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A group classification of the convective motion of a binary mixture with the thermal

diffusion effect is investigated for the case of a function which determines the buoy-
ancy force. Special characteristics of this function are found. Admissible operators
that increase the kernel of basic Lie algebras are constructed according to the special
characteristics of the buoyancy force function.1. Îïèñàíèå ñèñòåìû óðàâíåíèéÂ ïîñëåäíåå âðåìÿ âîçðîñ èíòåðåñ ê íåêëàññè÷åñêèì ìîäåëÿì ãèäðîäèíàìèêè. Â ÷àñò-íîñòè, ê ìîäåëè êîíâåêöèè ñ ó÷åòîì ý��åêòîâ òåðìîäè��óçèè è äè��óçèîííîé òåï-ëîïðîâîäíîñòè. Åñòåñòâåííàÿ òåðìîãðàâèòàöèîííàÿ êîíâåêöèÿ, ðàçâèâàþùàÿñÿ â âîäî-åìàõ (íàïðèìåð, ïðè âåñåííå-ëåòíåì ïðîãðåâå), îêàçûâàåò áîëüøîå âëèÿíèå íà âîäîîá-ìåííûå ïðîöåññû. Íî â ñèëó ñëîæíîñòè óðàâíåíèÿ ñîñòîÿíèÿ, ò. å. çàâèñèìîñòè ïëîò-íîñòè îò òåìïåðàòóðû, êîíöåíòðàöèè è äàâëåíèÿ (îñîáåííî äëÿ ãëóáîêèõ âîäîåìîâ),èññëåäîâàòü ýòè ïðîöåññû çàòðóäíèòåëüíî. Ñóùåñòâóåò öåëûé ðÿä �îðì ïðåäñòàâëåíèÿóðàâíåíèÿ ñîñòîÿíèÿ æèäêîñòåé, îïðåäåëÿþùèõ ñ äîñòàòî÷íîé òî÷íîñòüþ ïëîòíîñòü÷åðåç äàâëåíèå, òåìïåðàòóðó è ìèíåðàëèçàöèþ â øèðîêîì äèàïàçîíå çíà÷åíèé ýòèõ ïà-ðàìåòðîâ [1℄. Ïî÷òè âñå îíè ïîëó÷åíû ýêñïåðèìåíòàëüíî è ïðåäñòàâëÿþò ñîáîé ñëîæ-íûå àëãåáðàè÷åñêèå âûðàæåíèÿ. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñêàòü ýòó çàâèñèìîñòüìåòîäàìè ãðóïïîâîãî àíàëèçà. Îñíîâó ìîäåëè òåðìîäè��óçèè íåñæèìàåìîé áèíàðíîéñìåñè æèäêîñòåé ñîñòàâëÿåò ñèñòåìà óðàâíåíèé Íàâüå�Ñòîêñà ñ ó÷åòîì ñèë ïëàâó÷å-ñòè, äîïîëíåííàÿ óðàâíåíèÿìè òåïëî- è ìàññîïåðåíîñà. Äâèæåíèå ñìåñè îïèñûâàåòñÿñèñòåìîé óðàâíåíèé
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= −
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∇p+ ν△u +R(p, T, c)g,divu = 0,

dT

dt
= χ△T,

dc

dt
= D△c+ αD△T,

(1)
∗�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé(ãðàíò � 05-01-00836), èíòåãðàöèîííîãî ïðîåêòà ÑÎ �ÀÍ � 2.15 è èíäèâèäóàëüíîãî ãðàíòà Êðàñíî-ÿðñêîãî êðàåâîãî �îíäà íàóêè (ïðîåêò 17G088).© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.61



62 À.À. �îäèîíîâ, È.Â. Ñòåïàíîâàãäå x = (x1, x2, x3) � âåêòîð êîîðäèíàò, u = (u1, u2, u3) � âåêòîð ñêîðîñòè, p � äàâëå-íèå, T � ìàëîå îòêëîíåíèå òåìïåðàòóðû îò ñðåäíåãî çíà÷åíèÿ, c � ìàëîå îòêëîíåíèåêîíöåíòðàöèè ëåãêîãî êîìïîíåíòà îò ñðåäíåãî çíà÷åíèÿ, ρ0 = onst � ïëîòíîñòü ñìåñèïðè ñðåäíèõ çíà÷åíèÿõ òåìïåðàòóðû è êîíöåíòðàöèè, g = (0, 0,−g) � âåêòîð ìàññîâûõñèë, ν � êèíåìàòè÷åñêàÿ âÿçêîñòü, χ � êîý��èöèåíò òåìïåðàòóðîïðîâîäíîñòè, D �êîý��èöèåíò äè��óçèè, α � êîý��èöèåíò Ñîðå, R(p, T, c) � �óíêöèÿ, îïðåäåëÿþùàÿñèëó ïëàâó÷åñòè.Ïðåäïîëàãàåòñÿ, ÷òî ν 6= 0, χ 6= 0, χ 6= D, D 6= 0, α 6= 0. Åñëè ñäåëàòü çàìåíó
ρ−1

