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Î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåìêâàçèëèíåéíûõ èíòåãðî-äè��åðåíöèàëüíûõóðàâíåíèé îáùåãî âèäà∗Å.Â. ×èñòÿêîâà, Â.Ô. ×èñòÿêîâÈíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ �ÀÍ, Èðêóòñê, �îññèÿe-mail: elena.histyakova�i.ru, hist�i.ru�àññìàòðèâàþòñÿ âûðîæäåííûå ñèñòåìû êâàçèëèíåéíûõ èíòåãðî-äè��åðåí-öèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà îáùåãî âèäà. Äîêàçàíû ëîêàëüíàÿ è ãëî-áàëüíàÿ òåîðåìû ñóùåñòâîâàíèÿ è ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ.Êëþ÷åâûå ñëîâà: èíòåãðî-äè��åðåíöèàëüíûå óðàâíåíèÿ, âûðîæäåííûå çàäà÷è,íåëîêàëüíàÿ ðàçðåøèìîñòü, ðàçíîñòíûé ìåòîä ïåðâîãî ïîðÿäêà.1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è�àññìîòðèì âåêòîðíîå óðàâíåíèå

A(t, x, V0x, ν)ẋ +B(t, x, V x, ν) = 0, t ∈ [0, 1] = T, (1)ñ íà÷àëüíûìè äàííûìè
x(0) = x0, (2)ãäå A(t, v, y, ν) � (n× n)-ìàòðèöà, B(t, v, y, ν) � n-ìåðíàÿ âåêòîð-�óíêöèÿ, îïðåäåëåí-íûå â îáëàñòè W = T × R

n × R
m × N , ν � ÷èñëîâîé ïàðàìåòð èç îòðåçêà

N = [−ν0, ν0] ⊂ R
1, x ≡ x(t, ν) � èñêîìàÿ âåêòîð-�óíêöèÿ, V0x =

t
∫

0

K0(t, s, x(s))ds,
V x =

t
∫

0

K(t, s, x(s))ds � îïåðàòîðû Âîëüòåððà, K0(t, s, v), K(t, s, v)−m-ìåðíûå âåêòîð-�óíêöèè, îïðåäåëåííûå â îáëàñòè V = T × T ×R
n, x0 � çàäàííûé âåêòîð èç Rn.Ïðåäïîëàãàåòñÿ, ÷òî õàðàêòåð âûðîæäåíèÿ çàäàåòñÿ ñîîòíîøåíèåì

detA(t, v, y, ν) ≡ 0 ∀ (t, v, y, ν) ∈ W. (3)Â ÷àñòíîñòè, â âèäå ñèñòåìû (1) ìîæíî çàïèñàòü ñèñòåìó äè��åðåíöèàëüíûõ è àëãåá-ðàè÷åñêèõ óðàâíåíèé è èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà (ïåðâîãî è âòîðîãî ðîäà),ñâÿçàííûõ ïî ÷àñòè ïåðåìåííûõ.Ïîä ðåøåíèåì ñèñòåìû (1) íà îòðåçêå Tε = [0, ε] ⊆ T ïðè çíà÷åíèè ïàðàìåòðà
ν = ν∗ áóäåì ïîíèìàòü ëþáóþ âåêòîð-�óíêöèþ x(t, ν∗) ∈ C

1(Tε), êîòîðàÿ îáðàùàåòèñõîäíîå óðàâíåíèå â òîæäåñòâî íà Tε.
∗�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ìåæäèñöèïëèíàðíîãî ïðîåêòà ÑÎ �ÀÍ � 107 è�ÔÔÈ (ãðàíòû � 09-08-00201 è 10-01-00571). 100



