�æuñ�Û�Ý'Û�ïó�ôÛ�Ý'Û�ä�Þé�ê�ûFÚ��eúG+2å�ë,ôÛ�å�à�ìæ�Þá[ë,Ý^ã
ÞÞé�ê�Ûeëìæ�øð¢æF��Û�îÛ �

UºÔV&$å°Ð¨ç©Ô¤Ò�ÅXWÌÔ9ÑfÑVÐ ß ×gÔá â ÖwÐ�Ô=å)ãGÚwè�Y°á�Ù!' â "
U/Ù!'#"cÔ Z�ÙGÙ9Ö Þ ÐwÚ�ÔáGè�á�Ù!'#"wÐ M;Ö)Ù9Ð# ß Ùå)ãGÚ)Ù â Ö â &9Ö)ÙMæ)' â à#"wÐ

p1
Û[L�³8\ Ü e2.3

p2
Û[7�³XL Ü e4.1

p3
Û�\
³X] Ü e2.1

UºÔJ&�å°Ð°ç�Ô^��Å)Ø â Ö#6�ÐwÚwè Þ Ð�ÔÕfÖ�Ô9×?×Eè�Ø,Ù9Ö)Ù9Ú)Ù9Õ7Ù
Ø â Ö#6�ÐwÚ�Ô Z�ÙGÙ9Ö Þ ÐwÚ�ÔáGè ß�â Ö#6�ÐwÚwè

v1
Û[]�³#=¢Å L Ü

v2
Û[L�Å L�³8_ Ü

v3
ÛxÒ�³8_ Ü

UºÔJ&�å°Ð°ç�Ô`7�Å8a�áGÖwä�"wáGä�Ö�Ô Ã?bdc�e
Ï â &9Ö)Ù fFÔg'�Ô=å�Ù Z�Ù9Ú â ç h�å)Ð# fÚ â ç i;ÚwçwÐ Þ�â ÚwáGÚwèpà agå âXÞ ä�j4k âfâ M;Ö âXÞ è Þ ä�k âfâä� â å Ö â &9Ö)Ù Ö â &9Ö)Ù
e1.2 v1 v2 e2.1 p1 e2.3 e3.1

e2.3 v2 v3 e3.2 p1 e3.1 e1.2

e3.1 v3 v1 e3.1 p1 e1.2 e2.3

e2.1 v2 v1 e1.2 p3 e1.5 e6.2

e1.3 v1 v3 e3.1 p2 e3.7 e4.1
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Ï?Ð)Ñ�Å8l�Å#M;Ö âXÞ ÑVá9Ô ß å â ÚwÐ â?$ & â Ö â Õ7Ù ß Ù9à°å)ÐwÚwÐwÐ)( Þ)ß Ù9Ð#'wÚwè�× Þ�â Ö âVß ÙG× . Ù9Ð)Ñ3"cÔ

ÞÛ�í�ÛeÝ�å�ë�â�ã�Ý^ã
ÞÞÛ�í�ÛJà¢âuå'ã
pi

Þæ�Û�äVê�Û�Ý'áß�Û2á[â4ß$ã
ç�ç�áï�ã/ñ�Û�ìæ�ðu�¼ç�ß4ú
ñ�ã
ä�å°úT
���á[âVï�å�æ�ì÷Jà�ð�ã�â�ã�ñ�æzå�÷
Þ�ã2ôîÛ�á[âVï�Û�å�÷�ÞÛ�æeîæ�ä�îÛ2ëìæ�øðá ú��JÛ,ÿuñ�Û�ß`à à�ð�ã�â�ã�ñ�æzå�õ ß�Û�è�ÞÛ;à¢âVÞ�ã�ñ�÷Ñçzå�æÝ�à�õËö�æ�æJá�ôîæÝ'é �
Ý�à¢ö�æ�æNîæ�ä�î�ãËëìæ�øðá°��Û�îÛ�ÞÛ�í�Û��¼ç�ß4úrñ�ã
ä�å°úw�w�zórñ�æ�ßyçVã
ß�é4ßyôÛ�å�à�ìá[ñ�÷;ï�ç�æ$Ý^ã
ÞÞé4æÍÛJï�æ�î[ü�áÞ�ãrê
á9îæ�ä�î�ãrêWëìæ�øðá ó'ã�ñ�ã
ð[èÑæ;æ�çuñ�æ�çuñ�ï�æ�ÞÞé�ê�ç�Û�ç�æÝ�ë�ê0à¢âuå'ã

pi

ú
îJ��æ�îæ�í�Û�ï�ã�ëFå�áÞá[ë�ï�ôîæÝ'çuñ�ã
ï�å�ëæuñ�ç®ëýç�ä�ãrå'ã
Þç�áîÛ�ï�ã
ÞÞé4ß Ý'ï�Û�áìÞé4ß Ý'æ�îæ�ï�Û�ßÜôÛ�áç�ð�ã

T�¼îáç
ú ^ �zú�m�í�Û�å�áçuñ�÷
ë ç�Û�Û
ñ�ï�æuñ�çuñ�ï
à�õËñyÝ�à�ízã
ß Þ�ã"î«ä�æ�îæ�í�Û�ï�Û�ø å�áÞáá�ï � ðî�ã
øÞáø å�æ�ï�é4ø å�áçuñ
ôîæÝ'çuñ�ã
ï�å�ëæuñ ðî�ã
øÞõeõ�å�æ�ï
à�õ Ý�à�íuà�óÍçzå�æÝ�à�õËö�áøÜå�áçuñ ôîæÝ'çuñ�ã
ï�å�ëæuñ ï
ñ�Û�î[à�õ*ðî�ã
øÞõeõ
å�æ�ï
à�õ Ý�à�íuà�ó áFñrúoÝ�ú�+2å�ë�îæVãrå�á[â�ã
òááyãrå�í�Û�îá[ñ�ß$ãWÞæuñ0Þæ�Û�äVê�Û�Ý'áß�Û�çuñ�á�ê[î�ã
Þá[ñ�÷0ô�ã
î�ã
ä�Û�å�é ï
ëï�ÞÛ�ß ï�á¢Ý'æ
ó¢ñ�ã
ðWð�ã
ðWð�ã�èÑÝ'é4ø å�áçuñ2Ý'æ�îæ�ï�ã�ç�Û�Ý'æ�î�è�á[ñ�à�ð�ã�â�ã�ñ�æzå�÷�Þ�ã2à¢âVæzå

pi ∈ P
ó�ôîæÝ'çuñ�ã
ï �

å�ëõËö�áø ç�Û�Û
ñ�ï�æuñ�çuñ�ï
à�õËö,à�õ Ý�à�íuà�ó�ð¢Û
ñ�Û�î[à�õ ß�Û�è�ÞÛFï�é4ìáçzå�á[ñ�÷yôÛFñ�æ�ð[à¢ö�æ�ß`à ôÛ�å�Û�èÑæ�Þáõ
î�å�áÞáá â�ã�ìáçuñ�ðá)îzúp��Þ[à¢ñ�îæ�ÞÞáæ0à¢âuå�é Ý'æ�îæ�ï�ã

T
ç�Û�Û
ñ�ï�æuñ�çuñ�ï
à�õËñ ð¢Û�Þ[ñ�îÛ�å�÷�Þé4ß ñ�Û�ìð�ã
ß Þ�ã

î«ä�æ�îæ�í�Û�ï�Û�ø0å�áÞáá�ï;áFôîæÝ'çuñ�ã
ï�å�ëõËñ�ç®ë�ï ï�á¢Ý'æ;à�ôÛ�î�ë¢Ý'Û�ìæ�ÞÞÛ�ø�ô�ã
îé
< pi, pj >