0 p → p, −Rg → R, ìîæíî ñ÷èòàòü, ÷òî ρ0 = 1, g = 1. Ïðèâåäåì ñèñòåìó (1) ê âèäó,áîëåå óäîáíîìó äëÿ ãðóïïîâîãî àíàëèçà. Äëÿ ýòîãî ñäåëàåì çàìåíó T =
χ−D

αD
T̄ , c =

T̄ + c̄. Ïîñëå ýòèõ ïðåîáðàçîâàíèé ñèñòåìà (1) áóäåò èìåòü âèä (â äàëüíåéøåì ÷åðòóíàä T̄ , c̄ îïóñêàåì), k = (0, 0, 1) � îðò âäîëü îñè z:
du

dt
= −∇p+ ν△u +R(p, T, c)k,divu = 0,

dT

dt
= χ△T,

dc

dt
= D△c.

(2)
2. �åøåíèå îïðåäåëÿþùèõ óðàâíåíèéÏîñòàâèì çàäà÷ó ãðóïïîâîé êëàññè�èêàöèè ñèñòåìû (2) îòíîñèòåëüíî �óíêöèè
R(p, T, c). Íåîáõîäèìî ïîëó÷èòü ÿäðî îñíîâíîé àëãåáðû Ëè äîïóñêàåìûõ ñèñòåìîé (2)îïåðàòîðîâ ïðè ïðîèçâîëüíîì âûáîðå �óíêöèè R è âûäåëèòü ñïåöè�èêàöèè �óíêöèè,ïðè êîòîðûõ ÿäðî àëãåáðû Ëè ðàñøèðÿåòñÿ.Îáîçíà÷èì x4 = t, u4 = p, u5 = T, u6 = c. Áóäåì òàêæå ñ÷èòàòü,÷òî åñëè f(x) �íåêîòîðàÿ �óíêöèÿ, òî fi = ∂f/∂xi, fij = ∂2f/∂xi∂xj , i, j = 1, 4. Ñèñòåìà óðàâíåíèé (2)â êîîðäèíàòíîé �îðìå çàïèøåòñÿ òàê:

u1
4 + u1u1

1 + u2u1
2 + u3u1

3 + u4
1 − ν(u1

11 + u1
22 + u1

33) = 0,

u2
4 + u1u2

1 + u2u2
2 + u3u2

3 + u4
2 − ν(u2

11 + u2
22 + u2

33) = 0,

u3
4 + u1u3

1 + u2u3
2 + u3u3

3 + u4
3 − ν(u3

11 + u3
22 + u3

33) +R = 0,

u1
1 + u2

2 + u3
3 = 0,

u5
4 + u1u5

1 + u2u5
2 + u3u5

3 − χ(u5
11 + u5

22 + u5
33) = 0,

u6
4 + u1u6

1 + u2u6
2 + u3u6

3 −D(u6
11 + u6

22 + u6
33) = 0.

(3)
Çàìåòèì, ÷òî ñèñòåìà óðàâíåíèé (3) ìîæåò áûòü äîïîëíåíà äè��åðåíöèàëüíûìèñëåäñòâèÿìè ïî x1, x2, x3, x4 ïåðâûõ ÷åòûðåõ óðàâíåíèé ñèñòåìû:

(u1
1)

2 + (u2
2)

2 + (u3
3)

2 + 2(u1
2u

2
1 + u2

3u
3
2 + u3

1u
1
3) + u4

11 + u4
22 + u4

33 +R3 = 0,

u1
1i + u2

2i + u3
3i = 0.

(4)Çäåñü i = 1, 4, R3 =
∂R

∂u4
u4

3 +
∂R

∂u5
u5

3 +
∂R

∂u6
u6

3. Óðàâíåíèÿ (3), (4) íàõîäÿòñÿ â èíâîëþöèè.Âîïðîñ î ñîîòâåòñòâèè ãðóïïîâûõ ñâîéñòâ ñèñòåìû (3) è ñèñòåìû (3), (4) ïîêà îñòàåòñÿîòêðûòûì.



�ðóïïîâàÿ êëàññè�èêàöèÿ óðàâíåíèé ìîäåëè êîíâåêöèè... 63Èí�èíèòåçèìàëüíûé îïåðàòîð, äîïóñêàåìûé ñèñòåìîé (3), èùåì â âèäå [2℄
X = ξi ∂

∂xi
+ ηα ∂

∂uα
, (5)ãäå i = 1, 4, α = 1, 6, ñ÷èòàÿ, ÷òî êîîðäèíàòû îïåðàòîðà çàâèñÿò îò âñåõ çàâèñèìûõ èíåçàâèñèìûõ ïåðåìåííûõ (ïðåäïîëàãàåòñÿ ñóììèðîâàíèå ïî ïîâòîðÿþùåìóñÿ èíäåêñó).Äëÿ �îðìèðîâàíèÿ îïðåäåëÿþùèõ óðàâíåíèé íóæíî ïðîäîëæèòü îïåðàòîð X íàâòîðûå ïðîèçâîäíûå è ïîäåéñòâîâàòü ïðîäîëæåííûì îïåðàòîðîì X

