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+ a(x)u(x) = f(x), u(0) = u0, x ∈ (0, X).
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‖u(x)‖∞ ≤ |u0| + ‖f‖∞/a0, 0 ≤ x ≤ X, ‖u(x)‖∞ = max
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|u(x)|.
ù���ý

;Aõê
ε → 0

õòzé�ò�ðêò�ø�õ�ä
ñ�ðò�ðê�ì ùS��ý�ê��nò�ò�� è���è�í�ò�ððè�����÷���êþ�ä�;>=��f�Æä
ï ï�ä
ï õòwå�ø�öê �
õè�ñ�ä
ðð�äÆì æ�ä�����÷[ÿcäcågäcæêKðòWø¢å'è�ñÆë�ò���ñ�è�õ�ìò�� ð�äcæ�ä�ë�÷�ðè��jø ø��lë�è�ñ�ê�!%�

f(0)/a(0) 6= u0 
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ò�����ï�è���è�õè�ò2þõê:õ�äÆÿzë�êæðî�	

ε
þè�ï�äÆÿcä
ðèRð�ä�õê��  � �

εu′(x) + u(x) = 1 − x, u(0) = 0, x ∈ (0, 1),
ù<��ý

u(x) = (1 + ε − x) − (1 + ε) exp(−x/ε).
ù~��ý

Ã ÿTõê��zø�ðï�äÙñ�ê�å'ðè���æ���èÙþè"�nò�õòTø
�nò�ð÷
é�ò�ðê�ì
ε
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ðê�ì
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ε
�Tè�í
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é�ò�ðê�ì

h/ε  Åf��è_è
ÿ¢ð�äcæ�ä
ò��2è����zø(� �����ñ�êò2õ�ä
ñ�ðè��nò�õðè��0þèRþ�ä
õ�ä��nò���õ�ø
ε
�L	�è�å'ê��nè�����ê v- ò�����ï�è�ò2è�ó�õ�ä
ðêæò�ðêò2þèEø�����è��æêñ�è�����ê

h/ε < 1
ð�äPéEä
óTêð���ò�ó�õêõè�ñ�ä
ðê�ì_å'òlë'ä
ò��<ðò�þõêó�è�å'ðî�� þõê��nò�ðò�ðêò�ìñ�ðè��>�L	�ò��nî þõê

ε → 0ñ<þõ�ä
ï���êæò���ïê
	Eõ�ä���æò��Æä3	v���Æä
ï�ï�ä
ï�ðò�è�í'	�è�å'ê��nè�����÷_ò�ó�èÙñ�î.þèÆë�ðò�ðê�ìEõ�ä���þõè�����õ�ä
ð�ìò����°ì�ê�ð�ä
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é�êí�ï�ä:õòzé�ò�ðê�ì ñ�òlë�êï�ä��
ï�è�óÒågä

h
ê

ε
è�å'ðè�ó�èRþè�õ�ì�å'ï�ä « òzÿ�øcë�÷,�Æä���î�õ�ä���æò��Æä«ÿcäcågäcæêÕþõê ó�õ�ø�í�è�� éEä
ó�ò�êð���ò�ó�õêõè�ñ�ä
ðê�ì þè�ï�äÆÿcä
ðî ð�ä õê��  �ù þõê

ε = 0.01, h = 0.05
��æ���è�í�îWðò ÿcä
ó�õè��nè,&Eågä���÷ õê��  ����Æ3�jè�ðê þõêñ�òwå'ò�ðî ñ~è�íÆë'ä�����ê