ó�ímÝ'æ
pi

Û�ä�Û �
âVÞ�ã�ì�ã
æuñÑô�ã
î�ã
ä�Û�å�à�ó¢î�ã
ç�ôÛ�å'ã
ízã
õËö,à�õeç®ëWçzå�æ�ï�ã,Û
ñ2ñ�Û�ìðá ó[ã

pj

�Aç�ôî�ã
ï�ã[ú��Jîá�áç�ôÛ�å�÷
âVÛ�ï�ã
Þáá
ñ�ã
ð¢Û�í�Û;ôîæÝ'çuñ�ã
ï�å�æ�Þá[ëaî«ä�æ�îæ�í�Û�ï�Û�ø2å�áÞáá�ïÍôÛ�áç�ð;Ý�à�í�á ó�î�ã
ç�ôÛ�å'ã
ízã
õËö�æ�øç®ë�Þæ�ôÛ�ç�îæÝ'çuñ�ï�æ�ÞÞÛ
Þ�ã�ÝyÞÛ�ï�Û�ø0ñ�Û�ìð¢Û�ø ó�â�ã
Þáß$ã
æuñ

O (log n)
Û�ôæ�î�ã
òáø úT+2å�ë9ÿuñ�Û�í�Û�Þæ�Û�äVê�Û�Ý'áß�Ûþç�î�ã
ï�Þáï�ã�ñ�÷ âVÞ�ã �

ìæ�Þáæ;ð¢Û�Û�î
Ý'áÞ�ã�ñ�é ôÛÑÛ�ç�á9ã
ä�ç�òáç�çFî«ç�Û�ä�éÍñ�á[ëWñ�Û�ìðá)î;ç�Û�âVÞ�ã�ìæ�Þáæ�ß ã
ä�ç�òáç�ç�é>ð¢Û�Þ[ñ�îÛ�å�÷�ÞÛ�ø
ñ�Û�ìðá órð¢Û
ñ�Û�î�ã�ë;ß�Û�èÑæuñËä�éÍñ�÷Ëï�é4ìáçzå�æ�Þ�ãËá[â<ô�ã
îé

< pi, pj >
á;ñ�æ�ð[à¢ö�æ�ø�ôÛ
âVáòáá$î �J÷�����,������ ïú

� à¢âuå'ãrê0Ý'æ�îæ�ï�ã ê[î�ã
Þ[ë[ñ�ç®ë�à�ð�ã�â�ã�ñ�æzå�áyÞ�ã�çuñ�î[à�ð[ñ
à�îéJó°áç�ôÛ�å�÷
â�à�æ�ß�é4æ�ï�Ûþï�îæ�ß`ë"îoâ�ã�ìáçuñ �
ðá�ïú�Ú;ã�èÑÝ'é4ø2å�áçuñ

T
ó
ôîæÝ'çuñ�ã
ï�å�ëõËö�áøÑÝ�à�íuà

α
órê[î�ã
Þá[ñ2Û�Ý'áÞÑà�ð�ã�â�ã�ñ�æzå�÷2Þ�ãeà¢âVæzåþïJÛ�ìæ�îæÝ'á

ç�Û�ä�éÍñ�áø úT�<ñ�Û
ñ2à¢âVæzåWç�Û�Û
ñ�ï�æuñ�çuñ�ï
à�æuñaî«ç�Û�ä�éÍñ�áõ ðî[à�ízã�ïó¢ôîá ï�Û
âVÞáðÞÛ�ï�æ�Þáá�ð¢Û
ñ�Û�îÛ�í�Û/Ý�à�ízã
αä
àVÝ'æuñþàVÝ^ãrå�æ�Þ�ã[ú�+�Û�ôÛ�å�Þá[ñ�æzå�÷�ÞÛWð�ã�èÑÝ'é4øFï�Þ[à¢ñ�îæ�ÞÞáø�à¢âVæzåÕç�Û�Ý'æ�î�è�á[ñ�à�ð�ã�â�ã�ñ�æzå�÷0Þ�ã îæ�ä�îÛ

Ý'á�ã
í�î�ã
ß�ß�éJó�ð¢Û
ñ�Û�îÛ�æ;Û
ñ�çzå�æuè�áï�ã
æuñ�ç®ë
#/ìæ�îæÝ'÷Fç�Û�ä�éÍñ�áø

Q
ôîæÝ'çuñ�ã
ï�å�ëæuñ�ç®ë Û�ìæ�îæÝ'÷�õÌç ôîáÛ�îá[ñ�æuñ�Û�ß4ó�ímÝ'æ�ÿzå�æ�ß�æ�Þ[ñ�é Û�ìæ�îæ �

Ý'áyç�Û�î[ñ�áî[à�õËñ�ç®ë ôÛWà�ä�é4ï�ã
ÞáõPâVÞ�ã�ìæ�Þá[ëÕÛ�î
Ý'áÞ�ã�ñ�éJú�#/ìæ�îæÝ'÷Wê[î�ã
Þá[ñþÝ'ï�ãþñ�áô�ãWç�Û�ä�éÍñ�áø �
î«ç�Û�ä�éÍñ�á[ëyñ�Û�ìðá�ïó ð¢Û
ñ�Û�îé4æ á[âVï�æ�çuñ�Þé â�ã
î�ã
Þæ�æ
ó'Ý'ÛWÞ�ã�ì�ãrå'ãWî�ã
ä�Û
ñ�éAãrå�í�Û�îá[ñ�ß$ã[ó á�î«ç�Û�ä�éÍñ�á[ë
ðî[à�ízã�ïó�ð¢Û
ñ�Û�îé4æeï�é4ìáçzå�ëõËñ�ç®ëþôÛ,ß�æ�îæÍÝ'ï�á[èÑæ�Þá[ë�å�áÞáá�ï�Þá[â�ú�+2å�ëtî«ç�Û�ä�éÍñ�á[ë ñ�Û�ìðá�ï4ê[î�ã �
Þ[ë[ñ�ç®ëþð¢Û�Û�î
Ý'áÞ�ã�ñ�éÜçVã
ß�á�ê ñ�Û�ìæ�ð úc+2å�ë¨î«ç�Û�ä�éÍñ�á[ëþðî[à�ízã�ï4ê[î�ã
Þ[ë[ñ�ç®ëWð¢Û�Û�î
Ý'áÞ�ã�ñ�éÜçVã
ß�Û�ø�Þá[è �
Þæ�ø ñ�Û�ìðáÊÛ�ðî[à¢è�ÞÛ�çuñ�á ó�ãÕñ�ã
ð[èÑæ9à�ð�ã�â�ã�ñ�æzå�÷ Þ�ã�å�áçuñÕÝ'æ�îæ�ï�ã

T
ó$ôîæÝ'çuñ�ã
ï�å�ëõËö�áø Ý�à�íuà�ó

ð¢Û
ñ�Û�î�ã�ëþÝ'Û�å�è�Þ�ãÑáç�ìæuâVÞ[à¢ñ�÷ú
�$å�æÝ�à�õËö�áø>ôç�æ�ïrÝ'Û�ð¢Û�Ý Û�ôáç�é4ï�ã
æuñ ãrå�í�Û�îá[ñ�ß Û�ç�ÞÛ�ï�ÞÛ�øÜôîÛ�í�î�ã
ß�ß�é Ý�å�ëÊôÛ�çuñ�îÛ�æ�Þá[ë

Ý'á�ã
í�î�ã
ß�ß�é ��Û�îÛ�ÞÛ�í�Û�ß�æuñ�Û�Ý'Û�ßºî �J÷�����F������ ïú

�ú²�JÞáòá�ãrå�á[â�ã
òá[ë9Û�ìæ�îæÝ'áFç�Û�ä�éÍñ�áø

Q
âVÞ�ã�ìæ�Þá[ëß�áFð¢Û�Û�î
Ý'áÞ�ã�ñ ñ�Û�ìæ�ð

pi ∈ P
ú

��ú?� n%�;Ú$ª¬��#JÚJo&��Û�ìæ�îæÝ'÷ Þæ;ô[à�çuñ�ãu� +-m,ªpopÊrq	��ú
�[ú²�JÛ�å�à�ìá[ñ�÷�ç�Û�ä�éÍñ�áæ2á[â2Û�ìæ�îæÝ'á9ç;ß$ã
ð¢ç�áß$ãrå�÷�Þé4ß âVÞ�ã�ìæ�Þáæ�ß ð¢Û�Û�î
Ý'áÞ�ã�ñ�é