Î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåì êâàçèëèíåéíûõ... 101Èíòåðåñ ê óðàâíåíèÿì, îïèñûâàåìûì â îáùåì ñëó÷àå �îðìóëîé (1), ñòèìóëèðóåòñÿïðîáëåìàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â òàêèõ ïðèêëàäíûõ îáëàñòÿõ êàê òåîðèÿýëåêòðîííûõ ñõåì è ýëåêòðè÷åñêèõ öåïåé, ìåõàíèêà è õèìè÷åñêàÿ êèíåòèêà, ãèäðîäè-íàìèêà è òåïëîòåõíèêà [1 � 3℄. Ñàìûì ðàñïðîñòðàíåííûì ÷àñòíûì ñëó÷àåì ýòèõ óðàâíå-íèé ÿâëÿþòñÿ äè��åðåíöèàëüíî-àëãåáðàè÷åñêèå óðàâíåíèÿ (ÄÀÓ): ñèñòåìû A(t, x)ẋ+
B(t, x) = 0, óäîâëåòâîðÿþùèå óñëîâèþ (3). Äëÿ äàííîãî ñëó÷àÿ ïîñòðîåíà äîñòàòî÷-íî îáøèðíàÿ êà÷åñòâåííàÿ òåîðèÿ è ðàçðàáîòàí öåëûé êëàññ ÷èñëåííûõ ìåòîäîâ (ñì.,íàïðèìåð, [4 � 9℄).Åñëè èññëåäóåìûé ïðîöåññ îáëàäàåò ïîñëåäåéñòâèåì, òî íàðÿäó ñ ÄÀÓ ìîäåëü ïðî-öåññà ìîæåò ñîäåðæàòü èíòåãðàëüíûå è èíòåãðî-äè��åðåíöèàëüíûå óðàâíåíèÿ. �ÿäñïåöèàëüíûõ ñëó÷àåâ ðàññìàòðèâàëñÿ â [10 � 15℄. Â ðàáîòàõ [14, 15℄ ñóùåñòâîâàíèå ðå-øåíèÿ ïîñòóëèðóåòñÿ è êîíñòðóèðóþòñÿ ÷èñëåííûå ìåòîäû ðåøåíèÿ. Òàêèì îáðàçîì,âîïðîñ î êðèòåðèÿõ ðàçðåøèìîñòè âûðîæäåííûõ çàäà÷ âèäà (1), (2) äîñòàòî÷íî àêòóà-ëåí.Îñíîâíîé çàäà÷åé íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå äîñòàòî÷íûõ óñëîâèé ñõî-äèìîñòè ÷èñëåííîãî ìåòîäà äëÿ çàäà÷è (1), (2).2. Âñïîìîãàòåëüíûå ðåçóëüòàòûÏðèâåäåì ðÿä íåîáõîäèìûõ äëÿ äàëüíåéøèõ ðàññóæäåíèé ñâåäåíèé.Â ðàáîòå èñïîëüçóþòñÿ íîðìû n-ìåðíîãî âåêòîðà v = (v1 v2 . . . vn)

⊤ è (µ×n)-ìàòðèöû
V = (vij , i = 1, 2, . . . , n, j = 1, 2, . . . , µ), âû÷èñëÿåìûå ïî ïðàâèëàì

‖v‖ = max{|vi|, i = 1, 2, . . . , n}, ‖V ‖ = max

{

n
∑

j=1

|vij|, i = 1, 2, . . . , µ

}

.Ïîä ñèìâîëàìè ‖v(w)‖ è ‖V (w)‖ ïîíèìàþòñÿ íîðìû âåêòîð-�óíêöèè v(w) è ìàòðèöû
V (w), âû÷èñëåííûå â òî÷êå w ∈ D ⊆ R

q. Âêëþ÷åíèÿ v(w), V (w) ∈ C
l(D) îçíà÷à-þò, ÷òî âñå ÷àñòíûå ïðîèçâîäíûå ýëåìåíòîâ âåêòîð-�óíêöèè v(w) èëè ìàòðèöû V (w)èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïîðÿäêà äî l âêëþ÷èòåëüíî ïî âñåì êîìïî-íåíòàì âåêòîðà w â ëþáîé òî÷êå îáëàñòè D. Íåïðåðûâíîñòè ñîîòâåòñòâóþò âêëþ÷åíèÿ

v(w), V (w) ∈ C(D). Åñëè v(w), V (w) ∈ C(D), òî èõ íîðìû òàêæå íåïðåðûâíû â D.Ëåììà 1 (ñì., íàïðèìåð, [16℄). Ïóñòü äëÿ íåîòðèöàòåëüíûõ ÷èñåë ui, i = 2, 3, . . .,âûïîëíåíî íåðàâåíñòâî
ui ≤ c+m

i−1
∑

j=1

uj, u1 ≤ c,ãäå c, m � íåîòðèöàòåëüíûå ïîñòîÿííûå. Òîãäà ñïðàâåäëèâà îöåíêà (ðàçíîñòíûé àíà-ëîã ëåììû �ðîíóîëëà�Áåëëìàíà)
ui ≤ c(1 +m)i−1, i = 1, 2, . . .�àññìîòðèì çàäà÷ó (1), (2) â íîðìàëüíîé �îðìå A(t, v, y, ν) = En ïðè íåêîòîðîì�èêñèðîâàííîì çíà÷åíèè ïàðàìåòðà ν = ν∗