þè�ó�õ�ä
ðêæðè�ó�è7�lë�ècì$�
x < 0.2

ý 2Ç ñ�ð�äÆì��L	�ò��$ä5Å���ë�ò�õ�äRþõê��Æä
ïê
	>þ�ä
õ�ä��nò���õ�ä3	:ê�ÿ � ÿcäEø��lë�è�ñ�ê�ìø�����è��æêñ�è�����êÍðòEþè
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ø
!"��ò�ò5��è�æðè��jø � òzìñ�ð�äÆìH�L	�ò��$äLê�ÿ � ÿcä7�L	�ò��nðè��Úñ
ì�ÿ¢ï�è�����ê~õ�äÆÿ'�$äÆÿ¢î.ñ�ä
ò��0þè�ó�õ�ä
ð��lë�è��ðî.òEè���è�í�ò�ððè�����ê õòzé�ò �
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=Íñ�î.æê��lë�ê���òlë�÷�ðè��^êEþõ�ä
ï���êæò���ï�è�� ��è�æò�ï�ÿ¢õò�ðê�ìJ&Eòlë'ä���òlë�÷�ðè���æ���è�í�î õ�äÆÿ¢ðè�����ðî.ò"�L	�ò �
�nî è�í�ò���þò�æêñ�ä�ë�ê~þõêò���ë�ò��nî.ò�õòzÿ�øcë�÷,�Æä���î ï�ä
ï�þõê�ó�õ�ø�í�è����2�Æä
ï~ê>þõêH�nòlë�ï�è�� éEä
ó�òBêð �
��ò�ó�õêõè�ñ�ä
ðê�ì  ;Aè�����è��jø�ñ�è�þõè���î þè�ñ�î é�ò�ðê�ì ï�äcæò�����ñ�äLæê��lë�ò�ððî�	 õòzÿ�øcë�÷,�Æä���è�ñ���õò�í
ø
!"�
ågä�ë�÷�ðò���é�ò���õ�äÆÿ¢õ�ä
í�è���ïê:ê:þõê��nò�ðò�ðê�ì���þò�öê�ä�ë�÷�ðî�	:ñ�î.æê��lë�ê���òlë�÷�ðî�	���ò�	�ðèÆë�è�ó�ê�� 
ù���� ß �ú§ à_â�£ �©¥t§ ¢ ��ût§ ß áÙâ ¤ ¢ ¥ ß$üÙâ �Pª?ý á §Eþÿût�E¨ á § ¢ � á §Eþ ¢��Tß. ��
� äRè���õòzÿ¢ï�ò

[0, X]
è�þõòwå'òlë�ê�� ðò�õ�ä
ñ�ðè��nò�õð�ø
!©��ò���ï�ø��Æä
ï$�'æ���è�í�î���è�æïê�õ�äÆÿ¢õî.ñ�ä^ï�è���ô_ô_ê �

öêò�ð���è�ñ
a(x)

�
f(x)

�lë�ø(&^ê�ë�ê0ø�ÿzë'ä��nê���ò���ïê �

{xi} , i = 0, 1, . . . , N ; x0 = 0, xN = X; hi = xi+1 − xi.
ù�+�ý

� è�æðè�ò:õòzé�ò�ðêò�ÿcäcågäcæê çAè
é�ê ùS��ýEð�ä ��ò���è�æðè��*è���õòzÿ¢ï�ò
[xi, xi+1]

ê��nò�ò����lë�òwå�ø
!"��ò�ò
êð���ò�ó�õ�ä�ë�÷�ðè�òBþõòwåB���Æä
ñÆë�ò�ðêò �

u(x) = u(xi) exp
[

−ε−1A(x)
]

+ ε−1

∫ x

xi

exp

[

−ε−1

∫ x

ξ

a(η)
¬
η

]

f(ξ)
¬
ξ,

ù<0�ý

A(x) =

∫ x

xi

a(ξ)
¬
ξ.

çAè�ðïõò���ê�ÿcä
öê�ìLÿcä
ñ�ê���ê��nè�����ê
u(x)

þõè�ê��L	�è�å'ê��RþõêLþè�åB���Æä
ðè�ñ�ï�òAñ�î.õ�ä�&Eò�ðê��Rå�ë�ì
a(x)

�
f(x)  úPå'ð�ä
ï�è^ø�æò�� a(x)

ø(&EòBñ�ë�êðò��ðè�� þõêíÆë�ê�&Eò�ðêê~þõêñ�è�å'ê��Lï���è��jø��'æ���èÚù<0�ý.ðòBñ�î �
õ�ä�&�ä
ò����°ìLñ%�lë�ò��nò�ð��Æä
õðî�	:ôAø�ðïöê�ì
	  ;Aè�����è��jøRðò�è�í'	�è�å'ê��nèEþèÆë�ø�æò�ðêòAõ�ä���æò���ðè�ó�èEñ�î.õ�ä �&Eò�ðê�ì û2ë�ìWè�öò�ðïê êð���ò�ó�õ�ä�ë'ä ñ ù<0�ýÍñ�è���þèÆë�÷
ÿ�ø�ò��E�°ì ä���ê��nþ���è���êæò���ïê�� �nò���è�å'è�� �Bä
þ�ë'ä��¢ä
� ��@,�������  ;Aõê �$ä�ë�î�	 ε → 0

