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Ââåäåíèå

Â ïîñëåäíèå ãîäû çàìåòíî âîçðîñ èíòåðåñ ê èçó÷åíèþ çàäà÷, ñâÿçàííûõ ñ êàòàñòðîôè÷å-
ñêèìè âîëíîâûìè ïðîöåññàìè â îêåàíå. Â 2006�2008 ãã. îïóáëèêîâàíî íåñêîëüêî êîíöåï-
òóàëüíûõ ðàáîò (ñì., íàïðèìåð, [1 � 3]), ãäå ðàññìàòðèâàþòñÿ ïåðñïåêòèâû ïðèìåíåíèÿ
ñîâðåìåííûõ ìàòåìàòè÷åñêèõ òåõíîëîãèé, ñïîñîáíûõ îïèñàòü ðàçëè÷íûå ñòàäèè ýòîãî
ÿâëåíèÿ ñ òðåáóåìîé äëÿ ïðàêòèêè òî÷íîñòüþ. Àðãóìåíòû, íà êîòîðûõ îñíîâàíû âû-
âîäû àâòîðîâ óêàçàííûõ ðàáîò, â çíà÷èòåëüíîé ñòåïåíè îïèðàþòñÿ íà àíàëèç ðåçóëüòà-
òîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êðóïíåéøèõ öóíàìè äâóõ ïîñëåäíèõ äåñÿòèëåòèé.
Îñíîâíîå çàêëþ÷åíèå îòíîñèòåëüíî âûáîðà ìàòåìàòè÷åñêèõ (ãèäðîäèíàìè÷åñêèõ) ìî-
äåëåé ñâîäèòñÿ ê ñëåäóþùåìó: äëÿ àäåêâàòíîãî îïèñàíèÿ ÿâëåíèÿ íà ïðîäîëæèòåëüíîå
âðåìÿ è â áîëüøèõ ïî øèðîòíîìó è äîëãîòíîìó íàïðàâëåíèÿì àêâàòîðèÿõ òðåáóþòñÿ
ìîäåëè, ñïîñîáíûå âîñïðîèçâîäèòü äèñïåðñèþ, îòðàæàþùóþ â îïðåäåëåííîé ñòåïåíè
íåîäíîðîäíîñòü ïðîöåññà â âåðòèêàëüíîì íàïðàâëåíèè, ÷òî îñîáåííî âàæíî â ñëó÷àå
öóíàìè, âûçâàííûõ è(èëè) ñîïðîâîæäàþùèõñÿ îïîëçíåâûìè ïðîöåññàìè [4], è ó÷èòû-
âàòü ýôôåêòû, ñâÿçàííûå ñî ñôåðè÷íîñòüþ è âðàùåíèåì Çåìëè [5, 6]. Â ñîâîêóïíîñòè
ýòî ïðèâîäèò ê íåîáõîäèìîñòè ïðèìåíÿòü ó÷èòûâàþùèå ïîäâèæíîñòü äíà íåëèíåéíî-
äèñïåðñèîííûå (ÍËÄ) ìîäåëè íà ñôåðå.

Óðàâíåíèÿ ìåëêîé âîäû, îïèñûâàþùèå äèíàìèêó äëèííûõ âîëí íà ñôåðå, äàâíî
èñïîëüçóþòñÿ ïðè ÷èñëåííîì ìîäåëèðîâàíèè çàäà÷ ìåòåîðîëîãèè. Âîçíèêàþùàÿ çäåñü
âû÷èñëèòåëüíàÿ ïðîáëåìà ñîñòîèò â âûðîæäåíèè ýòèõ óðàâíåíèé â òî÷êàõ ïîëþñîâ.
Â [7] ïðèâåäåíû ðàçëè÷íûå ôîðìû óðàâíåíèé ìåëêîé âîäû â ñôåðè÷åñêîé ãåîìåòðèè
(ñî ññûëêîé íà ìîíîãðàôèþ [8], ãäå äàí ïîäðîáíûé âûâîä ýòèõ óðàâíåíèé èç ïîëíûõ
óðàâíåíèé ãèäðîäèíàìèêè ïóòåì èíòåãðèðîâàíèÿ ïî ãëóáèíå) è ñôîðìóëèðîâàíû òå-
ñòîâûå çàäà÷è äëÿ îöåíêè ýôôåêòèâíîñòè ÷èñëåííûõ àëãîðèòìîâ, ðàçðàáîòêå êîòîðûõ
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ïîñâÿùåíî ìíîãî ðàáîò. Â ÷àñòíîñòè, óñïåøíî ïðèìåíÿþòñÿ ìåòîä êîíå÷íûõ ðàçíî-
ñòåé (íàïðèìåð, [9, 10]) è ñïåêòðàëüíûå ìåòîäû. Â óêàçàííûõ ïóáëèêàöèÿõ óðàâíåíèÿ
ìåëêîé âîäû â ñèñòåìå êîîðäèíàò Oλφr ( λ � äîëãîòà, φ � øèðîòà, r � ðàäèàëüíîå
ðàññòîÿíèå) íà âðàùàþùåéñÿ ñôåðå çàïèñàíû â âèäå
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ãäå u � âåêòîð ëèíåéíîé ñêîðîñòè ñ êîìïîíåíòàìè u = R cosφ λ̇; v = R φ̇; R � ðàäèóñ
Çåìëè; H = η + h � ïîëíàÿ òîëùèíà ñëîÿ æèäêîñòè (àòìîñôåðû), h � ðåëüåô äíà
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ùåíèÿ Çåìëè; g � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ. Äèâåðãåíöèÿ âåêòîðà u âû÷èñëÿåòñÿ
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Ïðàâàÿ ÷àñòü óðàâíåíèé äâèæåíèÿ ñèñòåìû (1) ñîäåðæèò ñèëó Êîðèîëèñà, ãðàäèåíò
ãèäðîñòàòè÷åñêîãî äàâëåíèÿ è äîïîëíèòåëüíûå ÷ëåíû îòíîñèòåëüíîãî äâèæåíèÿ âî âðà-
ùàþùåéñÿ ñèñòåìå êîîðäèíàò â íàïðàâëåíèÿõ øèðîòû è äîëãîòû.