y
ú

'úc� m	�	ªa�$�¢ç�Û�ä�éÍñ�áæ
qi

ëï�å�ëæuñ�ç®ë$î«ç�Û�ä�éÍñ�áæ�ß9ñ�Û�ìðá�ï¥ów� Ê�#���Û�ä�î�ã
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�Jîá>îæuü�æ�Þáá>â�ã�Ý^ã�ì>í�á¢Ý'îÛ�Ý'áÞ�ã
ß�áðá ï Þ�ã�ì�ãrå�÷�Þé4ø>ß�Û�ß�æ�Þ[ñ ï�îæ�ß�æ�Þá Þæ�Û�äVê�Û�Ý'áß�Û â�ã�Ý^ã �
ï�ã�ñ�÷9Û�ä�å'ã
çuñ�÷Fîæuü�æ�Þá[ëýáÕôÛ�å�Û�èÑæ�Þáæ ç�ï�Û�ä�Û�Ý'Þé�êÕáyñ�ï�æ�î
Ý'é�ê í�î�ã
Þáòýß�Û�Ý'æzå�áî[à�æ�ß�é�êýñ�æ�ìæ �
Þáø ú�� ôÛ�çzå�æÝ�à�õËö�áæJß�Û�ß�æ�Þ[ñ�éÊï�îæ�ß�æ�ÞáWôÛ�å�Û�èÑæ�Þáæeç�ï�Û�ä�Û�Ý'ÞÛ�ø�í�î�ã
ÞáòéÊß�Û�èÑæuñÑß�æ�Þ[ë[ñ�÷�ç®ë ú
+�áç�ðîæuñ�á[âVáîÛ�ï�ã
ï�Û�ä�å'ã
çuñ�÷/Ý'á�ã
í�î�ã
ß�ß�Û�ø©��Û�îÛ�ÞÛ�í�Û2á�å�á�ñ�îá�ã
Þíuà�å�ëòáæ�ø°+�æzå�Û�Þæ
ó¢Þæ�ï�Û
âVß�Û�è �
ÞÛ Û�ôîæÝ'æzå�á[ñ�÷þí�î�ã
ÞáìÞé4æ2ÿzå�æ�ß�æ�Þ[ñ�é ä�æuâ2ôîáß�æ�Þæ�Þá[ëWÝ'Û�ôÛ�å�Þá[ñ�æzå�÷�Þé�ê�ãrå�í�Û�îá[ñ�ß�Û�ïú�+2å�ë
Þæ�çuñ�ã
òáÛ�Þ�ã
îÞé�ê�â�ã�Ý^ã�ì ó�ñ�æ�ßÕä�Û�å�æ�æ$Ý�å�ë�â�ã�Ý^ã�ìÑçÍä�Û�å�÷
ü�áß�á2Ý'æ�ù;Û�îß$ã
òá[ëß�á órÝ'Û�å�è�Þ�ãeôîáß�æ �
Þ[ë[ñ�÷�ç®ë�ä�Û�å�æ�æ,çzå�Û�è�Þ�ã�ë9ôîÛ�òæÝ�à�î�ã�ôÛ�áç�ð�ã�Þ�ã ð�ã�èÑÝ'Û�ß üÑã
í�æ,ôÛ�ï�îæ�ß�æ�Þá ó'ôîáFÿuñ�Û�ßÊÛ�ç�Û�ä�Û�æ
ï�Þáß$ã
Þáæ;Þ[à¢è�ÞÛ�àVÝ'æzå�ë[ñ�÷ ç�ð¢Û�îÛ�çuñ�á�î�ã
ä�Û
ñ�é ãrå�í�Û�îá[ñ�ß$ã[ú

��ù;ù;æ�ð[ñ�áï�Þé4ßAß�æuñ�Û�Ý'Û�ßAÛ�ôîæÝ'æzå�æ�Þá[ë í�î�ã
Þáò Û�ä�å'ã
çuñ�á ëï�å�ëæuñ�ç®ë ß�æuñ�Û�Ý
α �A�X�����'� � �c.���ú

�/à�çuñ�÷ â�ã�Ý^ã
ÞÛÕß�ÞÛ�èÑæ�çuñ�ï�Ûýñ�Û�ìæ�ð
P = {p1, p2, ..., pn}

Þ�ãÕô�å�Û�ç�ð¢Û�çuñ�á ú~} ã�Ý^ã�ì�ãyÞ�ãrê�Û�èÑÝ'æ�Þá[ë
í�î�ã
ÞáòéPß�ÞÛ�èÑæ�çuñ�ï�ãFôÛ�Ý'î�ã�â�à�ß�æ�ï�ã
æuñ�î�ã
ç�ôÛ
âVÞ�ã
ï�ã
Þáæ�æ�í�ÛFù;Û�îß�éJú�+Ñã
ÞÞ�ã�ëyâ�ã�Ý^ã�ì�ã9Þæ áß�æ �
æuñ�æÝ'áÞçuñ�ï�æ�ÞÞÛ�í�Û�îæuü�æ�Þá[ë útoeï
ñ�Û�îéÜî�ã
ä�Û
ñ�éé� ��
�'à�ôÛ�ß�áÞ�ã
õËñróì[ñ�Û%� ���J����� ä�é�å9ôæ�îï�é4ß4ó[ð[ñ�Û
â�ã�ñ�îÛ�Þ[à�å�ôîÛ�ä�å�æ�ß`à,ï�é4ìáçzå�æ�Þá[ë�ï�é4ô[à�ð�å�Û�øÑÛ�ä�Û�å�Û�ìðá�ß�ÞÛ�èÑæ�çuñ�ï�ãeñ�Û�ìæ�ð

P
� í�î�ã
Þáòé Þ�ã
á �

ß�æ�Þ÷
ü�æ�øWï�é4ô[à�ð�å�Û�øþÛ�ä�å'ã
çuñ�á ó�ð¢Û
ñ�Û�î�ã�ë�ÛVê[ï�ã�ñ�é4ï�ã
æuñ
P
ú�ûFã�ñ�æ�ß$ã�ñ�áìæ�ç�ðáæ;Û�ôîæÝ'æzå�æ�Þá[ëWù;Û�î �

ß�éýä�é�å�á2ï�ï�æÝ'æ�Þé ôÛ
âzÝ'Þæ�æp �ú ��Ý'æzå�÷�ç�ä�î[à�ÞÞæ�îÛ�ßº� �c.G��ú #/Þ;ôîæÝ�å�Û�è�á�åÑæ�çuñ�æ�çuñ�ï�æ�ÞÞÛ�æ�Û�ä�Û�ä
ö�æ �
Þáæ<Ý�å�ë�ï�é4ô[à�ð�å�é�ê�Û�ä�Û�å�Û�ìæ�ð ó
ñ�ã
ð�Þ�ã�âVé4ï�ã
æ�ß�é4æ

α � ù;Û�îß�éJúG+2å�ë2Ý'ï
à�ê[ß�æ�îÞÛ�í�Û2ôîÛ�çuñ�î�ã
Þçuñ�ï�ã
α � ù;Û�îß�é Û�ä
à�çzå�Û�ï�å�áï�ã
õËñ�ç®ëyÛ�ðî[à¢è�ÞÛ�çuñ�ëß�áu+�æzå�Û�Þæ
ó^ôÛ�å�à�ìæ�ÞÞé4ß�áýá[â�ñ�îá�ã
Þíuà�å�ëòááu+�æ �
å�Û�Þæ
ó'ã�ï�ñ�îæzê[ß�æ�îÞÛ�ß�� ç�ù;æ�î�ã
ß�á¡+�æzå�Û�Þæ
ú/�JÛ ç�ï�Û�æ�øFçuà¢ñ�á

α � ù;Û�îß�é ôîæÝ'çuñ�ã
ï�å�ëõËñWòæzå�Û�æ
ç�æ�ß�æ�øçuñ�ï�Ûyù;Û�îß ïWÝ'á�ã
ô�ã�âVÛ�Þæ�Û
ñFñ�Û�ìðáÕÝ'ÛFï�é4ô[à�ð�å�Û�ø Û�ä�Û�å�Û�ìðá��

α � ù;Û�îß$ã0ô�ã
î�ã
ß�æuñ�îá[â�à �æuñ�ç®ëýÝ'æ�øçuñ�ï�á[ñ�æzå�÷�Þé4ß ìáçzå�Û�ß
α ∈ [0,∞)