è���ðè�ñ�ðè��Úñ�ï�ë'äcå ñ:êð���ò�ó�õ�ä�ë ñ�ðè���ê��>è�ïõò�����ðè�����÷H��è�æïê �$ä
ï �
��ê��jø
�$ä:þè�ï�äÆÿcä���òlë�ì9��ï(��þè�ðò�ð���î  � ä
ï~ï�ä
ï

a(x) > 0
�v��è:è�ð>å'è�����êólä
ò����°ìÍð�äLþõ�ä
ñ�è�� ï�è�ðöò

è���õòzÿ¢ï�ä
[xi, x]  ;Aõê��nò�ðê�� ï«ù<0�ý�êð���ò�ó�õêõè�ñ�ä
ðêòBþèRæ�ä����cì�����þèÆë�ø�æê��

u(x) = u(xi) exp
[

−ε−1A(x)
]

+
f(x)

a(x)
−

f(xi)

a(xi)
exp

[

−ε−1A(x)
]

−

−

∫ x

xi

[

f(ξ)

a(ξ)

]′

exp

[

−ε−1

∫ x

ξ

a(η)
¬
η

] ¬
ξ.

ù�1�ý

D ê�å'ðè��Tæ���èÍñ ù�1�ý�þõê��zø(������ñ
ø�ò�� ä���ê��nþ���è���êæò���ï�è�ò õòzé�ò�ðêòK&Eò�����ï�è��Õÿcäcågäcæê ùS��ý�þõê
ε → 0

�.ä ê��nò�ððè
a(x)u(x) = f(x)  út���Æä
ñ
é�ê����°ì êð���ò�ó�õ�ä�ë ñ�ðè���ê����$ä�ë�ø
! þè�þõ�ä
ñ�ï�ø ñ

õòzé�ò�ðêò �D è
ÿ¢÷��nò�� ñ ðò��F��è�æðè��
ø æ�ä�����÷��nï�è���è�õ�äÆìC��ñ
ì�ÿcä
ð�ä�����ï(��þè�ðò�ð���è��$��ä~ï�è��nþ�ë�ò�ï(�
[f(ξ)/a(ξ)]

′

/a(ξ)
�>þè�ó�õòzé�ðè�����÷�!

O(x − xi)
ÿcä��nò�ðê�� ÿ¢ð�äcæò�ðêò��Wñ���õòwå'ðò��*��è�æï�ò

x =
0.5 (xi + x) �D õòzÿ�øcë�÷,�Æä���òBþèÆë�ø�æê��

∫ x

xi

[

f(ξ)

a(ξ)

]′

exp

[

−ε−1

∫ x

ξ

a(η)
¬
η

] ¬
ξ =

=

{[

f(x)

a(x)
−

f(xi)

a(xi)

]

1

(x − xi)a
+ O(x − xi)

}

ε
(

1 − exp
(

−ε−1A(x)
))

,
ù<@�ý

óÒå'ò
a = 0.5 (a(xi) + a(x))  û2ë�ì���è��nðè,&^ê���òlë�ì:ê��nò�ò��7�nò�����è^è�öò�ðï�ä

ε
(

1 − exp
(

−ε−1A(x)
))

≤ A(x) ≤ C1(x − xi), C1 = ���	��
� .
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ólä
ò��nè�ó�è2ñ^ù<@�ý�ñ�ðè���ê��2þè�ó�õòzé�ðè�����÷
O(x−xi)

2 #D ê���è�ó�ò
þõêíÆë�ê�&Eò�ðð�ø
! ÿcä
ñ�ê���ê��nè�����÷

u(x)
ð�äJ��ò���è�æðè��Õêð���ò�õñ�ä�ë�ò>�nè,&^ðèEÿcä
þê��¢ä���÷RñRñ�ê�å'ò

u(x) = u(xi) exp
[

−ε−1A(x)
]

+
f(x)

a(x)
−

f(xi)

a(xi)
exp

[

−ε−1A(x)
]

−

−

{

f(x)

a(x)
−

f(xi)

a(xi)

}

1 − exp (−ε−1A(x))

aε−1(x − xi)
.