Â îïóáëèêîâàííûõ íåäàâíî ðàáîòàõ [11, 12] âûâåäåíû áîëåå ïîäðîáíûå ïî ñðàâíåíèþ
ñ (1) óðàâíåíèÿ, ñîäåðæàùèå öåíòðîáåæíóþ ñèëó, ñâÿçàííóþ ñ âðàùåíèåì Çåìëè. Â îò-
ëè÷èå îò ðàííèõ ïóáëèêàöèé íà ýòó òåìó â óêàçàííûõ ñòàòüÿõ îáñóæäàþòñÿ óñëîâèÿ
ïðèìåíèìîñòè ìîäåëåé è ïðîâåäåíî àíàëèòè÷åñêîå èññëåäîâàíèå ðÿäà ÷àñòíûõ ñëó÷àåâ.

Â îòëè÷èå îò ìåòåîðîëîãèè è êëèìàòîëîãèè, ãäå ââèäó ïëàíåòàðíûõ ìàñøòàáîâ ñôå-
ðè÷åñêèå êîîðäèíàòû ðàññìàòðèâàëèñü âñåãäà, âî ìíîãèõ çàäà÷àõ äèíàìèêè âîëí öó-
íàìè èñïîëüçîâàëèñü ëîêàëüíûå äåêàðòîâû êîîðäèíàòû. Ñëåäóåò òàêæå îòìåòèòü, ÷òî
â ÷èñëåííîì ìîäåëèðîâàíèè âîëí öóíàìè ïðè ïåðåõîäå ê ñôåðè÷åñêèì êîîðäèíàòàì
íå âîçíèêàåò ïðîáëåì ñ ó÷åòîì ïîëþñîâ: â îáëàñòè ðåøåíèÿ çàäà÷è óðàâíåíèÿ ìåë-
êîé âîäû îñòàþòñÿ íåâûðîæäåííûìè, òàê êàê äâèæåíèå äëèííûõ ïîâåðõíîñòíûõ âîëí
îãðàíè÷åíî íà Þæíîì ïîëþñå Àíòàðêòèäîé, à íà Ñåâåðíîì ïîëÿðíûìè ëüäàìè.

Â [1] óðàâíåíèÿ ìåëêîé âîäû íà ñôåðå, àíàëîãè÷íûå (1), ïðèâîäÿòñÿ â íåäèâåðãåíò-
íîì âèäå è ñ ó÷åòîì òðåíèÿ. Âûâîä ýòèõ óðàâíåíèé äëÿ çàäà÷ äèíàìèêè ïîâåðõíîñòíûõ
îêåàíè÷åñêèõ âîëí ïðèâåäåí â ìîíîãðàôèè [13]. Â áîëåå ðàííèõ ðàáîòàõ (ñì., íàïðè-
ìåð, [14]) èñïîëüçóþòñÿ óðàâíåíèÿ ìåëêîé âîäû, íå ó÷èòûâàþùèå ÷ëåíû( u
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Çàìåòèì, ÷òî â çàäà÷àõ öóíàìèðàéîíèðîâàíèÿ ýòè ÷ëåíû ìîãóò äàâàòü ïðåíåáðåæèìî
ìàëûé âêëàä.

Íà íåîáõîäèìîñòü ïðèìåíåíèÿ ÍËÄ-óðàâíåíèé íà ñôåðå óêàçàíî â íåñêîëüêèõ îïóá-
ëèêîâàííûõ â ïîñëåäíåå âðåìÿ ðàáîòàõ. Â [6] ê óðàâíåíèÿì ìåëêîé âîäû, çàïèñàííûì
â ñôåðè÷åñêèõ êîîðäèíàòàõ, äîáàâëåíû ëèíåéíûå äèñïåðñèîííûå ÷ëåíû. Ñ èñïîëüçî-
âàíèåì ìîäèôèöèðîâàííîé ñèñòåìû óðàâíåíèé, âêëþ÷åííîé â ïðîãðàììíóþ ñèñòåìó
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TUNAMI-N2, àâòîðàìè ñòàòüè [6] áûëî ïðîâåäåíî ìîäåëèðîâàíèå Ñóìàòðàíñêîãî öóíà-
ìè 2004 ãîäà, ïîêàçàâøåå íåîáõîäèìîñòü ó÷åòà äèñïåðñèè è ñôåðè÷íîñòè. Â ðàáîòå [5],
ãäå îïèñàíî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ýòîãî æå ñîáûòèÿ ñ ïðèìåíåíèåì èçâåñòíîé
ïðîãðàììíîé ñèñòåìû FUNWAVE, îñíîâàííîé íà ïîëíîé íåëèíåéíî-äèñïåðñèîííîé ìî-
äåëè áåç ó÷åòà ñôåðè÷íîñòè è ðàçðàáîòàííîé â [15] c ó÷åòîì èäåé [16], òàêæå óêàçûâà-
åòñÿ íà íåîáõîäèìîñòü âûâîäà ÍËÄ-óðàâíåíèé íà ñôåðå.