úy�Jîá
α = ∞ α � ù;Û�îß$ã¡�Mï�é4ô[à�ð�å'ã�ë Û�ä�Û�å�Û�ìð�ã

ß�ÞÛ�èÑæ�çuñ�ï�ã
P
ó ôîá

α = 0 α � ù;Û�îß$ãþç�Û�çuñ�Û�á[ñFñ�Û�å�÷�ð¢ÛFá[â ß�ÞÛ�èÑæ�çuñ�ï�ã0ñ�Û�ìæ�ð P
úg� à�ß�æ�Þ÷
ü�æ �

Þáæ�ß âVÞ�ã�ìæ�Þá[ë
α
Û
ñþä�æ�ç�ð¢Û�Þæ�ìÞÛ�çuñ�áFÝ'Û�Þ[à�å�ë

α � ù;Û�îß$ãÑà�ß�æ�Þ÷
üÑã
æuñ�ç®ë�â�ã ç�ìæuñWÛ�ä�î�ã�âVÛ�ï�ã
Þá[ë
ôÛ�å�Û�çuñ�æ�øFï�Þ[à¢ñ�îáFî�ã
ç�ç�ß$ã�ñ�îáï�ã
æ�ß�Û�í�Û�ß�ÞÛ�èÑæ�çuñ�ï�ã[ú

+2å�ë
0 < α < ∞ α � ðî[à�í�Û�ß«�

α �  �
��� ��Þ�ã�âVé4ï�ã
æuñ�ç®ë0Û
ñ�ðîéÍñ�é4ø��¼í�æ�Û�ß�æuñ�îáìæ�ç�ð¢Û�æJß�ÞÛ�èÑæ�çuñ�ï�Û
ñ�Û�ìæ�ð óÍÞæFï�ð�å�õeì�ã
õËö�æ�æ�í�î�ã
Þáò[àT� ðî[à�í�î�ã�Ý'á[à�çVã

α
ú
α � ÚJî[à�í b

Þ�ã�âVé4ï�ã
æuñ�ç®ëÊô[à�çuñ�é4ß4ó4æ�çzå�á
b ∩ P 6= 0

úc+2å�ë�å�õeä�Û�í�ÛÑôÛ�Ý'ß�ÞÛ�èÑæ�çuñ�ï�ã�ñ�Û�ìæ�ð
T ⊂ P

ïÑôîÛ�çuñ�î�ã
Þçuñ�ï�æ
Rd

ó[ímÝ'æ |T | = k + 1 ≤
d + 1

ó`ï�é4ô[à�ð�å'ã�ë Û�ä�Û�å�Û�ìð�ã
∆T = ��c�w� T Þ�ã�âVé4ï�ã
æuñ�ç®ë

k � ç�áß�ô�å�æ�ð¢ç�Û�ß4úy+2å�ë 0 ≤ k ≤ 2 k �ç�áß�ô�å�æ�ð¢çÕÞ�ã�âVé4ï�ã
æuñ�ç®ë
α � Û
ñ�ðîéÍñ�é4ß �

α �o�����/�c� �� �zó4æ�çzå�á çuà¢ö�æ�çuñ�ï
à�æuñÊô[à�çuñ�Û�ø
α � üÑã
î b

ó4ímÝ'æ
T = ∂b ∩ P

ú,�;ã�îáç
ú�§�óFËWá[âVÛ�ä�î�ã�èÑæ�Þ
α � Û
ñ�ðîéÍñ�é4ø ç�áß�ô�å�æ�ð¢ç
ó$Þ�ã�îáç
ú	§�ólìþç�áß�ô�å�æ�ð¢ç0Þæ

ëï�å�ëæuñ�ç®ë
α � Û
ñ�ðîéÍñ�é4ß4ó�ñ�ã
ðFð�ã
ð9Û�ðî[à¢è�ÞÛ�çuñ�÷ ÞæJëï�å�ëæuñ�ç®ëFô[à�çuñ�Û�ø úõ�áð¢ç�áîÛ�ï�ã
ÞÞé4ß âVÞ�ã�ìæ�Þáæ�ß>ô�ã
î�ã
ß�æuñ�î�ã

α
Û�ôîæÝ'æzå�ëæuñ�ç®ëýß�ÞÛ�èÑæ�çuñ�ï�Û

Fk,α α � Û
ñ�ðîéÍñ�é�ê
k � ç�áß�ô�å�æ�ð¢ç�Û�ïó°ímÝ'æ 0 ≤ k ≤ 2

ú?Ê�Û�ímÝ^ãWÛ�ôîæÝ'æzå�æ�Þáæ
α � ù;Û�îß�é ï�ï�Û�Ý'á[ñ�ç®ëýçzå�æÝ�à�õËö�áß Û�ä�î�ã �

âVÛ�ß � α � ù;Û�îß�Û�ø0ß�ÞÛ�èÑæ�çuñ�ï�ã P
ëï�å�ëõËñ�ç®ëFß�ÞÛ�í�Û
à�í�Û�å�÷�ÞáðáFá[â2ß�ÞÛ�èÑæ�çuñ�ï�ã ç�áß�ô�å�æ�ð¢ç�Û�ï

F2,α

ó
îæ�ä�î�ãJá[â

F1,α

áÑï�æ�î[ü�áÞé á[â
F0,α

� �c.���úc�JÛJÛ�ôîæÝ'æzå�æ�Þáõ,ó�í�î�ã
Þáò�ã
∂Pα α � ù;Û�îß�é ß�ÞÛ�èÑæ�çuñ�ï�ã
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ñ�Û�ìæ�ð
P
ç�Û�çuñ�Û�á[ñ;á[âÍï�ç�æzê

α � Û
ñ�ðîéÍñ�é�ê k � ç�áß�ô�å�æ�ð¢ç�Û�ïúwÃ/ñ�Û�ä�é Þ�ã
ø[ñ�áÑí�î�ã
Þáò[à�Û�ä�å'ã
çuñ�á ó�Þæ�Û�ä �
ê�Û�Ý'áß�Û,ôÛ�çuñ�îÛ�á[ñ�÷,ï�ç�æNï�Û
âVß�Û�è�Þé4æ

k � ç�áß�ô�å�æ�ð¢ç�é á Û�ôîæÝ'æzå�á[ñ�÷�ç�îæÝ'á Þá�ê
α � Û
ñ�ðîéÍñ�é4æ
ú��;ãôî�ã
ð[ñ�áð¢æ Ý�å�ëýï�é4ìáçzå�æ�Þá[ë í�î�ã
ÞáòéPáç�ôÛ�å�÷
â�à�æuñ�ç®ë ñ�îá�ã
Þíuà�å�ëòá[ë|+�æzå�Û�Þæ
ú,��ï
ë[âV÷�ß�æuèÑÝ�à

α � ù;Û�îß�Û�ø�á ñ�îá�ã
Þíuà�å�ëòáæ�ø©+�æzå�Û�ÞæeÛ�ôîæÝ'æzå�ëæuñ�ç®ë9çzå�æÝ�à�õËö�áß Û�ä�î�ã�âVÛ�ß � æ�çzå�á k � ç�áß�ô�å�æ�ð¢ç
∆T

ß�ÞÛ�èÑæ�çuñ�ï�ã
P

ëï�å�ëæuñ�ç®ë
α � Û
ñ�ðîéÍñ�é4ß4óNñ�Û ∆T

ôîáÞ�ã�Ý�å�æuè�á[ñ ñ�îá�ã
Þíuà�å�ëòáá«+�æzå�Û�Þæ
ú
��Û�Û
ñ�ï�æuñ�çuñ�ï�æ�ÞÞÛó�í�î�ã
Þáò�ã�ß�ÞÛ�èÑæ�çuñ�ï�ã

P
ôîáÞ�ã�Ý�å�æuè�á[ñ�ß�ÞÛ�èÑæ�çuñ�ï
à�ñ�îá�ã
Þíuà�å�ëòáá©+�æzå�Û�Þæ
ú

+2å�ë Û�ôîæÝ'æzå�æ�Þá[ëþç�áß�ô�å�æ�ð¢ç�Û�ïó�ôîáÞ�ã�Ý�å�æuè�ã�ö�á�ê
α � ù;Û�îß�æ
ó�áç�ôÛ�å�÷
â�à�æuñ�ç®ëWôÛ�Þ[ë[ñ�áæ α � ñ�æ�çuñ�ã �Û�ôáçVã
ÞÞ�ã�ë9ï�Û�ðî[à�íJç�áß�ô�å�æ�ð¢çVã