ù<A�ý

;AèÆë�è,&^ê�� ñ ù<A�ý
x = xi+1

êÕñ�î.æê��lë�ê��
A(xi+1)

�>þè�ó�õòzé�ðè�����÷�!
O (h3

i )
þè«ô_è�õ��jøcë�ò

��õ�ä
þò�öê��$�'ï�è���è�õ�äÆì���è�æð�äBå�ë�ìLë�êðò��ðè��:ôAø�ðïöêê �

A(xi+1) =

∫ xi+1

xi

a(η)
ù
d)η ≈ ahi.

ùS�,��ý

ú����nò���ê����jæ���è~þõê
x = xi+1

è���í�õè
é�ò�ððè�òLñ ù<@�ý?�lë'ä
ólä
ò��nè�ò ê��nò�ò��~þè�õ�ì�å'è�ï
O (h3

i ) úD
õò �

ÿ�øcë�÷,�Æä���òBþèÆë�ø�æê��Õè�å'ðè
éEä
ó�è�ñ
ø
! õ�äÆÿ¢ðè�����ð�ø
!��L	�ò��jø �

ui+1 = ui exp(−z) +
fi+1

ai+1

−
fi

ai

exp(−z) −

[

fi+1

ai+1

−
fi

ai

]

β(z),
ùS����ý

z = aε−1hi, β(z) =
1 − exp(−z)

z
,

ï�è���è�õ�ø
!��Æä
ï�&Eò>�nè,&^ðèEÿcä
þê��¢ä���÷RñRñ�ê�å'ò

ui+1 = ui exp(−z) +

{

fi+1

ai+1

[1 − β(z)] +
fi

ai

[β(z) − exp(−z)]

}

.

ã�å'ò���÷
z
:Ä��ò���è�æðî���þ�ä
õ�ä��nò���õ$�

β(z)
:Ä��ò���è�æð�äÆì:ôAø�ðïöê�ì$��ñ�ñ�òwå'ò�ðð�äÆì:ñ�� �
���2���
�2��0�� 
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õ�ä��nò���õ�ä
z  � ä
ïï�ä
ï7�nò���è�å/�Bä
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ε → 0
����è_ø
�nò�ð÷
é�ò�ðêò

ε
ðòPþõêñ�è�å'ê��

ï:ï�ä
ïê�� � ë�êí�èJ��õ�ø¢å'ðè����cì��  ;Aõê:í�èÆë�÷
é�ê
	 z → ∞(ε → 0)
ôAø�ðïöê�ì

β(z) ∼ 1/z
ê:õ�äÆÿ¢ðè���� �

ðè�ò ñ�î.õ�ä�&Eò�ðêò_ùS����ý8��õ�äÆÿ�øBñ�î�	�è�å'ê��_ð�äAä���ê��nþ���è���êï�ø
ui+1 → (fi+1/ai+1)  Åf��è_è
ÿ¢ð�äcæ�ä
ò��3�
æ���èå�ë�ì5&Eò�����ï�è��0ðò�è�å'ðè�õè�å'ðè�� ÿcäcågäcæêLþõê

a(x) > 0
þõò�è�íÆë'äcågä�!"��ê�� ìñÆë�ìò����°ìLñ�ò���è�ñ�è��5�nðè �

&^ê���òlë�÷2øRê�����è�æðêï�äBð�ä
(i+1) � � �lë�è�ò  ;Aõê7�$ä�ë�î�	 z → 0

ôAø�ðïöê�ì
β(z) ∼ 1− z/2+O(z2)ê��L	�ò��$ä�ùS����ý�þõêðê��$ä
ò��^ñ�ê�å ä
ð�ä�ë�è�óläEô_è�õ��jøcë�î���õ�ä
þò�öê�� �

ui+1 = ui +
z

2

[

fi+1

ai+1

+
fi

ai

]

.