Â ñòàòüå [17] äàí åäèíîîáðàçíûé âûâîä íåëèíåéíî-äèñïåðñèîííûõ óðàâíåíèé
Ãðèíà�Íàãäè, Æåëåçíÿêà�Ïåëèíîâñêîãî è Àëåøêîâà, îïèñûâàþùèõ ïîâåðõíîñòíûå
âîëíû íà âîäå áåç ó÷åòà ñôåðè÷íîñòè è âðàùåíèÿ Çåìëè, íî ñ ó÷åòîì ïîäâèæíîñòè
äîííîé ïîâåðõíîñòè. Â íàñòîÿùåé ðàáîòå ðàçâèòûé â [17] ïîäõîä ïðèìåíÿåòñÿ äëÿ âû-
âîäà ÍËÄ-óðàâíåíèé ìåëêîé âîäû íà âðàùàþùåéñÿ ñôåðå.

1. Ïîñòàíîâêà çàäà÷è äëÿ óðàâíåíèé Ýéëåðà

Óðàâíåíèÿ Ýéëåðà, îïèñûâàþùèå òå÷åíèå æèäêîñòè â ñôåðè÷åñêîé ñèñòåìå êîîðäè-
íàò ñ ó÷åòîì âðàùåíèÿ Çåìëè, ïðèâåäåíû â [18]. Îäíàêî äëÿ âûâîäà ïðèáëèæåííûõ
ÍËÄ-óðàâíåíèé óäîáíåå ðàáîòàòü ñ äðóãîé ôîðìîé çàïèñè óðàâíåíèé Ýéëåðà, ïðåä-
ñòàâëåííîé â äàííîì ðàçäåëå.

Ââåäåì íåïîäâèæíóþ äåêàðòîâó ñèñòåìó êîîðäèíàò òàê, ÷òîáû åå îñü Oz ïðîõîäèëà
ïî îñè âðàùåíèÿ Çåìëè, Ñåâåðíûé ïîëþñ ñîîòâåòñòâîâàë êîîðäèíàòå z = R, à êîîðäè-
íàòíàÿ ïëîñêîñòü Oxy ñîâïàäàëà ñ ýêâàòîðèàëüíîé. Ñèëó íüþòîíîâñêîãî ïðèòÿæåíèÿ g,
äåéñòâóþùóþ â òî÷êå x = (x, y, z)T íà ÷àñòèöó æèäêîñòè åäèíè÷íîé ìàññû, ñ÷èòàåì íà-
ïðàâëåííîé ê öåíòðó Çåìëè, ò. å.
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ãäå eα (α = 1, 2, 3) � áàçèñíûå âåêòîðû äåêàðòîâîé ñèñòåìû êîîðäèíàò. Ïîñêîëüêó ñëîé
âîäû ÿâëÿåòñÿ òîíêèì ïî ñðàâíåíèþ ñ ðàäèóñîì Çåìëè, òî âåëè÷èíà g ïðåäïîëàãàåò-
ñÿ ïîñòîÿííîé ïî âñåìó ñëîþ. Ïëîòíîñòü âîäû òàêæå ñ÷èòàåòñÿ ïîñòîÿííîé è ðàâíîé
åäèíèöå âî âñåì ñëîå æèäêîñòè.

Ïðè óêàçàííûõ ïðåäïîëîæåíèÿõ óðàâíåíèÿ, îïèñûâàþùèå òå÷åíèå èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè, ìîæíî çàïèñàòü â äåêàðòîâîé ñèñòåìå êîîðäèíàò â âèäå
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, β = 1, 2, 3, (3)

ãäå t � âðåìÿ; P � äàâëåíèå; r = |x| � ðàññòîÿíèå îò òî÷êè x äî öåíòðà Çåìëè;
uα (α = 1, 2, 3) � äåêàðòîâû êîìïîíåíòû âåêòîðà ñêîðîñòè; ïî ïîâòîðÿþùåìóñÿ âåðõíå-
ìó è íèæíåìó èíäåêñó α ïðîèçâîäèòñÿ ñóììèðîâàíèå, è äëÿ âîçìîæíîñòè êîìïàêòíîé
çàïèñè ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ äåêàðòîâûõ êîîðäèíàò: x1 = x, x2 = y,
x3 = z.