∆T

Û�ðî[à¢è�ÞÛ�çuñ�÷ î�ã�Ý'á[à�çVã
σT

ç;òæ�Þ[ñ�îÛ�ß ïÑñ�Û�ìð¢æ
µT

Ý'Û�å�è�Þ�ã
ä�éÍñ�÷�ô[à�çuñ�Û�øFá

σT < α
ú

� Ý^ã
ÞÞÛ�ø î�ã
ä�Û
ñ�æÑÝ�å�ëýÞ�ãrê�Û�èÑÝ'æ�Þá[ë í�î�ã
Þáò Û�ä�å'ã
çuñ�á áç�ôÛ�å�÷
â�à�æuñ�ç®ë ãrå�í�Û�îá[ñ�ß4ó�ôîæÝ�å�Û �
èÑæ�ÞÞé4ø���Ý'æzå�÷�ç�ä�î[à�ÞÞæ�îÛ�ß¬� �c.���ú?� ç�Û�Û
ñ�ï�æuñ�çuñ�ï�áá çÑÿuñ�áß ãrå�í�Û�îá[ñ�ß�Û�ß4ó'Ý�å�ëyâ�ã�Ý^ã
ÞÞÛ�í�Û9Þ�ã �
ä�Û�î�ã�ñ�Û�ìæ�ð

P
á

0 ≤ α < ∞ Þæ�Û�äVê�Û�Ý'áß�Û ï�é4ìáçzå�á[ñ�÷
α � ð¢Û�ß�ô�å�æ�ð¢ç Cα (P )

� ôÛ�Ý'ß�ÞÛ�èÑæ �
çuñ�ï�Û0ñ�îá�ã
Þíuà�å�ëòááu+�æzå�Û�Þæ
ó�Û�ä�å'ã�Ý^ã
õËö�æ�æÑÛ�Ý'Þáß>á[â�çzå�æÝ�à�õËö�á�êýç�ï�Û�øçuñ�ï � k � ç�áß�ô�å�æ�ð¢ç ∆TàVÝ'Û�ï�å�æuñ�ï�Û�î�ëæuñ�à�çzå�Û�ï�áõ

α � ñ�æ�çuñ�ã�á�å�á
k � ç�áß�ô�å�æ�ð¢ç�ëï�å�ëæuñ�ç®ë ì�ã
çuñ�÷�õ ôÛ�ï�æ�î�ê[ÞÛ�çuñ�á

(k + 1) �ç�áß�ô�å�æ�ð¢çVã�ä�Û�å�÷
ü�æ�ø î�ã�âVß�æ�îÞÛ�çuñ�á á[â
Cα (S)

úgÊ�Û�ímÝ^ãþÝ�å�ëýÞ�ãrê�Û�èÑÝ'æ�Þá[ë í�î�ã
Þáò Û�ä�å'ã
çuñ�á ôÛ
â�ã�Ý^ã
ÞÞÛ�ß`à0Þ�ã
ä�Û�î[à�ñ�Û�ìæ�ðFÞæ�Û�äVê�Û�Ý'áß�Û�ôîÛ�á[âVï�æ�çuñ�á �

� ôÛ�çuñ�îÛ�æ�Þáæ;ñ�îá�ã
Þíuà�å�ëòáá"+�æzå�Û�Þæ��
� ôîÛ�ï�æ�îð[àWð�ã�èÑÝ'Û�í�ÛÑñ�îæuà�í�Û�å�÷�Þáð�ã�Þ�ã�ôîáÞ�ã�Ý�å�æuè�ÞÛ�çuñ�÷

Cα (S)
ú

Ã/ñ�Û�ä�é Û�ôîæÝ'æzå�á[ñ�÷ó�ëï�å�ëæuñ�ç®ë å�á îæ�ä�îÛýñ�îæuà�í�Û�å�÷�Þáð�ã í�î�ã
ÞáìÞé4ß á�å�áÊï�Þ[à¢ñ�îæ�ÞÞáß4ó
Þæ�Û�äVê�Û�Ý'áß�Û ôîÛ�ï�æ�îá[ñ�÷ ñ�îæuà�í�Û�å�÷�Þáðá óËç�Û�Ý'æ�î�è�ã�ö�áæ�Ý^ã
ÞÞÛ�æ�îæ�ä�îÛó4Þ�ã ôîáÞ�ã�Ý�å�æuè�ÞÛ�çuñ�÷
α � ð¢Û�ß�ô�å�æ�ð¢çuà Cα (P )

ú~m�çzå�áÜÛ�Ý'áÞÜá[â9Ý'ï
à�êÊñ�îæuà�í�Û�å�÷�Þáð¢Û�ï ôîáÞ�ã�Ý�å�æuè�á[ñ
α � ð¢Û�ß�ô�å�æ�ð¢çuà�ó4ãï
ñ�Û�îÛ�øÕÞæ�ôîáÞ�ã�Ý�å�æuè�á[ñró�á�å�áÕçuà¢ö�æ�çuñ�ï
à�æuñ�ñ�Û�å�÷�ð¢Û9Û�Ý'áÞyñ�îæuà�í�Û�å�÷�Þáð á[â

α � ð¢Û�ß�ô�å�æ�ð¢çVã[ó ñ�Ûîæ�ä�îÛýëï�å�ëæuñ�ç®ë í�î�ã
ÞáìÞé4ß4ú4m�çzå�á Û�ä�ãÕîæ�ä�î�ãÕá[â
Cα (P )

ó�ñ�Ûýîæ�ä�îÛýï�Þ[à¢ñ�îæ�ÞÞæ�æ
ú���Ûýï�ç�æzê
Û�çuñ�ãrå�÷�Þé�êFçzå�à�ì�ã�ë�ê9ç�ìá[ñ�ã
æuñ�ç®ë ó'ì[ñ�Û ç�áß�ô�å�æ�ð¢ç,Þæ;ôîáÞ�ã�Ý�å�æuè�á[ñ�Û�ä�å'ã
çuñ�á ú