;Aõê
a(x) = ���	��
� � f(x)

: ë�êðò��ðè�� ôAø�ðïöêê$��ä��Æä
ï�&Eò:ñ�å'õ�ø�ó�è�� ñ�ä�&^ðè�� þõ�ä
ï���ê �
æò���ï�è��©�lë�ø�æ�ä
ò � f(x)/a(x) = ���	��
� � a(x)

: ë�êðò��ð�äÆì ôAø�ðïöê�ì$�E�L	�ò��$äÕùS����ýAågä
ò�����è�æðè�ò
õòzé�ò�ðêò~ÿcäcågäcæê  û2ë�ì þõè�ê�ÿ¢ñ�èÆë�÷�ðî�	

a(x), f(x)
è�ð�ä ê��nò�ò�� ñ���è�õè��Õþè�õ�ì�å'è�ï êÕñ��lë�ø�æ�ä
ò

&Eò�����ï�è�� ÿcäcågäcæê
(z → ∞, ε → 0)

è�íÆë'äcågä
ò��>õ�ä
ñ�ðè��nò�õðè�� �L	�è�å'ê��nè�����÷�!  Åf��è��lë�òwå�ø�ò��~ê�ÿ
��è�ó�è�ô2ä
ï��Æä���æ���è�ñ���òÙè����Æä���è�æðî.òAæ�ë�ò�ðî ñEä
þþõè�ï(��ê��$ä
öêè�ððî�	 ñ�î.õ�ä�&Eò�ðê�ì
	~ù<@�ý�� ùS�,��ýjè��

εðò<ÿcä
ñ�ê��°ì��  � ò�	�ðèÆë�è�ó�ê�ìLþè�����õè�ò�ðê�ì:õ�äÆÿ¢ðè�����ðè����L	�ò��nî ùS����ýTþè
ÿ¢ñ�èÆë�ìò��EþèÆë�ø�æê���÷RþõêíÆë�ê �
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ð�ä���ò���è�æðè��Gêð���ò�õñ�ä�ë�ò
(0, hi)

��ä ÿ¢ð�äcæê��3�Ôê ð�ä0ñ���ò�� þõè��nò�&Rø(��ï�òRêð���ò�ó�õêõè�ñ�ä
ðê�ì*� ������� =$ë�òwå�ø�ò�� è����nò���ê���÷���æ���èJ�L	�ò��$ä>ùS����ýTè�í�è�í��Eä
ò����°ì0ð�äEðòlë�êðò��ðî����lë�ø�æ�ä��$�ï�è�óÒågä�ï�è���ô_ô_êöê �
ò�ð���î ÿcä
ñ�ê��°ì�� è�� ê���ï�è��nè���ôAø�ðïöêê  ;Aõê�����è�� ùS����ý����Æä
ðè�ñ�ê����°ì~ðòlë�êðò��ðî�� ø�õ�ä
ñ�ðò�ðêò��
è���ðè���ê���òlë�÷�ðè

ui+1

�ï�è���è�õè�ò2õòzéEä
ò����°ìH�nò���è�å'è�� ê���ò�õ�ä
öê�� Ã ÿRùS����ýTþ�ø(��ò�� þõò�è�í�õ�äÆÿ¢è�ñ�ä
ðê��/�nè,&^ðèEþèÆë�ø�æê���÷�õ�äÆÿ¢ðè�����ðî���ä
ð�ä�ë�è�ó{��ï�è���è�õî��:þõêñ�ò �
å'ò�ð~ñK� �
����ê~þè�����õè�ò�ð ð�ä^è���ðè�ñ�òAå'õ�ø�ó�è�ó�è0þè�å�	�è�ågä  û2ë�ìH����è�ó�èLñ�ñ�òwå'ò�����ò���è�æðî.ò�ôAø�ðïöêê
e(z), ξ(z), η(z),

êó�õ�ä�!"��êò õèÆë�÷>è�å'ðè�õè�å'ðè�ó�è>õòzé�ò�ðê�ìÍê ñ�ò���è�ñ�î�	9�nðè,&^ê���òlë�ò��Íþõê ê�� �
��è�æðêï�òBð�ä

(i + 1) � � ê
i � �C�lë�ècì
	v��ñ�õòzÿ�øcë�÷,�Æä���ò�þèÆë�ø�æê����lë�òwå�ø
!"��ê���ñ�ê�åK�L	�ò��nîÀ� �
��� �

ui+1 = uie(z) + z

{

fi+1

ai+1

ξ(z) +
fi

ai

η(z)

}

,
ùS�3��ý

e(z) = exp(−z), ξ(z) =
1 − β(z)

z
=

exp(−z) + z − 1

z2
,

η(z) =
β(z) − exp(−z)

z
=

1 − exp(−z)(z + 1)

z2
.