Ðàññìîòðèì ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò Oλθr, ãäå λ � äîëãîòà, îòñ÷èòûâàåìàÿ
ê âîñòîêó îò íåêîòîðîãî ìåðèäèàíà (0 ≤ λ < 2π), θ = π/2−φ � äîïîëíåíèå äî øèðîòû
φ (−π/2 < φ < π/2), ñâÿçàííóþ ñ âðàùàþùåéñÿ Çåìëåé; ïðè ýòîì ïðåäïîëàãàåòñÿ,
÷òî Çåìëÿ âðàùàåòñÿ ñ ïîñòîÿííîé óãëîâîé ñêîðîñòüþ ω è âåêòîð óãëîâîé ñêîðîñòè
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íàïðàâëåí ê Ñåâåðíîìó ïîëþñó, ò. å. ω = ωe3. Ñôåðè÷åñêèå è äåêàðòîâû êîîðäèíàòû
ñâÿçàíû âûðàæåíèÿìè

x = r cos(λ+ ωt) sin θ, y = r sin(λ+ ωt) sin θ, z = r cos θ. (4)

Â íîâîé ñèñòåìå êîîðäèíàò óðàâíåíèÿ (2), (3) çàïèøóòñÿ êàê [19]
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ãäå J = −r2 sin θ � ÿêîáèàí ïðåîáðàçîâàíèÿ (4), vα (α = 1, 2, 3) � êîíòðàâàðèàíòíûå
êîìïîíåíòû ñêîðîñòè:

v1 = λ̇, v2 = θ̇, v3 = ṙ, (7)

q1, q2 è q3 � íîâûå îáîçíà÷åíèÿ êîîðäèíàò λ, θ è r ñîîòâåòñòâåííî. Ïîñêîëüêó ïîëó÷åí-
íûå íèæå ÍËÄ-óðàâíåíèÿ ïðåäíàçíà÷åíû äëÿ ìîäåëèðîâàíèÿ âîëí öóíàìè, íàìåðåííî
èñêëþ÷èì èç ðàññìîòðåíèÿ ïðèïîëÿðíûå îáëàñòè Çåìëè, âûáèðàÿ êîîðäèíàòó θ èç îò-
ðåçêà [ε, π − ε] (ε > 0), ÷òî ãàðàíòèðóåò íåâûðîæäåííîñòü ïðåîáðàçîâàíèÿ (4).

Òåïåðü óðàâíåíèå íåðàçðûâíîñòè çàïèñàíî â òîé ôîðìå (5), êîòîðàÿ óäîáíà äëÿ
âûâîäà óðàâíåíèé ïðèáëèæåííûõ ÍËÄ-ìîäåëåé, à ê óðàâíåíèþ äâèæåíèÿ (6) áóäóò
ïðèìåíåíû äîïîëíèòåëüíûå ïðåîáðàçîâàíèÿ. Ó÷èòûâàÿ óðàâíåíèå íåðàçðûâíîñòè, (6)
ìîæíî ïåðåïèñàòü â âèäå

∂uβ

∂t
+ vα

∂uβ

∂qα
+

∂P

∂qα
∂qα

∂xβ
= −g

xβ

r
, β = 1, 2, 3. (8)

Âîçüìåì íåêîòîðîå γ (γ = 1, 2, 3) è óìíîæèì êàæäîå èç óðàâíåíèé (8) íà ñîîòâåò-
ñòâóþùóþ ïðîèçâîäíóþ ∂xβ/∂qγ. Ïðîñóììèðîâàâ ïîëó÷åííûå óðàâíåíèÿ ïî èíäåêñó β,
ïîëó÷èì ñëåäóþùèå òðè óðàâíåíèÿ:

∂vγ
∂t

+ vα
∂vγ
∂qα

+
∂P

∂qγ
= −gδ3γ + uβ

(
∂2xβ

∂qγ∂t
+ vα

∂2xβ

∂qγ∂qα

)
, γ = 1, 2, 3, (9)

ãäå ïî èíäåêñàì α è β âûïîëíÿåòñÿ ñóììèðîâàíèå, δ3γ � ñèìâîëû Êðîíåêåðà, vγ �
êîâàðèàíòíûå êîìïîíåíòû âåêòîðà ñêîðîñòè:

vγ = uβ
∂xβ

∂qγ
. (10)

Âûðàæåíèÿ â ïðàâîé ÷àñòè óðàâíåíèé (9) ïðåîáðàçóåì ïóòåì çàìåíû ñîãëàñíî ôîð-
ìóëàì [20] äåêàðòîâûõ êîìïîíåíò ñêîðîñòè uβ íà êîíòðàâàðèàíòíûå:

uβ =
∂xβ

∂t
+

∂xβ

∂qµ
vµ.

Â ðåçóëüòàòå ïðèõîäèì ê ñëåäóþùåé ôîðìå óðàâíåíèé äâèæåíèÿ èäåàëüíîé æèäêîñòè
âî âðàùàþùåéñÿ ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò:

∂vγ
∂t

+ vα
∂vγ
∂qα

+
∂P

∂qγ
= −gδ3γ +

1

2

∂g00
∂qγ

+ rγ, γ = 1, 2, 3, (11)
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ãäå

rγ = v1
∂g10
∂qγ

+
1

2

(
v1
)2 ∂g11

∂qγ
+

1

2

(
v2
)2 ∂g22

∂qγ
, γ = 1, 2, 3, (12)

g00, gα0, gαβ (α, β = 1, 2, 3) � êîâàðèàíòíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà ïðåîáðà-
çîâàíèÿ (4), êîòîðûå âû÷èñëÿþòñÿ ïî ôîðìóëàì [20]

g00 = 1 + ω2r2 sin2 θ, g10 = ωr2 sin2 θ, g20 = g30 = 0, (13)

g11 = r2 sin2 θ, g22 = r2, g33 = 1, gαβ = 0 ïðè α ̸= β. (14)