ẋ(t) = F (t, x(t), V x), t ∈ T, (4)
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x(0) = x0, (5)ãäå F (t, v, y) = −B(t, v, y, ν∗), è äîêàæåì ñëåäóþùèå óòâåðæäåíèÿ.Ëåììà 2. Ïóñòü äëÿ çàäà÷è (4), (5) âûïîëíåíû óñëîâèÿ ãëàäêîñòè

F (t, v, y) ∈ C
1(W), W = T ×R

n ×R
m, K(t, s, v) ∈ C

1(V). (6)Òîãäà ñóùåñòâóåò îòðåçîê [0, ε], ε > 0, íà êîòîðîì îïðåäåëåíî åäèíñòâåííîå ðåøåíèåçàäà÷è (4), (5).Äîêàçàòåëüñòâî îñíîâàíî íà âûäåëåíèè íåêîòîðîé îêðåñòíîñòè (øàðà) ñ öåíòðîìâ òî÷êå (0, x0, 0) â îáëàñòè W, ïåðåõîäå îò çàäà÷è (4), (5) ê ñèñòåìå èíòåãðàëüíûõóðàâíåíèé
x(t) = x0 +

t
∫

0

F (s, x(s), V x)dsè ïðèìåíåíèè ê ïîñëåäíåé ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (Ïèêàðà)  áóêâàëü-íûì ïîâòîðåíèåì ðàññóæäåíèé èç [17, . 139℄ ñ ó÷åòîì ìíîãîìåðíîñòè.Ëåììà 3. Ïóñòü äëÿ íà÷àëüíîé çàäà÷è (4), (5) âûïîëíåíî óñëîâèå ãëàäêîñòè (6) è,êðîìå òîãî,1) ‖F (t, v, y)‖ ≤ κ0 + κ1‖v‖+ κ2‖y‖ ∀(t, v, y) ∈ W,2) ‖K(t, s, v)‖ ≤ η0 + η1‖v‖ ∀(t, s, v) ∈ V,ãäå κi, ηj , i = 0, 1, 2, j = 0, 1, � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.Òîãäà íà÷àëüíàÿ çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå èç êëàññà C
1(T ).Äîêàçàòåëüñòâî. Ìû íå ïðåäïîëàãàåì âûïîëíåíèÿ ãëîáàëüíîãî óñëîâèÿ Ëèïøèöàäëÿ âåêòîð-�óíêöèé F (t, v, y) è K(t, s, v) è íå ìîæåì âîñïîëüçîâàòüñÿ ìåòîäîì ïîñëå-äîâàòåëüíûõ ïðèáëèæåíèé, êàê ýòî äåëàåòñÿ, íàïðèìåð, â ðàáîòå [18, . 393℄. Ââåäåìñåòêó {ti = ih, i = 0, 1, 2, . . . , N} ⊂ T, h = 1/N .Çàìåíèì â (4) ïðîèçâîäíûå êîíå÷íûìè ðàçíîñòÿìè ẋ(ti) ≈ (xi+1−xi)/h, à èíòåãðàëûêîíå÷íûìè ñóììàìè ïî �îðìóëå ëåâûõ ïðÿìîóãîëüíèêîâ

xi+1 − xi = hF

(

ti, xi, h

i
∑

j=0

K(ti, tj, xj)

)

. (7)Ñëîæèâ ïðàâûå è ëåâûå ÷àñòè ðàâåíñòâ (7), ïîëó÷èì
xi+1 = x0 + h

i
∑

k=0

F

(

tk, xk, h
k
∑

j=0

K(tk, tj, xj)

)