=�ò���è�æðî.ò ôAø�ðïöêê
e(z), β(z), ξ(z), η(z)

ê ê
	Úä
þþõè�ï(��ê��$ä
öêê«þè�å'õè�í�ðè:õ�ä������$ä���õêñ�ä �
ë�ê���÷Rñ�� �
���B���(�B��03� ;AõòwåB���Æä
ñÆë�ìò��_þõ�ä
ï���êæò���ïê��Rêð���ò�õò��.õ�ä
öêè�ð�ä�ë�÷�ð�äÆìEä
þþõè�ï(��ê��$ä
öê�ì���þò�öê�ä�ë�÷�ðè����L	�ò �
�nî ùS�3��ý  =�����è���öòlë�÷�! ñ�îTå'òlë�ê��Úñ

ξ(z), η(z)
ôAø�ðïöê�!

exp(−z)
ê�ê���þèÆë�÷
ÿ�ø�ò�� õ�äÆÿzë�è,&Eò�ðêò

ñ���è�õè�ó�è�þè�õ�ì�å'ï�ä���þèÆë�ø�æê��C�lë�òwå�ø
!"��êò�ä
þþõè�ï(��ê��$ä
öêê���ò���è�æðî�	:ôAø�ðïöê��:ê0ñ�ê�åH�L	�ò��nî �

e2(z) =
[

1 + z + z2/2
]−1

, ξ2(z) = 0, 5(1 + z)e2(z), η2(z) = 0, 5(1 + z)e2(z),

ui+1 =
ui + z {(fi/ai) + (fi+1/ai+1)(1 + z)} /2

1 + z + z2/2
.

ùS�,��ý

D æ�ä�����ðè����lë�ø�æ�ä
òEþõê
a(x) = ���	��
� ùS�,��ýG��è�ñ�þ�äcågä
ò����>	�è�õè
é�è0ê�ÿ¢ñ�ò�����ðè����L	�ò��nè��Úñ���è�õè�ó�è

þè�õ�ì�å'ï�ä�� ���,����+3����ä6�Æä
ï�&Eò>��èJ�L	�ò��nè���õ�ä
í�è���î©� ��03� 
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ò��)���
øBÿcäcågäcæ�ø>��è�æðè 	� ò.ä
þþõè�ï(��ê��$ä
öê�ìùS�,��ýgågä
ò��_è�å'êð�ä
ï�è�ñ�î.ò���è?�L	�ò��nè���� ���,����+3��õòzÿ�øcë�÷,�Æä���î?��ï�è���è�õî.ò.ï�äcæò�����ñ�ò�ððè2êEï�èÆë�êæò�����ñ�ò�ð �
ðèRþõò�ñ�î éEä�!"�^ñ�è
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ø
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a(x)
���,@3� �

εu′(x) + (1 + x)u(x) = (1 + x), u(0) = 0, x ∈ [0, 2],
ùS�'��ý

u(x) = 1 − exp
(

−(2x + x2)/(2ε)
)

.
ùS�3+�ý

� ò>ä
ð�ä�ë�ê���êæò���ï�è�òÍùS�3+�ý�ê æê��lë�ò�ððè�ò>õòzé�ò�ðêò
u(x)

þõê õ�äÆÿzë�êæðî�	 ÿ¢ð�äcæò�ðê�ì
	
ε
þè �

ï�äÆÿcä
ðè ð�ä õê��  �Gù þõê
ε = 0.01, h = 0.05

õ�ä���æò���î þõêñ�òwå'ò�ðî ñ è�íÆë'ä�����ê
x < 0.2

ý � è�õè
é�è ñ�ê�å'ðè��Ùæ���è��$ä�ë�î.ò ÿ¢ð�äcæò�ðê�ì
ε
þõêñ�è�å�ì�� ï è�í�õ�äÆÿ¢è�ñ�ä
ðê�! þè�ó�õ�ä
ðêæðè�ó�è��lë�ècì û2ë�ì9��õ�ä
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í�è���ò����,@���� ÿlå'ò���÷>þè�ï�äÆÿcä
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a(x), f(x)ñ è�í�ò�ê
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i � ó�è��lë�ècì¦���,@3�Äý  4 ä
ï(��ê��$ä�ë�÷�ð�äÆì þè�ó�õòzé�ðè�����÷