Ïîñêîëüêó êîìïîíåíòû (13), (14) íå çàâèñÿò îò êîîðäèíàòû λ, òî r1 ≡ 0. Â ïðàâûõ
÷àñòÿõ óðàâíåíèé (11) âòîðîå ñëàãàåìîå

1

2

∂g00
∂qγ

=


0 ïðè γ = 1,

r2ω2 sin θ cos θ ïðè γ = 2,

rω2 sin2 θ ïðè γ = 3

(15)

ñâÿçàíî ñ öåíòðîáåæíîé ñèëîé, âîçíèêàþùåé èç-çà âðàùåíèÿ Çåìëè. Ýòà ñèëà ïðèâîäèò
ê îòêëîíåíèþ ãðàäèåíòà äàâëåíèÿ â ïîêîÿùåéñÿ æèäêîñòè îò ðàäèàëüíîãî íàïðàâëå-
íèÿ. Äàëåå âìåñòî äàâëåíèÿ P áóäåì èñïîëüçîâàòü âåëè÷èíó p = P − g00/2, êîòîðàÿ
ïðè îòñóòñòâèè âðàùåíèÿ ñîâïàäàåò ñ äàâëåíèåì, à ïðè åãî íàëè÷èè îòëè÷àåòñÿ îò P ,
â ÷àñòíîñòè, òåì, ÷òî â ïîêîÿùåéñÿ æèäêîñòè ãðàäèåíò âåëè÷èíû p íàïðàâëåí ê öåíòðó
Çåìëè. Ïðèíèìàÿ âî âíèìàíèå ìàëîñòü êâàäðàòà ñêîðîñòè âðàùåíèÿ Çåìëè è ïîðÿ-
äîê ÷èñåë Ðîññáè, õàðàêòåðíûé äëÿ âîëí öóíàìè, ìîæíî ñ÷èòàòü, ÷òî p = P [21, 22].
Òàêèì îáðàçîì, ïðèõîäèì ê îêîí÷àòåëüíîìó âèäó óðàâíåíèé äâèæåíèÿ ñ âûäåëåííûì
ðàäèàëüíûì íàïðàâëåíèåì:

vt + (u · ∇)v + w vr +∇p = r, (16)

wt + u · ∇w + wwr + pr = −g + r3, (17)

ãäå ÷åðåç w îáîçíà÷åíà �âåðòèêàëüíàÿ� ñîñòàâëÿþùàÿ ñêîðîñòè v3; u = (v1, v2)T � âåê-
òîð �ãîðèçîíòàëüíîé� ñîñòàâëÿþùåé ñêîðîñòè; ∇ = (∂/∂λ, ∂/∂θ); r = (r1, r2)

T ;

r1 = 0, r2 = v1
∂g10
∂θ

+
(v1)

2

2

∂g11
∂θ

, r3 = v1
∂g10
∂r

+
(v1)

2

2

∂g11
∂r

+
(v2)

2

2

∂g22
∂r

; (18)

v = (v1, v2)
T , ïðè ýòîì êîâàðèàíòíûå êîìïîíåíòû ñêîðîñòè vγ (γ = 1, 2, 3) âûðàæàþòñÿ

÷åðåç êîíòðàâàðèàíòíûå ïî èçâåñòíîé ôîðìóëå [20]

vγ = gγ0 + gγβv
β,

êîòîðàÿ ñ ó÷åòîì ðàâåíñòâ (13), (14) ïðèâîäèò ê âûðàæåíèÿì

v1 = g10 + g11v
1, v2 = g22v

2, v3 = v3 = w. (19)

Ñèñòåìà óðàâíåíèé (5), (16) è (17) äîïîëíÿåòñÿ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè.
Áóäåì ñ÷èòàòü, ÷òî ñëîé æèäêîñòè îãðàíè÷åí ñíèçó íåïðîíèöàåìûì ïîäâèæíûì äíîì,
çàäàííûì ôóíêöèåé r = R − h(λ, θ, t), à ñâåðõó � ñâîáîäíîé ãðàíèöåé, îïèñûâàåìîé
ôóíêöèåé r = R+ η(λ, θ, t). Â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò êðàåâûå óñëîâèÿ íà ýòèõ
÷àñòÿõ ãðàíèöû çàïèñûâàþòñÿ êàê [20]

(ηt + u · ∇η − w)
∣∣
r=R+η

= 0, (20)

p
∣∣
r=R+η

= 0, (21)

(ht + u · ∇h+ w)
∣∣
r=R−h

= 0. (22)
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2. ÍËÄ-óðàâíåíèÿ ìåëêîé âîäû íà ñôåðå

Â ìîäåëÿõ ìåëêîé âîäû èñêîìûìè âåëè÷èíàìè ÿâëÿþòñÿ H = η + h � ïîëíàÿ ãëóáèíà
ñëîÿ æèäêîñòè è c(λ, θ, t) � âåêòîð ñêîðîñòè â ïðèáëèæåííîé ìîäåëè, ñâÿçàííûé êàêèì-
ëèáî îáðàçîì ñ âåêòîðîì ñêîðîñòè òðåõìåðíîãî òå÷åíèÿ. Â íàñòîÿùåé ðàáîòå â êà÷åñòâå
c âîçüìåì îñðåäíåííóþ ïî ãëóáèíå �ãîðèçîíòàëüíóþ� ñîñòàâëÿþùóþ ñêîðîñòè:

c = (c1, c2)
T =

1

H

η∫
−h

u ds, (23)