. (8)Ó÷èòûâàÿ óñëîâèÿ 1 è 2 ëåììû, ïåðåéäåì ê íîðìàì
‖xi+1‖ ≤ L1 + hL2

i
∑

k=0

‖xk‖,ãäå L1 = ‖x0‖+ κ0 + κ2η0, L2 = κ1 + κ2η1. Îòñþäà ïî ëåììå 1
‖xi+1‖ ≤ L1(1 + hL2)

i ≤ L1(1 + L2/N)N ≤ L1e
L2 .
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‖xi+1‖+ ‖x0‖ ≤ L1e

L2 + ‖x0‖,

‖xi+1 − x0‖ ≤ ‖xi+1‖+ ‖x0‖ ≤ L1e
L2 + ‖x0‖ ≤ 2L1e

L2 . (9)Òàêèì îáðàçîì, ñîãëàñíî íåðàâåíñòâó (9) âñå çíà÷åíèÿ xi+1 ëåæàò â øàðå ðàäèóñà 2L1e
L2ñ öåíòðîì â òî÷êå x0. Ñîåäèíèì òî÷êè (ti, xi) îòðåçêàìè. Ïîëó÷èì ñåìåéñòâî ëîìàíûõ�óíêöèé {φ(t)}, êîòîðûå öåëèêîì ñîäåðæàòñÿ â öèëèíäðå

C = T × {z : ‖z − x0‖ ≤ 2L1e
L2}, z ∈ R

n,â ñèëó òîãî ÷òî öèëèíäð ÿâëÿåòñÿ âûïóêëûì ìíîæåñòâîì. Ïî îïðåäåëåíèþ ñåìåéñòâî�óíêöèé {φ(t)} ðàâíîìåðíî îãðàíè÷åíî. Ïîêàæåì, ÷òî îíî ðàâíîñòåïåííî íåïðåðûâíî.Â ñèëó ñâîåé ãëàäêîñòè F (t, x, y) òàêæå íåïðåðûâíà, à çíà÷èò, äîñòèãàåò íà T ñâîåãîíàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé, ò. å. íàéäåòñÿ òàêàÿ ïîñòîÿííàÿ M > 0, ÷òî
‖F (t, v, y)‖ ≤ M ∀t ∈ T, ∀v ∈ R

n, y ∈ R
m. Ñëåäîâàòåëüíî, çàäàâ äëÿ àðãóìåíòà tïðèðàùåíèå ∆t, äëÿ ëþáîé �óíêöèè èç ñåìåéñòâà {φ(t)} ìîæíî çàïèñàòü

‖φ(t+∆t)− φ(t)‖ ≤ ∆tM = ε.Òîãäà, êàêèì áû íè áûëî ε > 0, âñåãäà ìîæíî ïðèíÿòü ∆t = ε/M òàê, ÷òî ‖φ(t +
∆t)− φ(t)‖ ≤ ε. Òàêèì îáðàçîì, ñåìåéñòâî �óíêöèé {φ(t)} ðàâíîñòåïåííî íåïðåðûâíî.Ñëåäîâàòåëüíî, ïî òåîðåìå Àðöåëÿ [19℄ èç ýòîãî ñåìåéñòâà ìîæíî âûáðàòü ðàâíîìåð-íî ñõîäÿùóþñÿ íà T áåñêîíå÷íóþ ïîäïîñëåäîâàòåëüíîñòü �óíêöèé. Ïóñòü ýòî áóäóò�óíêöèè

φ(1), φ(2), . . . , φ(l), . . . (10)Ïðåäåëüíóþ �óíêöèþ îáîçíà÷èì ÷åðåç φ̃(t), t ∈ T . Ïîêàæåì, ÷òî îíà ÿâëÿåòñÿ ðåøå-íèåì íà÷àëüíîé çàäà÷è (4), (5).Ñîãëàñíî (8) ïîäïîñëåäîâàòåëüíîñòè ëîìàíûõ (10) ñîîòâåòñòâóþò ðàâåíñòâà
xφi+1 = x0 + hl

i
∑

k=0

F

(

tk, x
φ
k , hl

k
∑

j=0

K(tk, tj , x
φ
j )

)