∆h = max |u(x) − uh(x)| , x ∈ [0, 2]
æê��lë�ò�ððè�ó�è:õòzé�ò�ðê�ì

uh
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ε = 1
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∗
å�ÌZë�Ô{ì Ð à,Ò3Ö'×(Ö'ï�Ö�æ(Ö'×�ê Ú Õ Ð)ð ñ Ü�ò ñ,ó�ô ç
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N = 5; V0 = 100



0��
rtsLuvs$w�x
ySz8y{x
|vrts~}�s�u��,�����.���

$% &(' )* % +�, -./ 0 12 3.4 56 7 )4 ' 1 3 3./ . 0 12 1 3 )8 9% :% 7 ) ; + < =?> 0 ) 0% 9' ) 7 3@ A 9 3% 7 1 3 )8 A h ) εB A 1C % DE ' 1 0% F +G H B A 1C % F +G H B A 1C % FIJ KIL H�M N 5. 0. E > . 08 :.O

h ε = 1 ε = 0.1 ε = 0.01 ε = 0.001 ε = 1 ε = 0.1 ε = 0.01 ε = 0.001 ε = 1 ε = 0.1 ε = 0.01 ε = 0.001+ I , GP Q + R, +P Q I +�, SP Q I +�, SP QJ +�, <P Q + <,L P QL S, S S, S I , TP Q I U, SP QJ U, UP QL U, TP Q TS, + J , TP Q I +�,L P Q + R, +P Q I R, RP QJ I , SP Q I +�, GP Q I +�, GP QL S, S U, IP Q < J , +P Q I +�, <P Q I +�, TP Q <S, S + J , RP QJ I , SP Q I +�,J P Q + R, +P Q I I , +P QJ I , TP QJ +�, GP QJ I , IP Q U U, GP Q U L , <P Q < J , IP Q I +�, UP Q IS, S S + J , RP Q < I , +P QJ +�, GP Q I +�,J P Q + I , +P Q < I , GP Q < I , GP Q < +�, GP Q < U, RP QG L , GP Q U L , TP Q < J , IP Q I

VO . 3 7% 3 ) 1 5% &' , +

B> 1* )% ' 6 3% 8 4 A 1C % ; + + = B A 1C % ; +J = M N 5. 0. E > . 08 :.O
h ε = 1 ε = 0.1 ε = 0.01 ε = 0.001 ε = 1 ε = 0.1 ε = 0.01 ε = 0.001+ S, S S, S S, S S, S L ,J P Q I T, GP QJ G , GP QL G , RP Q TS, + +�, +P Q + U +�, +P Q + U S, S S, S +�, IP QJ J , <P Q I +�,L P Q I +�, GP Q <S, S + <, <P Q + U I , IP Q + U +�, +P Q + U S, S +�, <P QL U,J P Q < J , IP Q I +�, UP Q IS, S S + +�, GP Q +L +�, RP Q +L <, <P Q + U +�, +P Q + U +�, <P Q T U, TP Q U L , TP Q < J , IP Q I

$% &(' )* % I , W 1 9X ' 6 5% 5@ 7 )4 ' 1 3 3./ . 0 12 1 3 )8 9% :% 7 ) ; + U =

N CR(t) V (t) u(t), uh(t)M N = 5 uh(t)M N = 10X 9' % 5. 7 3. 1 B A 1C % B A 1C % B A 1C % B A 1C % B A 1C % B A 1C % B A 1C % B A 1C %DE ' 1 0% FIL H FIJ KIL H ; + + = ; +J = DE ' 1 0% FIL H FIJ KIL H ; + + = ; +J =

S S S S S S S S S S S S

+ S,J L I G , R I T S, I I R S S, IJ G S, I I < S, I I G S, I + T S, IJ S S, I I U S, I I GI S, TI U IL , G J G J , S + U I ,J RJ J , SJ T I , G TI I , R I G I , G RG J , S + T I , R T U I , R R +