ãäå s = r−R. Îñíîâíîå ïðåäïîëîæåíèå, èñïîëüçóåìîå íàìè ïðè âûâîäå ÍËÄ-óðàâíåíèé
ìåëêîé âîäû íà ñôåðå, ñîñòîèò â òîì, ÷òî â òîíêîì ïî ñðàâíåíèþ ñ ðàäèóñîì Çåìëè
ñëîå âîäû ìîæíî ïðåíåáðå÷ü èçìåíåíèåì êîìïîíåíò ìåòðè÷åñêîãî òåíçîðà ïî ãëóáèíå,
ò. å. â ôîðìóëàõ (13), (14) ìîæíî èñïîëüçîâàòü ïðèáëèæåííûå âåëè÷èíû

g10 = ωR2 sin2 θ, g11 = R2 sin2 θ, g22 = R2. (24)

Òîãäà è äëÿ ÿêîáèàíà J = −r2 sin θ áåðåòñÿ åãî ïðèáëèæåííîå çíà÷åíèå

J = −R2 sin θ. (25)

2.1. Óðàâíåíèå íåðàçðûâíîñòè ïðèáëèæåííîé ìîäåëè

Ïðîèíòåãðèðóåì óðàâíåíèå íåðàçðûâíîñòè (5), ïåðåïèñàííîå â íîâûõ îáîçíà÷åíèÿõ, ïî
ïåðåìåííîé s:

η∫
−h

(
∂Jv1

∂λ
+

∂Jv2

∂θ
+

∂Jw

∂s

)
ds = 0,

è ïðåîáðàçóåì ïîëó÷åííîå ñîîòíîøåíèå ê âèäó

∂

∂λ

η∫
−h

Jv1ds+
∂

∂θ

η∫
−h

Jv2ds− J (u · ∇η − w)
∣∣∣
s=η

− J (u · ∇h+ w)
∣∣∣
s=−h

= 0. (26)

Èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (26) ïðè ó÷åòå ôîðìóë (23), (25) è êðàåâûõ óñëîâèé
(20), (22) ñëåäóåò óðàâíåíèå íåðàçðûâíîñòè

(JH)t + (JHc1)λ + (JHc2)θ = 0. (27)

Åñëè ââåñòè îïåðàòîð äèâåðãåíöèè â ñôåðè÷åñêèõ êîîðäèíàòàõ

∇ · c =
(Jc1)λ + (Jc2)θ

J
, (28)

òî óðàâíåíèå (27) ïðèìåò ñëåäóþùèé âèä:

Ht +∇ · (Hc) = 0. (29)
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2.2. Óðàâíåíèÿ äâèæåíèÿ â ÍËÄ-ìîäåëè íà ñôåðå

Ïðè âûâîäå óðàâíåíèé äâèæåíèÿ èñïîëüçóåì òå æå ïðåäïîëîæåíèÿ, ÷òî è ïðè ïîëó-
÷åíèè ÍËÄ-óðàâíåíèé äâèæåíèÿ íà ïëîñêîñòè [17]: áóäåì ïðåäïîëàãàòü, ÷òî �ãîðèçîí-
òàëüíàÿ� ñîñòàâëÿþùàÿ âåêòîðà ñêîðîñòè ïîñòîÿííà ïî ãëóáèíå (âåêòîð u íå çàâèñèò îò
êîîðäèíàòû s), à �âåðòèêàëüíàÿ� (çäåñü ðàäèàëüíàÿ) êîìïîíåíòà çàâèñèò îò s ëèíåéíî:

w(λ, θ, s, t) = w0(λ, θ, t) + [s+ h(λ, θ, t)]w1(λ, θ, t), −h ≤ s ≤ η. (30)

Â êà÷åñòâå èñêîìîãî âåêòîðà c ïðèìåì âåêòîð u. Îòñþäà ñëåäóåò, ÷òî óðàâíåíèå íåðàç-
ðûâíîñòè ïðèáëèæåííîé ìîäåëè èìååò âèä (29).

Ïðè ïðåäïîëîæåíèè (30) îòíîñèòåëüíî êîìïîíåíòû w èç óñëîâèÿ (22) ñëåäóåò, ÷òî
w0 = −Dh, à èç êèíåìàòè÷åñêîãî óñëîâèÿ (20) � w1 = (DH)/H, ãäå D � îïåðàòîð
ïîëíîé ïðîèçâîäíîé

D =
∂

∂t
+ c · ∇.