��¸yD Ö Á���FJ�g¾E¿p¾d{

oNå�í�Û�îá[ñ�ß ß�æuñ�Û�Ý^ã�î �J÷����� ������ ï îæVãrå�á[âVÛ�ï�ã
Þ Þ�ã9ë[âVé4ð¢æ ¢²�c�J�V�®��� çþôîáß�æ�Þæ�Þáæ�ß Ý'áÞ�ã
ß�áìæ �
ç�ðá�êWçuñ�î[à�ð[ñ
à�îFñ�áô�ãÑç�ôáç�ð¢Û�ï�á Ý'æ�îæ�ï�÷�æ�ïú�Ê�æ�çuñ�áîÛ�ï�ã
Þáæ;ß�æuñ�Û�Ý^ãÑôîÛ�ï�Û�Ý'á�å�Û�ç�÷ÑÞ�ã�Û�ä�å'ã
çuñ�ë�ê
ç9î�ã�âuå�áìÞÛ�ø í�æ�Û�ß�æuñ�îáæ�øÊôÛÕôîÛ�á[âVï�Û�å�÷�ÞÛýá�å�á ç�ôæ�òá�ãrå�÷�ÞÛÕâ�ã�Ý^ã
ÞÞÛ�ß`à Þ�ã
ä�Û�î[à ñ�Û�ìæ�ð Þ�ã
ô�å�Û�ç�ð¢Û�çuñ�á úE�;ã�îáç
ú � ó�Ë;ôÛ�ð�ã�â�ã
ÞÛ î�ã�âVä�áæ�Þáæ,Û�ä�å'ã
çuñ�á9ëìæ�øð�ã
ß�áu��Û�îÛ�ÞÛ�í�Ûó�ï ð¢Û
ñ�Û�îÛ�ø�ôÛ �
å�Û�èÑæ�Þáæ2ì�ã
çuñ�áò�ôÛ�å�à�ìæ�ÞÛ�á[â,îæuü�æ�Þá[ëFÞæ�çuñ�ã
òáÛ�Þ�ã
îÞÛ�ø�â�ã�Ý^ã�ìá9Û�Ý'ï�á[èÑæ�ÞááFç�Û�å�á[ñ�Û�Þ�ã ôÛ
Ý'Þ[à9ç;î�ã
ç�ôÛ�å�Û�èÑæ�ÞÞé4ßÊÞ�ã�Þæ�ß à�çuñ
à�ôÛ�ßÜï ß�Û�ß�æ�Þ[ñ�Û�ôîÛ�ðá¢Ý'é4ï�ã
Þá[ëFí�îæ�ä�Þ[ëFï�Û�å�Þé¬��
��ú�Ú;ã
ð
ï�á¢Ý'ÞÛWá[â�îáçuà�Þð�ã[ó í�î�ã
ÞáìÞé4æ�ëìæ�øðá�áß�æ�õËñ0ä�æ�ç�ð¢Û�Þæ�ìÞé4æÑîæ�ä�î�ãþÞ�ã�ô�å�Û�ç�ð¢Û�çuñ�á ú�+2å�ë�îæ �
ü�æ�Þá[ë Ý^ã
ÞÞÛ�ø ôîÛ�ä�å�æ�ß�éÌÛ�ä�å'ã
çuñ�÷�â�ã
ð�å�õeì�ã
æuñ�ç®ë ï�ôî�ëß�Û
à�í�Û�å�÷�Þáð ä�Û�å�÷
ü�æ�í�Ûyî�ã�âVß�æ�î�ã[ó�á
îæ�ä�î�ã�Û
ñ�ç�æ�ð�ã
õËñ�ç®ë�ôÛ í�î�ã
Þáòæ2ÿuñ�Û�í�Û ôî�ëß�Û
à�í�Û�å�÷�Þáð�ã[ú

�;ã,îáç
ú²�;Ý^ã
Þ0í�î�ã
ù;áðþâ�ã
ï�áç�áß�Û�çuñ�á9ï�îæ�ß�æ�Þá9ôÛ�çuñ�îÛ�æ�Þá[ë�Ý'á�ã
í�î�ã
ß�ß�é¼��Û�îÛ�ÞÛ�í�ÛÑÛ
ñ�ð¢Û �
å�áìæ�çuñ�ï�ã�ñ�Û�ìæ�ð ú�Ê�æ�çuñ�áîÛ�ï�ã
Þáæ2ôîÛ�ï�Û�Ý'á�å�Û�ç�÷ Þ�ã�ôæ�îç�Û�Þ�ãrå�÷�ÞÛ�ß ð¢Û�ß�ô÷�õËñ�æ�îæp� �w�®��������w�®��¦�
�#� �t� ó&.�
��c����?�M�ÕúF�/à�Þð[ñ�áîÞ�ã�ë>ðîáï�ã�ë ç�Û�Û
ñ�ï�æuñ�çuñ�ï
à�æuñÜç�æ�îáá ìáçzå�æ�ÞÞé�ê>î�ã
ç�ìæuñ�Û�ïóËã
ç�ô�å�Û
ü�Þ�ã�ë,ðîáï�ã�ëM�>í�î�ã
ù;áð2ùJà�Þðòáá,ï�á¢Ý^ã

y=an1.4 log2 (n)
ó�ímÝ'æ<ð¢Û�Þçuñ�ã
Þ[ñ�ã

a=1/ (21·106)
ú

�/â,ê�Û�îÛ
ü�æ�í�Û9ð�ã�ìæ�çuñ�ï�æ�ÞÞÛ�í�Û9ç�Û�ï�ô�ã�Ý'æ�Þá[ë9Ý'ï
à�ê�ðîáï�é�ê�ß�Û�è�ÞÛþçmÝ'æzå'ã�ñ�÷9ï�é4ï�Û�Ý�ó^ì[ñ�ÛWìáçzå�Û
Û�ôæ�î�ã
òáø�ï�îæVãrå�á[âVÛ�ï�ã
ÞÞÛ�ßÊãrå�í�Û�îá[ñ�ß�æ,ç�Û�çuñ�ã
ï�å�ëæuñ

O (n1.4 log (n))
ó�ì[ñ�Û�Þæ�ç�ð¢Û�å�÷�ð¢ÛWä�Û�å�÷
ü�æ

ìáçzå'ã�Û�ôæ�î�ã
òáø0ïÑñ�æ�Û�îæuñ�áìæ�ç�ð¢Û�ø�Û�òæ�Þð¢æ;ï�á¢Ý^ã
O (n log (n))

ú)+Ñã
ÞÞÛ�æ/Þæ�ç�Û�ï�ô�ã�Ý'æ�Þáæ2ß�Û�è�ÞÛ
Û�ä�!�ëç�Þá[ñ�÷/Ý'ï
à�ß`ë�ôîáìáÞ�ã
ß�á ú���Û � ôæ�îï�é�ê^ó�ï;ñ�æ�Û�îæuñ�áìæ�ç�ð¢Û�ø0Û�òæ�Þð¢æËÞæ4à�ìá[ñ�é4ï�ã
æuñ�ç®ëWìáçzå�Û
Û�ôæ�î�ã
òáø ó`Þæ�Û�äVê�Û�Ý'áß�é�ê Ý�å�ë Û
ñ�ç�æ�ìæ�Þá[ë îæ�ä�æ�î ä�æ�ç�ð¢Û�Þæ�ìÞÛ�ø Ý�å�áÞéJó`ï�Û � ï
ñ�Û�îé�ê^ó`ï�ñ�æ�Û�îæ �
ñ�áìæ�ç�ð[à�õ Û�òæ�Þð[à Þæþï�ê�Û�Ý�ë[ñÕç�ôæ�òáù;áìæ�ç�ðáæ9Û�ôæ�î�ã
òáá ó`ôÛ�Ý'í�Û
ñ�ã
ï�å�áï�ã
õËö�áæ�Ý^ã
ÞÞé4æ�Ý�å�ë
Ý^ãrå�÷�Þæ�ø[ü�æ�í�Û�á�ê9áç�ôÛ�å�÷
âVÛ�ï�ã
Þá[ë0ï ä�æ�ç�ç�æuñ�Û�ìÞé�êFß�æuñ�Û�Ý^ãrê�¥ £ �Má�� ¢,£ �Õú
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Í

X1 2 3 4 5

0

0.5

Y

Î

X1 2 3 4 5

0

0.5

Y

�

X1 2 3 4 5

0

0.5

Y

�

X1 2 3 4 5

0

0.5

Y

Ï?Ð)Ñ�Å#]�ÅGÓ&Ð�ÔÕfÖ�Ô9×?×gÔ$Ø,Ù9Ö)Ù9Ú)Ù9Õ7Ù¨Û Í=ÜXÝ�.)â Ö ß Ù9Ú�Ôg'�Ô=å)ãGÚ�Ôæ¨áGÖwÐ�ÔÚwÕfä=å)æcçwÐwæ%Ó â å�Ù9Ú â Û Î7ÜXÝ áGÖwÐ�ÔÚwÕfä=å)æcçwÐwæ%Ó â Èå�Ù9Ú â~. ÖwÐ α = 0.25
Û �7ÜXÝ áGÖwÐ�ÔÚwÕfä=å)æcçwÐwæaÓ â å�Ù9Ú â?. ÖwÐ α = 0.0596

Û �AÜ

oNå�í�Û�îá[ñ�ß�ß�æuñ�Û�Ý^ã
α �A�X�����'� îæVãrå�á[âVÛ�ï�ã
Þ,Þ�ã4ë[âVé4ð¢æ ¢²�c�J�V�®��� ú���ñ�ã
ä�å°ú�'ËôîæÝ'çuñ�ã
ï�å�æ�ÞÛJï�îæ�ß`ë

Û�ôîæÝ'æzå�æ�Þá[ë�í�î�ã
Þáòé>ï�â�ã
ï�áç�áß�Û�çuñ�áFÛ
ñ ð¢Û�å�áìæ�çuñ�ï�ã�ñ�Û�ìæ�ðFï�Û�ä�å'ã
çuñ�á ú
#/òæ�Þð[à9ìáçzå'ã�Û�ôæ�î�ã
òáø0Ý�å�ë�ãrå�í�Û�îá[ñ�ß$ã