2
íà óðàâíåíèÿ (3).Ïðè ýòîì èç óðàâíåíèé (3) âûðàæàåì u1

4, u
2
4, u

3
4, u

3
3, u

5
4, u

6
4 è ïîäñòàâëÿåì â îïðåäåëÿþ-ùèå óðàâíåíèÿ. Ïîñëå äîñòàòî÷íî äëèííûõ âûêëàäîê ïðè ðàñùåïëåíèè ýòèõ óðàâíåíèéîòíîñèòåëüíî íåçàâèñèìûõ ïåðåìåííûõ ïîëó÷àåì èõ ðåøåíèå â âèäå

ξ1 = C4x
1 + C1x

2 + C2x
3 + h1(x4),

ξ2 = −C1x
1 + C4x

2 + C3x
3 + h2(x4),

ξ3 = −C2x
1 − C3x

2 + C4x
3 + h3(x4),

ξ4 = 2C4x
4 + C0,

η1 = −C4u
1 + C1u

2 + C2u
3 + h1

4(x
4),

η2 = −C1u
1 − C4u

2 + C3u
3 + h2

4(x
4),

η3 = −C2u
1 − C3u

2 − C4u
3 + h3

4(x
4),

η4 = −2C4u
4 + f 1(x4)x1 + f 2(x4)x2 + f(x3, x4),

η5 = C5u
5 + C7,

η6 = C6u
6 + C8.

(6)
Çäåñü C0, ..., C8 � ïîñòîÿííûå, hi(x4), i = 1, 2, 3, f 1(x4), f 2(x4), f(x3, x4) � ïðîèçâîëü-íûå ãëàäêèå �óíêöèè, hi

4 = ∂hi/∂x4.Ñðåäè îïðåäåëÿþùèõ óðàâíåíèé îñòàþòñÿ êëàññè�èöèðóþùèå óðàâíåíèÿ íà �óíê-öèþ R(u4, u5, u6):
∂2h1

(∂x4)2
− C2R + f 1 = 0,

∂2h2

(∂x4)2
− C3R + f 2 = 0, (7)

∂2h3

(∂x4)2
+ 3C4R +

∂f

∂x3
+
∂R

∂u4
η4 +

∂R

∂u5
η5 +

∂R

∂u6
η6 = 0.

3. �ðóïïîâàÿ êëàññè�èêàöèÿ ñèñòåìû (3)Åñëè ïðåäïîëîæèòü ïðîèçâîëüíîñòü �óíêöèè R ïî âñåì òðåì ïåðåìåííûì u4, u5, u6,òî âñå êîý��èöèåíòû ïðè R è åå ïðîèçâîäíûõ â (7) ðàâíû íóëþ. �àñùåïëåíèå ïî íåçà-âèñèìûì ïåðåìåííûì äàåò áàçèñ ÿäðà îïåðàòîðîâ
L0 =

{

X0 =
∂

∂x4
, X12 = x1 ∂

∂x2
− x2 ∂

∂x1
+ u1 ∂

∂u2
− u2 ∂

∂u1
,

Hi(1) =
∂

∂xi
, Hi(x

4) = x4 ∂

∂xi
+

∂

∂ui
, i = 1, 2, 3

}

. (8)



64 À.À. �îäèîíîâ, È.Â. ÑòåïàíîâàÏåðåéäåì ê âû÷èñëåíèþ ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè äëÿ óðàâíåíèé (3) (ýòîïðåîáðàçîâàíèÿ, ñîõðàíÿþùèå ñòðóêòóðó óðàâíåíèé (3), íî èçìåíÿþùèõ R). Èí�èíè-òåçèìàëüíûé îïåðàòîð ãðóïïû áóäåì èñêàòü â âèäå
Xýêâ = X + ηR ∂

∂R
,ñ÷èòàÿ R íåçàâèñèìîé ïåðåìåííîé óðàâíåíèÿ (3), à îïåðàòîð X îïðåäåëåí â (5). Çàìå-òèì, ÷òî ê óðàâíåíèÿì (3) íåîáõîäèìî äîáàâèòü óñëîâèÿ ðàâåíñòâà íóëþ ïðîèçâîäíûõîò R ïî ïåðåìåííûì xi, uα, i = 1, 4, α = 1, 3. Äåéñòâóÿ ïðîäîëæåííûì îïåðàòîðîì

X
2

ýêâ íà îïèñàííóþ ñèñòåìó óðàâíåíèé è ïåðåõîäÿ íà ìíîãîîáðàçèå, îïðåäåëÿåìîå ýòîéñèñòåìîé, ïîëó÷èì îïðåäåëÿþùèå óðàâíåíèÿ. Èç ðåøåíèÿ îïðåäåëÿþùèõ óðàâíåíèéñëåäóåò, ÷òî îïåðàòîð ýêâèâàëåíòíîñòè èìååò âèä
Xýêâ = (d0x