. (11)Ïåðåéäåì â (11) ê ïðåäåëó ïðè l → ∞ (hl → 0). Ïîëó÷èì
φ̃(ti+1) = x0 + lim

l→∞

hl

i
∑

k=0

F

(

tk, φ̃(tk), hl

k
∑

j=0

K(tk, tj, φ̃(tj))

)

.Â ñèëó íåïðåðûâíîñòè âåêòîð-�óíêöèé φ̃(t), F (t, v, y) è K(t, s, v) èõ ñóïåðïîçèöèè òàê-æå íåïðåðûâíû. Äëÿ ïðîèçâîëüíîãî t ñîãëàñíî îïðåäåëåíèþ èíòåãðàëà �èìàíà ìîæíîçàïèñàòü
φ̃(t) = x0 +

t
∫

0

F



t, φ̃(s),

s
∫

0

K(s, ξ, φ̃(ξ)dξ



ds.Ñðàâíèì ïðàâóþ è ëåâóþ ÷àñòè äàííîãî ðàâåíñòâà. Â ïðàâîé ÷àñòè φ̃(t) ñòîèò ïîäçíàêîì èíòåãðàëà, ñëåäîâàòåëüíî, φ̃(t) ∈ C
1(T ). Òàêèì îáðàçîì, φ̃(t) óäîâëåòâîðÿåòèíòåãðàëüíîìó óðàâíåíèþ, ýêâèâàëåíòíîìó íà÷àëüíîé çàäà÷å (4), (5).



104 Å.Â. ×èñòÿêîâà, Â.Ô. ×èñòÿêîâÄîêàæåì åäèíñòâåííîñòü ðåøåíèÿ φ̃(t). Ïóñòü ÷åðåç òî÷êó (t0, φ̃(t0)), t0 ∈ T , ïðîõî-äèò åùå îäíî ðåøåíèå çàäà÷è (4), (5), ÿâëÿþùååñÿ ðåøåíèåì íà÷àëüíîé çàäà÷è
ẏ(t) = F



t, y(t), ψ(t) +

t
∫

t0

K(t, s, y(s))ds



 , y(t0) = φ̃(t0), (12)ãäå ψ(t) = t0
∫

0

K(t, s, φ̃(s))ds. Íà÷àëüíàÿ çàäà÷à (12) ñîãëàñíî ëåììå 2 èìååò åäèíñòâåííîåðåøåíèå íà îòðåçêå [t0, t0 + ε]. Ïîëó÷åíî ïðîòèâîðå÷èå. Ëåììà äîêàçàíà.Çàìå÷àíèå 1. Äîêàçàòåëüñòâî ëåììû íå ìåíÿåòñÿ, åñëè ïîä ñèìâîëîì V x ïîíè-ìàòü íàáîð îïåðàòîðîâ Âîëüòåððà V x = (V1x, V2x, . . . , Vσx) ñ ëèíåéíûì óñëîâèåìðîñòà ÿäåð.Îïðåäåëåíèå 1 (ñì., íàïðèìåð, [4℄).Ìàòðèöà, îáîçíà÷àåìàÿ â äàëüíåéøåì êàê S−,íàçûâàåòñÿ ïîëóîáðàòíîé ê ìàòðèöå S, åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ
SS−S = S.Ëåììà 4 [4℄. Ïîëóîáðàòíàÿ ìàòðèöà îïðåäåëåíà äëÿ ïðîèçâîëüíîé ìàòðèöû S. Åñ-ëè âûïîëíåíî óñëîâèå Êðîíåêåðà�Êàïåëëè rankS = rank(S|u), òî ñèñòåìà óðàâíåíèé
Sy = u ðàçðåøèìà è âñå åå ðåøåíèÿ îïèñûâàþòñÿ �îðìóëîé