α �A�X�����'� Ý^ã�ñ�÷�çzå�Û�è�ÞÛó�ï�ç�æ2â�ã
ï�áç�á[ñþÛ
ñþî�ã
ç�ôÛ �å�Û�èÑæ�Þá[ë9ñ�Û�ìæ�ð�Þ�ã�ô�å�Û�ç�ð¢Û�çuñ�á úE� Û�ä
ö�æ�ß çzå�à�ì�ã
æ,Û
ñ�çuñ�Û�ë[öÑã�ë�Þ�ã�î�ã
ç�çuñ�Û�ëÞáæ�Û
ñ¨î«Û�ç�ÞÛ�ï�ÞÛ�í�Û ï



§c§ ®;~X¯°~²±�me?mw}�{/hf³�´y®;~Xr$~�®	d7µT¶T`Gz�`�³

U�ÔV&�å�Ð¨ç�Ô5=¢ÅwØyÖ â ×Eæ°Ù . Ö âXÞ�â å â ÚwÐwæ°ÕfÖ�ÔÚwÐwçwè�Ù�&å�Ô9ÑVáGÐ
Z�Ùå)Ð#' â ÑVá ß Ù%á�Ù!' â " L���7 Ò�_�]�l =�7cÒ�_ l��1=�] ]cÒ�]�� Ò�������� Ò���l��1=
ØyÖ â ×Eæ�³)Ñ _�Å =r¨ È�= 7�Å \>=r¨ È�7 ]�Å Ò3=r¨ È�7 Ò�Å Ò�LV¨ È�� Ò�Å L�7V¨ È�� Ò�Å ]1=r¨ È�� ��Å 71=r¨ È��

Ï?Ð)Ñ�Å:_�ÅX�²Ö�Ô!��Ð#"% =Ô ß Ð)ÑVÐ)×?ÙGÑVáGÐ ß Ö â × â ÚwÐ . ÙGÑVáGÖ)Ù â ÚwÐwæ Þ Ð�ÔÕfÖ�Ô9×?×Eè�Ø,Ù9Ö)Ù9Ú)Ù9Õ7Ù�Ù9áJ"�Ùå)Ð#' â ÑVá ß Ô%á�Ù!' â " ß
Ù�&å�Ô9ÑVáGÐ

ß�ÞÛ�èÑæ�çuñ�ï�ãWñ�Û�ìð�ã0áß�æ�æuñFä�Û�å�÷
ü�æ�æ�ìáçzå�Û9ç�Û�ç�æÝ'æ�ø ó°ìæ�ßÜñ�Û�ìð�ã[ó°Þ�ãrê�Û�Ý�ë[öÑã�ëç®ëÕï�Þ[à¢ñ�îáýÛ�ä�å'ã �
çuñ�á ó�ãyâVÞ�ã�ìá[ñró<á ìáçzå�ÛÕñ�îæuà�í�Û�å�÷�Þáð¢Û�ï à ñ�ã
ð¢Û�ø Û
ñ�çuñ�Û�ë[ö�æ�ø ñ�Û�ìðá ä
àVÝ'æuñýä�Û�å�÷
ü�æ
ó$ìæ�ß à
å�õeä�Û�øWï�Þ[à¢ñ�îæ�ÞÞæ�ø ú��JÛÑãrå�í�Û�îá[ñ�ß`àWÛ�ôîæÝ'æzå�æ�Þá[ë0í�î�ã
Þáòé Û�ä�å'ã
çuñ�áWÞæ�Û�äVê�Û�Ý'áß�Û�ôîÛ�ï�æ�îá[ñ�÷
ð�ã�èÑÝ'é4ø ñ�îæuà�í�Û�å�÷�Þáð Þ�ãFôîáÞ�ã�Ý�å�æuè�ÞÛ�çuñ�÷

α � ð¢Û�ß�ô�å�æ�ð¢çuà�ú,ÃJæ�ß ä�Û�å�÷
ü�æ�ñ�Û�ìæ�ð Û
ñ�çuñ�Û�á[ñyÞ�ã
î�ã
ç�çuñ�Û�ëÞáæWÛ
ñ¡î«Û�ç�ÞÛ�ï�ÞÛ�ø�ï ß$ã
ç�ç�éAñ�Û�ìæ�ð ó°ñ�æ�ß ä�Û�å�÷
ü�æ ñ�îæuà�í�Û�å�÷�Þáð¢Û�ï�ç�Û�Ý'æ�î�è�á[ñ�ôæ�îï�Û�Þ�ã �
ì�ãrå�÷�Þ�ã�ëWñ�îá�ã
Þíuà�å�ëòá[ë"+�æzå�Û�Þæ
ó�ôÛ�å�à�ìæ�ÞÞ�ã�ëFá[â/Ý'á�ã
í�î�ã
ß�ß�és��Û�îÛ�ÞÛ�í�Ûú

�;ã�îáç
ú � óEìV�9x<ôÛ�ð�ã�â�ã
Þ9ôîÛ�òæ�ç�ç;Û�ôîæÝ'æzå�æ�Þá[ëFí�î�ã
Þáòé Û�ä�å'ã
çuñ�á9ôÛÑâ�ã�Ý^ã
ÞÞÛ�ß`àWÞ�ã
ä�Û�î[à
ñ�Û�ìæ�ð ú��;ãÑôæ�îï�Û�ß üÑã
í�æ2á[â/Ý'á�ã
í�î�ã
ß�ß�é ��Û�îÛ�ÞÛ�í�Ûu�¼îáç
ú � ó�ËG�Íï�Û�ç�çuñ�ã
Þ�ã
ï�å�áï�ã
æuñ�ç®ë�ôæ�îï�Û�Þ�ã �
ì�ãrå�÷�Þ�ã�ë ñ�îá�ã
Þíuà�å�ëòá[ë�+�æzå�Û�Þæ|�¼îáç
ú � ólì�zúH} ã�ñ�æ�ß Û�ä�å'ã
çuñ�÷�Û�ìá[öÑã
æuñ�ç®ë Û
ñ�ÿzå�æ�ß�æ�Þ[ñ�Û�ïó`Þæ
àVÝ'Û�ï�å�æuñ�ï�Û�î�ëõËö�á�êÑðîá[ñ�æ�îáõ

α � ñ�æ�çuñ�ã[úG+2å�ë,Û�ôîæÝ'æzå�æ�Þá[ëÑí�æ�Û�ß�æuñ�îááÑí�î�ã
Þáòé â�ã�Ý^ã
ÞÞÛ�ø�Û�ä �
å'ã
çuñ�áÑÞæ�Û�äVê�Û�Ý'áß�Û;ôÛ�Ý'Û�ä�î�ã�ñ�÷eâVÞ�ã�ìæ�Þáæ4ô�ã
î�ã
ß�æuñ�î�ã

α
ó�Ý^ã
õËö�æ�í�Û&î«ôîáæ�ß�å�æ�ß�é4æ7ï4îæuâ�à�å�÷�ñ�ã�ñ�éJú

(/Þáï�æ�îçVãrå�÷�Þé�êWß�æuñ�Û�Ý'Û�ïÑï�é4ä�Û�î�ã2âVÞ�ã�ìæ�Þá[ë
α
Þæuñróçuà¢ö�æ�çuñ�ï
à�õËñ�å�á[ü�÷ÑÞæ�ð¢Û
ñ�Û�îé4æJîæ�ð¢Û�ß�æ�Þ �

Ý^ã
òáá ó�ôÛ�å�à�ìæ�ÞÞé4æÍá[â�Û�ôéÍñ�ãeôîáß�æ�Þæ�Þá[ëÑãrå�í�Û�îá[ñ�ß$ãeá,Û�ç�ÞÛ�ï�ã
ÞÞé4æ�Þ�ãNç�Û�Û
ñ�ÞÛ
ü�æ�Þá[ë�ê�î�ã
ç �
çuñ�Û�ëÞáø0ß�æuèÑÝ�à çVã
ß�é4ß�áþä�å�á[âVðáß�áWáþçVã
ß�é4ß�á�àVÝ^ãrå�æ�ÞÞé4ß�áþñ�Û�ìð�ã
ß�áWÛ�ä�å'ã
çuñ�á úT�;ã2îáç
ú � ó^q
ôîáï�æÝ'æ�Þ�ã Û�ä�å'ã
çuñ�÷ ôÛ�çzå�æ;î�ã
ä�Û
ñ�é ãrå�í�Û�îá[ñ�ß$ã