1 + d1x
2 + ϕ1(x4))

∂

∂x1
+ (−d1x

1 + d0x
2 + ϕ2(x4))

∂

∂x2
+

+(d0x
3 + ϕ3(x4))

∂

∂x3
+ (2d0x

4 + d2)
∂

∂x4
+ (−d0u

1 + d1u
2 + ϕ1

x4)
∂

∂u1
+

+(−d1u
1 − d0u

2 + ϕ2
x4)

∂

∂u2
+ (−d0u

3 + ϕ3
x4)

∂

∂u3
+

+(−2d0u
4 − ϕ1

x4x4x1 − ϕ2
x4x4x2 − (ϕ3

x4x4 − d3)x
3 + ϕ4(x4))

∂

∂u4
+

+(d4u
5 + d5)

∂

∂u5
+ (d6u

6 + d7)
∂

∂u6
+ (−3d0R− d3)

∂

∂R
,ãäå di, i = 0, ..., 7, � ïðîèçâîëüíûå ïîñòîÿííûå, ϕi(x4), i = 1, ..., 4, � ïðîèçâîëüíûåãëàäêèå �óíêöèè, ϕi

x4 , ϕi
x4x4 � ïðîèçâîäíûå ýòèõ �óíêöèé ïî ïåðåìåííîé x4. Âèäèì,÷òî ïðåîáðàçîâàíèå ýêâèâàëåíòíîñòè äëÿ R âîçìîæíî â äâóõ ñëó÷àÿõ. Ïîëàãàÿ d0 = 1,à îñòàëüíûå ïðîèçâîëüíûå ïîñòîÿííûìè è �óíêöèè ðàâíûìè íóëþ, íà îïåðàòîðå

X = x1 ∂

∂x1
+ x2 ∂

∂x2
+ x3 ∂

∂x3
+ 2x4 ∂

∂x4
− u1 ∂

∂u1
− u2 ∂

∂u2
− u3 ∂

∂u3
− 2u4 ∂

∂u4
− 3R

∂

∂Rïîëó÷èì ãðóïïó ðàñòÿæåíèé
G1 : {x̄i = ea1xi, ūi = e−a1ui, i = 1, 2, 3; x̄4 = e2a1x4, ū4 = e−2a1u4, R̄ = e−3a1R}. (9)Àíàëîãè÷íî, ïîëàãàÿ d3 = 1, à îñòàëüíûå ïðîèçâîëüíûå ïîñòîÿííûå è �óíêöèè ðàâ-íûìè íóëþ, íà îïåðàòîðå X = x3 ∂

∂u4
−

∂

∂R
ïîëó÷èì ãðóïïó ñäâèãîâ

G2 : {x̄3 = x3, ū4 = u4 + a2x
3, R̄ = R− a2}, (10)ãäå a1, a2 � ãðóïïîâûå ïàðàìåòðû.Èç (7) ñëåäóåò, ÷òî íåîáõîäèìî ðàññìîòðåòü ñëó÷àè, êîãäà R = onst è R 6= onst.Åñëè R = onst, òî ê ñèñòåìå óðàâíåíèé ïðèìåíèì ïðåîáðàçîâàíèå x4 = x̄4,

x3 = x̄3 + R(x̄4)2/2, u3 = ū3 + Rx̄4. Ýòî ïðåîáðàçîâàíèå ïåðåõîäà â èíåðöèàëüíóþ ñè-ñòåìó êîîðäèíàò ïî òðåòüåìó íàïðàâëåíèþ èñêëþ÷àåò èç óðàâíåíèé (3) R = onst.Ìîæíî ñ÷èòàòü R = 0, òîãäà ÷åòûðå ïåðâûõ óðàâíåíèÿ â (3) ÿâëÿþòñÿ óðàâíåíèÿìè



�ðóïïîâàÿ êëàññè�èêàöèÿ óðàâíåíèé ìîäåëè êîíâåêöèè... 65Íàâüå�Ñòîêñà (èõ èññëåäîâàíèå ïðîâîäèëîñü â [3℄), êîòîðûå äîïóñêàþò àëãåáðó îïåðà-òîðîâ:
X0 =

∂

∂t
, Xij = xi ∂

∂xj
− xj ∂

∂xi
+ ui ∂

∂uj
− uj ∂

∂ui
, H0 = ϕ(t)

∂

∂p
,

Hi(h
i(t)) = hi(t)

∂

∂xi
+ hi

t(t)
∂

∂ui
− xihi

tt(t)
∂

∂p
, i, j = 1, 2, 3, i < j,

Z = 2t
∂

∂t
+

3
∑

i=1

(

xi ∂

∂xi
− ui ∂

∂ui

)