y = S−u+ [E − S−S]C,ãäå E � åäèíè÷íàÿ ìàòðèöà ïîäõîäÿùåé ðàçìåðíîñòè, C � ïðîèçâîëüíûé âåêòîð.Îïðåäåëåíèå 2. Ïó÷îê êâàäðàòíûõ ìàòðèö λA(w) + B(w), w ∈ D ⊆ R
q, ãäå λ �ñêàëÿðíûé ïàðàìåòð (â îáùåì ñëó÷àå êîìïëåêñíûé), óäîâëåòâîðÿåò êðèòåðèþ �ðàíã-ñòåïåíü� â îáëàñòè D, åñëè âûïîëíåíû óñëîâèÿ:1) max rankA(w) = r, w ∈ D,2) det[λA(w) +B(w)] = λra0(w) + . . ., ãäå a0(w) 6= 0 ∀w ∈ D.Ëåììà 5. Ïóñòü ïó÷îê ïîñòîÿííûõ ìàòðèö A(λ) = λA+B ðåãóëÿðåí detA(λ) 6≡ 0.Òîãäà ñïðàâåäëèâî íåðàâåíñòâî rankA ≥ deg det A(λ), ãäå deg � ñèìâîë ñòåïåíè ìíî-ãî÷ëåíà.Äîêàçàòåëüñòâî. Åñëè ïó÷îê ìàòðèö A(λ) ðåãóëÿðåí, òî ñóùåñòâóþò ïîñòîÿííûåíåîñîáåííûå ìàòðèöû P, Q ñî ñâîéñòâîì

PA(λ)Q = λ

(

Ed 0
0 N

)

+

(

J 0
0 En−d

)

,ãäå Nk
= 0, J � íåêîòîðûé áëîê ðàçìåðíîñòè (d× d) [21, . 354℄. Îòñþäà

deg detA(λ) = deg
[

det(λEd + J) det(λN + En−d)
]

= deg det(λEd + J) · 1 = d.Ñëåäîâàòåëüíî, d ≤ rankA, d = rankA òîãäà è òîëüêî òîãäà, êîãäà N = 0.Ñëåäñòâèå 1. Äëÿ ïó÷êà ìàòðèö λA(w) + B(w), w ∈ D, óäîâëåòâîðÿþùåãî êðè-òåðèþ �ðàíã-ñòåïåíü�, ñïðàâåäëèâî ðàâåíñòâî rankA(w) = const = r ∀ w ∈ D.
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(

A1(w)
0

)

+

(

B1(w)
B2(w)

)

, w ∈ D, ãäå áëîê
A1(w) èìååò ïîëíûé ðàíã äëÿ ëþáîãî w ∈ D, óäîâëåòâîðÿåò êðèòåðèþ �ðàíã-ñòåïåíü�òîãäà è òîëüêî òîãäà, êîãäà

detP(λ;w) = λra0(w) + ..., a0(t) = det

(

A1(w)
B2(w)

)

6= 0 ∀ w ∈ D.3. Òåîðåìû î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåìÑèñòåìû âèäà (1), óäîâëåòâîðÿþùèå óñëîâèþ (3), îáëàäàþò ñëîæíîé âíóòðåííåé ñòðóê-òóðîé. Ìåðîé ñëîæíîñòè ÿâëÿåòñÿ öåëî÷èñëåííàÿ õàðàêòåðèñòèêà, íàçûâàåìàÿ èíäåê-ñîì � ìèíèìàëüíî âîçìîæíûì ïîðÿäêîì èíòåãðî-äè��åðåíöèàëüíîãî îïåðàòîðà, äåé-ñòâóÿ êîòîðûì íà (1) ïîëó÷àåì ñèñòåìó ñ íåâûðîæäåííîé â îêðåñòíîñòè íà÷àëüíîéòî÷êè ìàòðèöåé ïðè ïðîèçâîäíîé èñêîìîé âåêòîð-�óíêöèè.Òåîðåìà 1. Ïóñòü äëÿ çàäà÷è (1), (2) ïðè A(t, v, y, ν) ≡ A(t), ν = 0, âûïîëíåíûóñëîâèÿ:1) A(t) ∈ C
2(T ), B(t, v, y, ν) ∈ C

2(W), K(t, s, v) ∈ C
1(V),2) rankA(0) = rank

[

A(0)| b̃
]

, b̃ = −B(ζ), ζ = (0, x0, 0, 0),3) ‖∂B(t, v, y, ν)/∂v‖ ≤ L, ‖∂B(t, v, y, ν)/∂y‖ ≤ L ∀(t, v, y, ν) ∈ W,4) ‖B(t, v, y, ν)/‖ ≤ κ0 + κ1‖v‖+ κ2‖y‖ ∀(t, v, y, ν) ∈ W,5) ‖K(t, s, v)‖ + ‖∂K(t, s, v)/∂t‖ ≤ η0 + η1‖v‖ ∀(t, s, v) ∈ V, ãäå L, κi, ηj, i = 0, 1, 2,
j = 0, 1 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå,6) ñòàðøèé êîý��èöèåíò ìíîãî÷ëåíà

det

[

λA(t) +
∂

∂v
B(t, v, y, ν)