J +�,J T U J S, UG R + S, <G T T, UL I + S,J R + + S, SL I + S, S UL R, + <L + S, < U T + S,J G I + S,J T T

< J , S T T +L , S T R + U, S TG R, G RJ +L , <L G + U, SL L +L ,J S R + I , UG T +L , RJ < + U, + S U +L , G UJ

L +�, UP + U R,J P QJ + T, SP Q +L L , SJ S I , RP Q +L L , RP Q +L L , RP Q +L L , S R < +�, RP Q +L J , GP Q +L J , GP Q +L
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¬
u¬
t

+ CR(t) (u − V (t)) = 0, u(0) = 0, t ∈ [0, π/2],
ùS�,0�ý

CR(t) = tg(t), V (t) = V0t
2 cos2(t),

u(t) = cos(t)
{

V0

[

2t sin t − (t2 − 2) cos t
]

+ u0 − 2V0

}

.
ùS�31�ý
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��¥ ât¢ § £ ª â � ß ût�E�a`Iû �
ðéÍLôcbed�fgdihkj�limin�ocp ocp?qsrkt	uvmiwxocp(y�pkz Ë(Ì Ñ Ô Ï#Ï á�Ô"ì.ÔkÒ3Ö Ú á Î�{>Î ß}| Ð�~ Õ Ð õ Í"��!���Îð ñ�ô��_d��i�kd�uv�i����p�b]p?q���m��vl��i����p(��p?q����i����uv��l��i��rip(��p�z Ë(Ì Ñ Ô Ï#Ï á�ÔEì.ÔkÒ3Ö Ú á Î�{>Î ß�| Ð�~ Õ Ð õ Í"��!��
Îð Ü ô���d�uvms��limiw���p(��pkz Ë(Ì Ñ Ô Ï#Ï á�Ô"ì.ÔkÒ3Ö Ú á Î�{>Î ß}| Ð�~ Õ Ð õ Í"����!�Î
ð �'ô���dinihk�kh¡ ]p?q���¢khkj��}���£b]p?q�y_diwiwi�kh¤rip ÊvÔkØtÔ Ï Ë(ÔGÖ�¥'áEÕ Ï Ö'à3Ô Ï#Ï áPë Ú Ëk¦§¦GÔk×(Ô Ï ö#Ë Ð�Ñ(÷,Ï áPë ~ × Ð à ¶
Ï Ô Ï Ë î ßk|�Ô ¨�Ô{ÌkÒ,Õ#Ë(Ô"Ù Ð�Ú�Ð Ó#Ë Î�{>Î ß { Ë#× õ Í"��� è Îð ó�ô���d���diwi�khª©«p?qa�ª��t	uv�kh£��p?qa��¬�®b]p�z Ë(Ì Ñ Ô Ï#Ï á�Ô>ì.ÔkÒ3Ö Ú á�Ë�ì Ð Ò3Ô{ì Ð Ò,Ë#Ó(Ô{ÌkÕ�Ö,Ô6Ö�¥,Ô{Ìkæ(ÔkÓ(Ô Ï Ë(Ô,ß
æ(Ôk× Î Ì Ð�Ï ï Ñ'Î�{>Î ß { Ë#× õ Í"����!�Î

ð #�ô�¯_��j��k�k�¡rip ocp?q���d�uv°�±£wi²�n�y�p(y�p�í Õ�Ö Ï Ö,ì$Ë#Ó Ï á î ì.ÔkÒ3Ö Ú Ó#Ë(Ì Ñ Ô Ï#Ï Ö'ï�Ö?Ë Ï Ò3Ôkï{×#Ë#×(Ö'à Ð�Ï Ë#ê ~ × Ð à ¶
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Ð�~ Ó Î
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ð !�ô�y_d�j�m�uv���k�kdÅocp(��p?q��_ts��tiÆ��i��y�p�ÇÈp�Î ÌkË(ì$æ#Ò3Ö'Ò,Ë#Ó(Ô{ÌkÕ#Ë(Ô?× Ð Ù Ñ Ö"¨�Ô Ï Ë#ê�ÌkË Ï ï ~�Ñ ê�× Ï Ö%à3Ö'Ù�ì ~�É Ô Ï�¶
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