− 2p
∂

∂p
,

(11)
ñ ïðîèçâîëüíûìè ãëàäêèìè �óíêöèÿìè ϕ(t), hi(t), i = 1, 2, 3. Äëÿ äâóõ ïîñëåäíèõóðàâíåíèé â (3), êðîìå îïåðàòîðîâ (11), èìåþò ìåñòî îïåðàòîðû

T 1 =
∂

∂T
, T 2 = T

∂

∂T
, C1 =

∂

∂c
, C2 = c

∂

∂c
. (12)Òåì ñàìûì, óðàâíåíèÿ (3) ïðè R = 0 (R = onst) äîïóñêàþò îïåðàòîðû (11), (12).Îïåðàòîðû (11), (12) ïðåäñòàâëåíû â �èçè÷åñêèõ ïåðåìåííûõ.Åñëè R 6= onst, òî èç (7) ñëåäóåò, ÷òî C2 = C3 = 0, ïîñêîëüêó f 1, f 2, h1, h2íå çàâèñÿò îò u4, u5, u6. Êðîìå òîãî, f 1(x4) = −h1

x4x4(x4), f 2(x4) = −h2
x4x4(x4). Cðåäèêëàññè�èöèðóþùèõ óðàâíåíèé (7) îñòàåòñÿ îäíî:

∂2h3(x4)

(∂x4)2
+
∂f(x3, x4)

∂x3
+ 3C4R +

∂R

∂u4

[

− 2C4u
4 −

∂2h1(x4)

(∂x4)2
x1−

−
∂2h2(x4)

(∂x4)2
x2 + f(x3, x4)

]

+
∂R

∂u5
(C5u

5 + C7) +
∂R

∂u6
(C6u

6 + C8) = 0. (13)Ïðè ðåøåíèè êëàññè�èöèðóþùåãî óðàâíåíèÿ (13) íåîáõîäèìî ó÷åñòü ñëó÷àè
∂R/∂u4 = 0, ∂R/∂u4 = onst 6= 0 è ñëó÷àé, êîãäà �óíêöèÿ R íå ÿâëÿåòñÿ ëèíåéíîéïî u4. Ïðèñòóïèì ê ïîñëåäîâàòåëüíîìó ðàññìîòðåíèþ ýòèõ ñëó÷àåâ.I. ∂R/∂u4 = 0, R = R(u5, u6). �àñùåïëÿÿ óðàâíåíèå (13) îòíîñèòåëüíî íåçàâèñèìûõïåðåìåííûõ x3, x4, ïîòðåáóåì, ÷òîáû ∂2h3(x4)

(∂x4)2
+
∂f(x3, x4)

∂x3
= C9, C9 = onst. Òîãäàóðàâíåíèå (13) ïåðåïèøåòñÿ êàê

C9 + 3C4R +
∂R

∂u5
(C5u

5 + C7) +
∂R

∂u6
(C6u

6 + C8) = 0. (14)Êîîðäèíàòû îïåðàòîðà X çàïèøóòñÿ â âèäå
ξ1 = C4x

1 + C1x
2 + h1(x4), ξ2 = −C1x

1 + C4x
2 + h2(x4),

ξ3 = C4x
3 + h3(x4), ξ4 = 2C4x

4 + C0,

η1 = −C4u
1 + C1u

2 +
∂h1

∂x4
, η2 = −C1u

1 − C4u
2 +

∂h2

∂x4
,

η3 = −C4u
3 +

∂h3

∂x4
, η4 = −2C4u

4 −
3

∑

i=1

∂2hi

(∂x4)2
xi + C9x

3 + ψ(x4),

η5 = C5u
5 + C7, η6 = C6u

6 + C8.Çäåñü C0, ..., C9 � ïîñòîÿííûå, hi(x4), i = 1, 2, 3, ψ(x4) � ïðîèçâîëüíûå ãëàäêèå �óíê-öèè.



66 À.À. �îäèîíîâ, È.Â. ÑòåïàíîâàÒ à á ë è ö à 1. �ðóïïîâàÿ êëàññè�èêàöèÿ ïî �óíêöèè R = R(u5, u6)� R(u5, u6) Îïåðàòîðû1 Ïðîèçâîëüíàÿ LI
0 = {X0,X12,Hi(1),Hi(h

i(x4)), i = 1, 2, 3,
H0(ϕ(x4))}2 (u5)

−

γ

2γ1 (u6)
−

γ

2γ2 f((u5)γ2(u6)−γ1) LI
0, γZ+3(γ1T

1+γ2C
1), γ 6= 0, γ1 6= 0, γ2 6= 03 (u6)−γf(u5) LI

0, γZ + 3C1, γ 6= 04 eδ1u5

f(u6eδ2u5

) LI
0, Z + 3δ1(δ2C

1 − T 2)5 (u5)−γf(u6) LI
0, γZ + 3T 1, γ 6= 06 eδ1u6

f(u5eδ2u5

) LI
0, Z + 3δ1(δ2T

1 − C2)7 eγ(u5+δu6)f(u5 − δu6) LI
0, 2δγZ − 3(δT 2 + C2), γ 6= 08 eδu

6

f(u5) LI
0, Z − 3δC29 eδu

5

f(u6) LI
0, Z − 3δT 210 ε ln ((u5)γ2(u6)