Ñëåäîâàòåëüíî, �âåðòèêàëüíàÿ� êîìïîíåíòà ñêîðîñòè îïðåäåëÿåòñÿ ïî ôîðìóëå

w = −Dh+
s+ h

H
DH,

êîòîðàÿ â ñèëó ðàâåíñòâà

DH = −H∇ · c, (31)

âûòåêàþùåãî èç óðàâíåíèÿ íåðàçðûâíîñòè (29), ìîæåò áûòü çàïèñàíà â âèäå

w = −Dh− (s+ h)∇ · c. (32)

Òîãäà

Dw = −D2h−Dh∇ · c− (s+ h)D (∇ · c) , (33)

wws = Dh∇ · c+ (s+ h) (∇ · c)2 . (34)

Ïðîèíòåãðèðóåì óðàâíåíèå (17) ïî �âåðòèêàëüíîé� êîîðäèíàòå s îò íåêîòîðîãî ζ
(−h ≤ ζ ≤ η) äî η:

η∫
ζ

(wt + c · ∇w + wws + ps) ds =

η∫
ζ

(
− g + r3

)
ds.

Ïîäñòàâëÿÿ â ýòî ñîîòíîøåíèå âûðàæåíèÿ (33) è (34) è ó÷èòûâàÿ äèíàìè÷åñêîå óñëîâèå
(21), ïîëó÷èì ôîðìóëó äëÿ âû÷èñëåíèÿ äàâëåíèÿ:

p = −H2

2
R1 + (g −R2)H − (g −R2)(ζ + h) +

(ζ + h)2

2
R1 −

η∫
ζ

r3 ds, −h ≤ ζ ≤ η,

â êîòîðîé èñïîëüçîâàíû îáîçíà÷åíèÿ

R1 = D (∇ · c)− (∇ · c)2 , R2 = D2h. (35)
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Èç ôîðìóë (18), (24) ñëåäóåò, ÷òî r3 ≡ 0 è, òåì ñàìûì, äàâëåíèå ÿâëÿåòñÿ êâàäðà-
òè÷íîé ôóíêöèåé íåçàâèñèìîé ïåðåìåííîé s:

p = −H2

2
R1 + (g −R2)H − (g −R2)(s+ h) +

(s+ h)2

2
R1, −h ≤ s ≤ η. (36)

Íàéäåííîå âûðàæåíèå äëÿ äàâëåíèÿ èñïîëüçóåòñÿ ïðè âûâîäå óðàâíåíèé äâèæåíèÿ
ÍËÄ-ìîäåëè. Èç ôîðìóë (19) ïðè ó÷åòå äîïóùåíèé (24) ñëåäóåò, ÷òî êîìïîíåíòû âåê-
òîðà v íå çàâèñÿò îò �âåðòèêàëüíîé� êîîðäèíàòû s, âñëåäñòâèå ÷åãî vs = 0. Ïîýòîìó
èíòåãðèðóÿ óðàâíåíèå (16) ïî âñåìó ñëîþ âîäû

η∫
−h

(vt + (c · ∇)v +∇p) ds =

η∫
−h

r ds,

ïðèíèìàÿ âî âíèìàíèå äèíàìè÷åñêîå óñëîâèå (21) è íåçàâèñèìîñòü âåêòîðà r îò êîîð-
äèíàòû s, ïîëó÷èì ñîîòíîøåíèå

H
(
vt + (c · ∇)v

)
+∇

η∫
−h

p ds− p
∣∣∣
s=−h

∇h = rH. (37)

Ïîñêîëüêó ðàñïðåäåëåíèå äàâëåíèÿ (36) â èñõîäíîì òðåõìåðíîì òå÷åíèè èçâåñòíî,
òî åãî ìîæíî èñïîëüçîâàòü â ïîëó÷åííîì âûðàæåíèè (37) äëÿ âû÷èñëåíèÿ ÷ëåíîâ ñ äàâ-
ëåíèåì:

∇
η∫

−h

p ds− p
∣∣∣
s=−h

∇h = gH∇η −∇
(
H3

3
R1 +

H2

2
R2

)
+H∇h

(
H

2
R1 +R2

)
. (38)

Òîãäà èç (37) ñëåäóåò óðàâíåíèå äâèæåíèÿ ïðèáëèæåííîé ÍËÄ-ìîäåëè:

vt + (c · ∇)v + g∇η =
1

H
∇

(
H3

3
R1 +

H2

2
R2

)
−∇h

(
H

2
R1 +R2

)
+ r, (39)

â êîòîðîì
c = (c1, c2)

T , v = (v1, v2)
T , v1 = g10 + g11c1, v2 = g22c2,

r = (r1, r2)
T , r1 ≡ 0, r2 = c1

∂g10
∂θ

+
c21
2

∂g11
∂θ

,

âåëè÷èíû g10, g11 è g22 âû÷èñëÿþòñÿ ïî ôîðìóëàì (24), à R1 è R2 � ïî (35).

2.3. Äðóãèå ôîðìû çàïèñè óðàâíåíèé ÍËÄ-ìîäåëè

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ìîæåò ïîòðåáîâàòüñÿ çàïèñü óðàâíåíèÿ äâèæåíèÿ (39)
â âèäå óðàâíåíèÿ ñ äèâåðãåíòíîé ëåâîé ÷àñòüþ:

∂V

∂t
+

∂F1

∂λ
+

∂F2

∂θ
= J (∇Φ +Ψ∇h+Hr) , (40)

ãäå V = JHv, Fα = JHvcα (α = 1, 2),

Φ =
H3

3
R1 +

H2

2
R2 − g

H2

2
, Ψ = gH − H2

2
R1 −HR2.
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Ïî (27), (40) îïðåäåëÿþòñÿ ïîëíàÿ ãëóáèíà H è êîíòðàâàðèàíòíûå êîìïîíåíòû cα âåê-
òîðà ñêîðîñòè c. Ïðè ÷èñëåííîì ðåøåíèè çàäà÷è óäîáíåå èñïîëüçîâàòü ëèíåéíûå êîì-
ïîíåíòû u è v ýòîãî âåêòîðà:

u = R sin θ λ̇, v = R θ̇.