]

= a0(t, v, y, ν)λ
r + . . . ,ãäå r = max {rankA(t), t ∈ T}, óäîâëåòâîðÿåò óñëîâèþ

|a0(t, v, y, ν)| ≥ c0 ≥ 0 ∀(t, v, y, ν) ∈ W.Òîãäà1) èíäåêñ ñèñòåìû ðàâåí 1,2) íà÷àëüíàÿ çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå x∗(t, 0) èç êëàññà C
1(T ).Äîêàçàòåëüñòâî. Ñîãëàñíî ëåììå 5 è óñëîâèþ 6 òåîðåìû rankA(t) = const =

r ∀ t ∈ T . Òîãäà ñóùåñòâóåò ìàòðèöà P (t) ∈ C
1(T ) ñî ñâîéñòâàìè

detP (t) 6= 0 ∀t ∈ T, P (t)A(t) =

(

A1(t)
0

)

,ãäå áëîê A1(t) èìååò ðàçìåðíîñòü (r × n) [20℄. Ôîðìàëüíî ïîäåéñòâóåì íà ñèñòåìó (1)îïåðàòîðîì âèäà
Ω0 =

(

P1(t)
0

)

+
d

dt

(

0
P2(t)

)

, ãäå (

P1(t)
P2(t)

)

= P (t).
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A(χ)ẋ(t) +

(

B1(χ)
B̃2(t, x, V x, V1x, ν)

)

= 0, (13)ãäå χ = (t, x, V x, 0),
A(t, v, y, ν) =

(

A1(t)
∂B2(t, v, y, ν)

∂v

)

, V1x =

t
∫

0

∂K(t, s, x(s))

∂t
ds, (14)

P1(t)B(t, v, y, ν) = B1(t, v, y, ν), P2(t)B(t, v, y, ν) = B2(t, v, y, ν),

B̃2(t, x, V x, V1x, ν) =
∂B2(χ)

∂t
+
∂B2(χ)

∂y
[K(t, t, x) + V1x] . (15)Ïîêàæåì, ÷òî ìàòðèöà, ñòîÿùàÿ ïåðåä ïðîèçâîäíîé èñêîìîé âåêòîð-�óíêöèè â (13),îáðàòèìà è

‖A−1(t, v, y, ν)‖ ≤ L1, ∀ (t, v, y, ν) ∈ W, L1 = const.Ñîãëàñíî ëåììå 6 è óñëîâèþ 6
| det A(t, v, y, ν)| = | det P (t)a0(t, v, y, ν)| ≥ c0| det P (t)|è âñå ýëåìåíòû ìàòðèöû A(t, v, y, ν) îãðàíè÷åííû íà W (ñì. óñëîâèå 3 òåîðåìû). Èçóñëîâèé 3�6 ñëåäóåò, ÷òî ïðàâàÿ ÷àñòü ñèñòåìû ïî ñâîèì àðãóìåíòàì ðàñòåò íå áûñòðåå,÷åì ëèíåéíî.Ïðèâåäåííàÿ ê íîðìàëüíîé �îðìå ñèñòåìà (13) óäîâëåòâîðÿåò óñëîâèÿì ëåììû 3, èçàäà÷à (13), (2) èìååò åäèíñòâåííîå ðåøåíèå x∗(t, 0) ∈ C

1(T ). Ïîêàæåì, ÷òî îíî óäîâëå-òâîðÿåò èñõîäíîé çàäà÷å (1), (2). Ïîäñòàâèì ýòó âåêòîð-�óíêöèþ â èñõîäíóþ çàäà÷ó.Óñëîâèå 2 òåîðåìû óäîâëåòâîðÿåòñÿ àâòîìàòè÷åñêè. Ïðåäïîëîæèì, ÷òî
A(t)ẋ∗ +B(t, x∗, V x∗, 0) = µ(t), t ∈ T,ãäå µ(t) 6= 0. Â ñèëó óñëîâèÿ 2 âåêòîð-�óíêöèÿ x∗(t, 0) óäîâëåòâîðÿåò óðàâíåíèþ (1) âòî÷êå t = 0. Ñëåäîâàòåëüíî, µ(0) = 0. Ñîãëàñíî �îðìóëå (13)