γ1) + f((u5)
γ2(u6)−γ1) LI

0, γ1T
1 + γ2C

1 − 2εγ2γ1Y1, γ1 6= 0, γ2 6= 011 ε(δu6 + ln (u5)) + f(δu6 − ln (u5)) LI
0, C

2 + δT 1 − 2εδY 112 ε ln(u5) + f(u6) LI
0, T

1 − εY 113 ε(δu5 + ln (u6)) + f(δu5 − ln (u6)) LI
0, δC

1 + T 2 − 2εδY 114 ε ln(u6) + f(u5) LI
0, C

1 − εY 115 δu6 + f(u5) LI
0, C

2 − δY 116 δu5 + f(u6) LI
0, T

2 − δY 117 ε(u5 + δu6) + f(u5 − δu6) LI
0, δT

2 + C2 − 2εδY 1Ïðèìå÷àíèå. Îáîçíà÷åíèÿ, èñïîëüçîâàííûå â òàáëèöå, äàíû â êîíöå ñòàòüè.Àíàëèçèðóÿ óðàâíåíèå (14) â ïðåäïîëîæåíèè ïðîèçâîëüíîñòè �óíêöèè R, ïîëó÷àåì,÷òî C4 = C5 = C6 = C7 = C8 = C9 = 0 è áàçèñ ÿäðà îïåðàòîðîâ â ýòîì ñëó÷àå èìååò âèä
LI

0 =

{

X0, X12, Hi(h
i(x4)), i = 1, 3, H0(ψ(x4)) = ψ(x4)

∂

∂u4

}

.Çàìåòèì, ÷òî ÿäðî (8) L0 ⊂ LI
0.Êëàññè�èöèðóþùåå óðàâíåíèå (14) � ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, îíî ëåã-êî èíòåãðèðóåòñÿ. Âñåâîçìîæíûå ñëó÷àè èíòåãðèðîâàíèÿ óðàâíåíèÿ (14) ïðèâîäÿò êðàçëè÷íûì ñïåöè�èêàöèÿì �óíêöèè R(u5, u6) è ðàñøèðåíèþ áàçèñà îïåðàòîðîâ LI

0.�åçóëüòàò êëàññè�èêàöèè �óíêöèè R(u5, u6) äàåòñÿ â òàáë. 1.II. ∂R/∂u4 = D0 = onst 6= 0, R = D0u
4 + Φ(u5, u6). Ñ ó÷åòîì ïðåîáðàçîâàíèÿýêâèâàëåíòíîñòè (9) ìîæíî ñ÷èòàòü, ÷òî D0 = 1, òîãäà R = u4 +Φ(u5, u6). �àñùåïëåíèåóðàâíåíèÿ (13) îòíîñèòåëüíî ïåðåìåííûõ x1, x2, x3, x4, u4 ïðèâîäèò ê òðåáîâàíèþ:

C4 = 0,
∂2h1(x4)

(∂x4)2
=
∂2h1(x4)

(∂x4)2
= 0,

∂2h3(x4)

(∂x4)2
+
∂f(x3, x4)

∂x3
+ f(x3, x4) = C9.Çíà÷èò, (13) áóäåò èìåòü âèä

C9 +
∂Φ

∂u5
(C5u

5 + C7) +
∂Φ

∂u6
(C6u

6 + C8) = 0. (15)



�ðóïïîâàÿ êëàññè�èêàöèÿ óðàâíåíèé ìîäåëè êîíâåêöèè... 67Ò à á ë è ö à 2. �ðóïïîâàÿ êëàññè�èêàöèÿ ïî �óíêöèè R = u4 + Φ(u5, u6)� Φ(u5, u6) Îïåðàòîðû1 Ïðîèçâîëüíàÿ LII
0 = {X0, X12, Hi(1), Hi(x

4), i = 1, 2,
H4(h

3(x4)), H5(ψ(x4))}2 γ
γ1γ2

ln ((u5)γ2(u6)γ1) + f((u5)γ2(u6)−γ1) LII
0 , γ2C

1 + γ1u
5T 1 − 2γH0(1), γ1 6= 0, γ2 6= 03 γ(δu6 + ln (u5)) + f(δu6 − ln (u5)) LII