Èç ôîðìóë (25), (27) è (40) ñëåäóåò, ÷òî äëÿ çàâèñèìûõ ïåðåìåííûõ H, u, v óðàâíåíèÿ
ÍËÄ-ìîäåëè áóäóò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

(HR sin θ)t + (Hu)λ + (Hv sin θ)θ = 0, (41)

(HuR sin θ)t +
(
Hu2

)
λ
+ (Huv sin θ)θ = − (ωR sin 2θ + u cos θ)Hv + Φλ +Ψhλ, (42)

(HvR sin θ)t + (Huv)λ +
(
Hv2 sin θ

)
θ
= (ωR sin 2θ + u cos θ)Hu+ sin θ (Φθ +Ψhθ) , (43)

ïðè ýòîì âåëè÷èíû Rα (α = 1, 2), âõîäÿùèå â äèñïåðñèîííûå ÷ëåíû, âû÷èñëÿþòñÿ ïî
ôîðìóëàì

R1 = (∇ · c)t +
1

R sin θ

(
u (∇ · c)λ + v sin θ (∇ · c)θ

)
− (∇ · c)2 , (44)

R2 = (Dh)t +
1

R sin θ

(
u (Dh)λ + v sin θ (Dh)θ

)
, (45)

ãäå

∇ · c =
1

R sin θ

(
uλ + (v sin θ)θ

)
, Dh = ht +

1

R sin θ

(
uhλ + v sin θ hθ

)
.

Çàêëþ÷åíèå

Â ðàáîòå âûâåäåíû íåëèíåéíî-äèñïåðñèîííûå óðàâíåíèÿ ìåëêîé âîäû (41)�(43) íà âðà-
ùàþùåéñÿ ñôåðå. Ïðè ýòîì ïðåäïîëàãàëîñü, ÷òî äîëãîòíàÿ è øèðîòíàÿ êîìïîíåíòû
âåêòîðà ñêîðîñòè òðåõìåðíîãî òå÷åíèÿ âîäû íå çàâèñÿò îò ðàäèàëüíîé êîîðäèíàòû r, à
ðàäèàëüíàÿ êîìïîíåíòà ñêîðîñòè çàâèñèò îò r ëèíåéíûì îáðàçîì. Òàêèì îáðàçîì, ïðè
âûâîäå ÍËÄ-óðàâíåíèé íà ñôåðå èñïîëüçîâàëñÿ ïîäõîä Ãðèíà�Íàãäè [23] äëÿ ïîëó÷å-
íèÿ ÍËÄ-óðàâíåíèé íà ïëîñêîñòè [17].

Îòìåòèì, ÷òî åñëè ïðè âûâîäå ÍËÄ-óðàâíåíèé íà ñôåðå ïðèìåíèòü äðóãîé ïîäõîä,
îñíîâàííûé íà ðàçëîæåíèè ïîòåíöèàëà ñêîðîñòè òðåõìåðíîãî òå÷åíèÿ ïî ìàëîìó ïàðà-
ìåòðó β (îáîçíà÷åíèå âçÿòî èç [17]), òî îêàæåòñÿ, ÷òî ïðåäñòàâëåííàÿ âûøå ìîäåëü ïðè-
íàäëåæèò ê êëàññó òàê íàçûâàåìûõ ïîëíûõ ÍËÄ-ìîäåëåé âòîðîãî ãèäðîäèíàìè÷åñêîãî
ïðèáëèæåíèÿ. Èç íåå ìîãóò áûòü âûâåäåíû ìíîãî÷èñëåííûå âàðèàíòû ïðîìåæóòî÷íûõ
ÍËÄ-ìîäåëåé, ëåæàùèõ ìåæäó ïîëó÷åííîé ïîëíîé è êëàññè÷åñêîé ìîäåëÿìè ìåëêîé
âîäû íà ñôåðå ïåðâîãî ïðèáëèæåíèÿ. Â ÷àñòíîñòè, ïðåíåáðåãàÿ â óðàâíåíèÿõ (41)�(43)
äèñïåðñèîííûìè ÷ëåíàìè (44), (45) è èñïîëüçóÿ âìåñòî êîîðäèíàòû θ øèðîòó φ, ïðèäåì
ê óðàâíåíèþ ìåëêîé âîäû (1). Åñëè ðàññìîòðåòü ñëó÷àé ìîäåëüíîé àêâàòîðèè ñ ðîâíûì
äíîì, òî äèñïåðñèîííûå ñëàãàåìûå â (42), (43) ñóùåñòâåííî óïðîùàþòñÿ è ïðèâîäÿòñÿ
ê âèäó, ðàññìîòðåííîìó â ðàáîòå [6].

Àâòîðû áëàãîäàðÿò Ë.Á. ×óáàðîâà, ïî èíèöèàòèâå êîòîðîãî áûëî ïðîâåäåíî íàñòî-
ÿùåå èññëåäîâàíèå.
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