α �A�X�����'� ç�Û�âVÞ�ã�ìæ�Þáæ�ß α = 0.25
óÞ�ã�îáç
ú � ó°x

α = 0.0596
ú¢Ú;ã
ð ï�á¢Ý'ÞÛ,á[âeôÛ�çzå�æÝ'Þæ�í�Û�îáçuà�Þð�ã[ó�í�î�ã
Þáò�ã2Û�ä�å'ã
çuñ�á�ï�Û�ç�çuñ�ã
ÞÛ�ï�á�å'ã
ç�÷,ñ�ã
ð ó¢ì[ñ�Û

í�îæ�ä�æ�Þ÷Ëï�Û�å�Þéýç�Û�ôîáð�ã
çVã
æuñ�ç®ë,ç$æ�æ�ôÛ�Ý'Û
ü�ï�Û�ø ó�ìæ�í�ÛËÞæ�ä�é�å�ÛËï4î�ã
ç�ôîæÝ'æzå�æ�Þáá,ñ�Û�ìæ�ð ó�ï
â�ë[ñ�Û�ß
á[âNîæuü�æ�Þá[ë�Þæ�çuñ�ã
òáÛ�Þ�ã
îÞÛ�ø�â�ã�Ý^ã�ìá�ÛeÝ'ï�á[èÑæ�Þáá�ç�Û�å�á[ñ�Û�Þ�ã[ú��<ñ�Û
ñ2ÞæuèÑæzå'ã�ñ�æzå�÷�Þé4ø�ÿ�ù;ù;æ�ð[ñ
ï�Û
âVÞáð�ã
æuñ�ï�ç�æ�ímÝ^ã[ó�æ�çzå�áýî�ã
ç�çuñ�Û�ëÞáæþß�æuèÑÝ�à9Ý'ï
à�ß`ëÕñ�Û�ìð�ã
ß�á Û�ä�å'ã
çuñ�áýß�æ�Þ÷
ü�æ
ó°ìæ�ß>âVÞ�ã�ìæ �
ÞáæNô�ã
î�ã
ß�æuñ�î�ã

α
úw�<à¢ö�æ�çuñ�ï
à�õËñÑÞæ�ð¢Û
ñ�Û�îé4æËß�Û�Ý'áù;áð�ã
òáá ãrå�í�Û�îá[ñ�ß$ã

α �A�X�����'� ó
Û�ç�ÞÛ�ï�ã
ÞÞé4æÞ�ãWô�å�Û
ñ�ÞÛ�çuñ�áýî�ã
ç�ôîæÝ'æzå�æ�Þá[ëÕñ�Û�ìæ�ðyï0Û�ä�å'ã
çuñ�á�� � ^ ��ú?ñ�æVãrå�á[â�ã
òá[ëÕá�ñ�æ�çuñ�áîÛ�ï�ã
Þáæ�Ý^ã
ÞÞé�ê
ãrå�í�Û�îá[ñ�ß�Û�ïÕôÛ�ð�ã�âVé4ï�ã
õËñró�ì[ñ�ÛyÛ�Þá ç�ôÛ�ç�Û�ä�Þé ç�ôî�ã
ï�á[ñ�÷�ç®ë çWôÛ�Ý'Û�ä�Þé4ß�á ñ�î[àVÝ'ÞÛ�çuñ�ëß�á ó$ÞÛ
á�ê9Û�ä�å'ã
çuñ�÷�ôîáß�æ�Þæ�Þá[ëFÛ�í�î�ã
Þáìáï�ã
æuñ�ç®ë�ï�é4ìáçzå�á[ñ�æzå�÷�ÞÛ�ø�í�æ�Û�ß�æuñ�îáæ�ø�á9î�ã
ç�ôÛ
âVÞ�ã
ï�ã
Þáæ�ß
Û�ä�î�ã�âVÛ�ïú)+2å�ë9îæuü�æ�Þá[ë9â�ã�Ý^ã�ì9ß�æzê¢ã
Þáðá9è�á¢Ý'ð¢Û�çuñ�áFÛ�Þá0Þæ;ôÛ�Ý�ê�Û�Ý�ë[ñrú
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� ¿ À FJ��Â Ö ØeÙ/Ö

ñ�ã�âVï�á[ñ�áæ ç�Û�ï�îæ�ß�æ�ÞÞé�ê>ä�æ�ç�ç�æuñ�Û�ìÞé�ê ìáçzå�æ�ÞÞé�ê ß�æuñ�Û�Ý'Û�ï Ý�å�ë>ß�Û�Ý'æzå�áîÛ�ï�ã
Þá[ë ñ�æ�ìæ�Þáø
ï
ë[âVð¢Û�ø�á�á¢Ý'æVãrå�÷�ÞÛ�ø�Þæ�ç®è�áß$ã
æ�ß�é�ê�è�á¢Ý'ð¢Û�çuñ�æ�ø�ëï�å�ëæuñ�ç®ë ôîáï�å�æ�ð�ã�ñ�æzå�÷�ÞÛ�ø â�ã�Ý^ã�ìæ�ø � ñ�ã
ðáæ
ß�æuñ�Û�Ý'é ç�ôÛ�ç�Û�ä�Þé ôîÛ�ï�Û�Ý'á[ñ�÷2î�ã
ç�ìæuñ�é Þ�ãJß�ÞÛ�í�Û�ç�ï
ë[âVÞé�ê Û�ä�å'ã
çuñ�ë�ê�á Û�ä�å'ã
çuñ�ë�ê�çNä�Û�å�÷
ü�áß�á
Ý'æ�ù;Û�îß$ã
òá[ëß�á úy�Jæ�ç�ß�Û
ñ�î�ë Þ�ã9Û
ñ�çuà¢ñ�çuñ�ï�áæWî�ã
ç�ìæuñ�ÞÛ�ø ç�æuñ�ðá ó�ï9ä�æ�ç�ç�æuñ�Û�ìÞé�ê ß�æuñ�Û�Ý^ãrêyÝ�å�ë
ôÛ�çuñ�îÛ�æ�Þá[ë áÞ[ñ�æ�îôÛ�å�áî[à�õËö�á�êÊùJà�Þðòáø Þæ�Û�äVê�Û�Ý'áß�ÛýÛ�ä�æ�ç�ôæ�ìá[ñ�÷Õà¢âuå�Û�ï
à�õ ç�ï
ë[âVÞÛ�çuñ�÷ó$ç
ôÛ�ß�Û
ö�÷�õ ð¢Û
ñ�Û�îÛ�ø�Û�ôîæÝ'æzå�ëæuñ�ç®ëyÛ�ä�å'ã
çuñ�÷þï�å�á[ëÞá[ë�î�ã
ç�ìæuñ�Þé�ê�à¢âuå�Û�ï�Ý'î[à�í�Þ�ã�Ý'î[à�ízã[ú Ú;ã
ð
ôî�ã
ï�á�å�Ûó'ç�ï
ë[âVÞÛ�çuñ�÷�Ý�å�ëFð�ã�èÑÝ'Û�í�Û�ß�æuñ�Û�Ý^ã�çuñ�îÛ�á[ñ�ç®ë�ôÛ�Û�ôîæÝ'æzå�æ�ÞÞÛ�ß`à�ðîá[ñ�æ�îáõ,ó^Þ�ã
ôîá �
ß�æ�î ó�ï�ß�æuñ�Û�Ý'æ�� ��� Û�ôîæÝ'æzå�ëæuñ�ç®ë ó�ð�ã
ðáæ�à¢âuå�éÌôÛ�ô�ã�Ý^ã
õËñ�ï�Û�ôáçVã
ÞÞ[à�õ Û�ðî[à¢è�ÞÛ�çuñ�÷yî�ã �
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