0 , C
2 + δT 1 − 2γδH0(1)4 γ ln(u5) + f(u6) LII

0 , T
1 − γH0(1)5 γ(δu5 + ln (u6)) + f(δu5 − ln (u6)) LII

0 , δC
1 + T 2 − 2γδH0(1)6 γ ln(u6) + f(u5) LII

0 , C
1 − γH0(1)7 δu6 + f(u5) LII

0 , C
2 − δH0(1)8 δu5 + f(u6) LII

0 , T
2 − δH0(1)9 γ(u5 + δu6) + f(u5 − δu6) LII

0 , δT
2 + C2 − 2γδH0(1)Ïðèìå÷àíèå. Îáîçíà÷åíèÿ, èñïîëüçîâàííûå â òàáëèöå, äàíû â êîíöå ñòàòüè.Êîîðäèíàòû îïåðàòîðà X ïåðåïèøóòñÿ ñëåäóþùèì îáðàçîì:

ξ1 = C1x
2 + C10x

4 + C11, ξ2 = −C1x
1 + C12x

4 + C13,

ξ3 = h3(x4), ξ4 = C0,

η1 = C1u
2 + C10, η2 = −C1u

1 + C12,

η3 =
∂h3

∂x4
, η4 = C9 −

∂2h3

(∂x4)2
+ ψ(x4)e−x3,

η5 = C5u
5 + C7, η6 = C6u

6 + C8.Çäåñü C0, ..., C13 � ïîñòîÿííûå, h3(x4), ψ(x4) � ïðîèçâîëüíûå ãëàäêèå �óíêöèè.Ïðåäïîëàãàÿ ïðîèçâîëüíîñòü �óíêöèè Φ, èç (15) ïîëó÷àåì C5 = C6 = C7 = C8 =
C9 = 0. Áàçèñ ÿäðà îïåðàòîðîâ â ýòîì ñëó÷àå çàïèøåòñÿ òàê:
LII

0 =

{

X0, X12, Hi(1), Hi(x
4), i = 1, 2, H4(h

3(x4)) = h3(x4)
∂

∂x3
+ h3

x4

∂

∂u3
− h3

x4x4

∂

∂u4
,

H5(ψ(x4)) = ψ(x4)e−x3
∂

∂u4

}

.Â ýòîì ñëó÷àå ÿäðî (8) L0 ⊂ LII
0 .Êëàññè�èöèðóþùåå óðàâíåíèå (15) � ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà. Ïðè åãîèíòåãðèðîâàíèè ïîëó÷àåì ðàçëè÷íûå ñëó÷àè ñïåöè�èêàöèè �óíêöèè Φ(u5, u6) è ðàñ-øèðåíèÿ áàçèñà îïåðàòîðîâ LII

0 . �åçóëüòàò êëàññè�èêàöèè �óíêöèè R = u4 + Φ(u5, u6)äàåòñÿ â òàáë. 2.III. ∂R/∂u4 6= onst, ò. å. R íåëèíåéíà ïî u4. Â ýòîì ñëó÷àå â (13) íåîáõîäèìî ïîòðå-áîâàòü, ÷òîáû
∂2h1(x4)

(∂x4)2
=
∂2h1(x4)

(∂x4)2
= 0, f(x3, x4) = C10,

∂2h3(x4)

(∂x4)2
= C9.



68 À.À. �îäèîíîâ, È.Â. ÑòåïàíîâàÒ à á ë è ö à 3. �ðóïïîâàÿ êëàññè�èêàöèÿ ïî �óíêöèè R, íåëèíåéíîé ïî u4� R(u4, u5, u6) Îïåðàòîðû1 Ïðîèçâîëüíàÿ L0 = {X0,X12,Hi(1),Hi(x
4), i = 1, 2, 3}2 (u4)

3

2 f
[

u5(u4)
γ2

2γ1 , u6(u4)
γ3

2γ1

]

L0, γ1Z+ γ2T
1 + γ3C

1, γ1 6= 0, γ2 6= 0, γ3 6= 03 (u4)
3

2 f [u5(u4)γ , δu6 + ln(u4)] L0, Z + 2γT 1 + 2δC2, γ 6= 04 (u4)
3

2 f [δu5 + ln(u4), u6(u4)γ ] L0, Z + 2δT 2 + 2γC1,5 (u4)
3

2 f [δ1u
5 + ln(u4), δ2u

6 + lnu4] L0, Z + 2δ1T
2 + 2δ2C

26 (u4)
3

2 f(u4) L0, T
1, T 2, C1, C27 (u4)

3

2 f [δu5 + ln(u4), ln u4] L0, C
1, C28 (u4)

3

2 f [ln(u4), δu6 + lnu4] L0, T
1, T 29 εu4 + f(u5eδ1u4

, u6eδ2u4

) L0, H0(1) − δ1T
1 − δ2C

1 − εY 210 εu4 + f(u5eδ1u4

, u6 + δ2u
4) L0, H0(1) − δ1T

1 − δ2C
2 − εY 211 εu4 + f(u5 + δ2u

4, u6eδ1u4

) L0, H0(1) − δ2T
2 − δ1C

1 − εY 212 εu4 + f(u5 + δ1u
4, u6 + δ2u

4) L0, H0(1) − δ1T
2 − δ2C

2 − εY 213 ε ln ((u5)
γ
u6) + f(u4, (u5)

−γ
u6) L0, T

1 + γC1 − 2γεY 2, γ 6= 014 ε(δu6 + ln (u5)) + f(u4, δu6 − ln (u5)) L0, C
2 + δT 1 − 2εδY 215 ε(δu5 + ln (u6)) + f(u4, δu5 − ln (u6)) L0, T
2 + δC1 − 2εδY 216 ε lnu5 + f(u4, u6) LI

0, T
1 − εY 217 ε lnu6 + f(u4, u5) L0, C
1 − εY 218 ε(u5 + δu6) + f(u4, u5 − δu6) L0, δT
2 + C2 − 2δεY 219 δu5 + f(u4, u6) L0, T

2 − δY 220 δu6 + f(u4, u5) L0, C
2 − δY 2Çíà÷èò, (13) áóäåò èìåòü âèä

C9 + 3C4R +
∂R

∂u4
(−2C4u

4 + C10) +
∂R

∂u5
(C5u

5 + C7) +
∂R

∂u6
(C6u

6 + C8) = 0, (16)à êîîðäèíàòû îïåðàòîðà ïåðåïèøóòñÿ ñëåäóþùèì îáðàçîì:
ξ1 = C4x

1 + C1x
2 + C16x

4 + C11, ξ2 = C4x
2 − C1x

1 + C12x
4 + C13,

ξ3 = C4x
3 + C9(x

4)2/2 + C14x
4 + C15, ξ4 = 2C4x

4 + C0,

η1 = −C4u
1 + C1u

2 + C16, η2 = −C4u
2 − C1u

1 + C12,

η3 = −C4u
3 + C9x

4 + C14, η4 = C10 − 2C4u
4,

η5 = C5u
5 + C7, η6 = C6u

6 + C8,çäåñü C0, ..., C16 � ïðîèçâîëüíûå ïîñòîÿííûå.Ïîëàãàÿ â (16) �óíêöèþ R ïðîèçâîëüíîé, ïîëó÷àåì C4 = ... = C10 = 0. Áàçèñ ÿäðàîïåðàòîðîâ â ýòîì ñëó÷àå ñîâïàäàåò ñ L0 (8). Èíòåãðèðîâàíèå óðàâíåíèÿ (16) äàåò âñåñëó÷àè ñïåöè�èêàöèè �óíêöèè R(u4, u5, u6), íåëèíåéíîé ïî u4, è ðàñøèðåíèÿ áàçèñàîïåðàòîðîâ L0. �åçóëüòàò êëàññè�èêàöèè �óíêöèè R ïðåäñòàâëåí â òàáë. 3.Çàìå÷àíèå. Ïðè ñîñòàâëåíèè òàáë. 1�3 ñóùåñòâåííî èñïîëüçîâàëèñü ïðåîáðàçîâà-íèÿ ýêâèâàëåíòíîñòè îïåðàòîðà Xýêâ, â ÷àñòíîñòè, ïðåîáðàçîâàíèÿ (9), (10). Â òàáëèöàõ
f � ïðîèçâîëüíûå ãëàäêèå �óíêöèè ñâîèõ àðãóìåíòîâ, ϕ(x4), ψ(x4), hi(x4), i = 1, 2, 3 �



�ðóïïîâàÿ êëàññè�èêàöèÿ óðàâíåíèé ìîäåëè êîíâåêöèè... 69ïðîèçâîëüíûå ãëàäêèå �óíêöèè; γ, γ1, γ2, γ3 � ïðîèçâîëüíûå ïîñòîÿííûå; δ, δ1, δ2 �ïîñòîÿííûå, ïðèíèìàþùèå çíà÷åíèÿ ±1, ε = {0,±1}. Îáîçíà÷åíèÿ îïåðàòîðîâ òàêîâû:
X0 =

∂

∂x4
, X12 = x1 ∂

∂x2
− x2 ∂

∂x1
+ u1 ∂

∂u2
− u2 ∂

∂u1
, H0 = ϕ(x4)

∂

∂x4
,

Hi(h
i(x4)) = hi(x4)

∂

∂xi
+ hi

x4(x4)
∂

∂ui
− xihi

x4x4(x4)
∂

∂u4
, i = 1, 2, 3,

H4(h
3(x4)) = h3(x4)

∂

∂x3
+ h3

x4

∂

∂u3
− h3

x4x4

∂

∂u4
, H5(ψ(x4)) = ψ(x4)e−x3

∂

∂u4
,

Z = 2x4 ∂

∂x4
+

3
∑

i=1

(

xi ∂

∂xi
− ui ∂

∂ui

)

− 2u4 ∂

∂u4
, Y 2 =

(x4)2

2

∂

∂x3
+ x4 ∂

∂u3
, Y 1 = x3 ∂

∂u4
,

T 1 =
∂

∂u5
, T 2 = u5 ∂

∂u5
, C1 =

∂

∂u6
, C2 = u6 ∂

∂u6
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