Ω0µ =

[(

P1(t)
0

)

+
d

dt

(

0
P2(t)

)]

µ = 0, t ∈ T,ãäå detP (χ) 6= 0 ∀t ∈ T . Ïðîèçâåäåì çàìåíó µ = P−1(t)h(t). Ïîëó÷èì íà T ñèñòåìó âèäà
(

Er 0
0 0

)

h+

(

0 0
0 En−r

)

ḣ = 0, h(0) = 0. (16)Òåîðåìà äîêàçàíà. �Äëÿ îáùåãî ñëó÷àÿ äîêàçàíà òîëüêî ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ.Òåîðåìà 2. Ïóñòü äëÿ çàäà÷è (1), (2) ïðè ν = 0 âûïîëíåíû óñëîâèÿ:1) A(t, v, y, ν) ∈ C
2(W), B(t, v, y, ν) ∈ C

2(W), K(t, s, v), K0(t, s, v) ∈ C
1(V),2) rankA(t, v, y, ν) = r = const â îêðåñòíîñòè òî÷êè ζ = (0, x0, 0, 0),3) rankA(ζ) = rank

[

A(ζ)| b̃
]

, b̃ = −B(ζ),



Î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåì êâàçèëèíåéíûõ... 1074) rankA(ζ) = deg det[λA(ζ) + B(ζ)], ãäå
B(ζ) =

∂

∂v

[

B(t, v, y, ν) + A(t, v, y, ν)c

]∣

∣

∣

∣

(t,v,y,ν)=ζ

, (17)çäåñü c � îäíî èç ðåøåíèé ñèñòåìû A(ζ)c = −B(ζ).Òîãäà1) èíäåêñ ñèñòåìû ðàâåí 1,2) ñóùåñòâóåò îòðåçîê [0, ε] ⊆ T , íà êîòîðîì îïðåäåëåíî åäèíñòâåííîå ðåøåíèå
x∗(t, 0) çàäà÷è (1), (2).Äîêàçàòåëüñòâî. Â ñèëó óñëîâèé 1, 2 òåîðåìû â îêðåñòíîñòè W0 ⊂ W òî÷êè ζíàéäåòñÿ íåîñîáåííàÿ ìàòðèöà P (t, v, y, ν) ∈ C

2(W0) òàêàÿ, ÷òî
P (t, v, y, ν)A(t, v, y, ν) =

(

A1(t, v, y, ν)
0

)

.Ôîðìàëüíî ïîäåéñòâóåì íà ñèñòåìó (1) îïåðàòîðîì âèäà
Ω̃0 =

(

P1(χ)
0

)

+
d

dt

(

0
P2(χ)

)

, ãäå (

P1(t, v, y, ν)
P2(t, v, y, ν)

)

= P (t, v, y, ν),çäåñü χ = (t, x, V x, 0). Ïîëó÷èì íîâóþ ñèñòåìó
A(χ)ẋ(t) +

(

B1(χ)
B̃2(t, x, V x, V1x, ν)

)

= 0, (18)ãäå
A(t, v, y, ν) =

(

A1(t, v, y, ν)
∂B2(t, v, y, ν)

∂v

)

,

P1(t, v, y, ν)B(t, v, y, ν) = B1(t, v, y, ν), P2(t, v, y, ν)B(t, v, y, ν) = B2(t, v, y, ν).(Îáîçíà÷åíèÿ äëÿ ñèìâîëîâ V1, B̃2(t, x, V x, V1x, ν) ñìîòðè â �îðìóëàõ (14), (15).) Ïîêà-æåì, ÷òî ìàòðèöà, ñòîÿùàÿ ïåðåä ïðîèçâîäíîé èñêîìîé âåêòîð-�óíêöèè â (18), íåâû-ðîæäåííà â íà÷àëüíîé òî÷êå ζ . Ó÷èòûâàÿ, ÷òî P2B = B2, èìååì
A =

(

A1
∂P2

∂v
B + P2

∂B

∂v

)

.Äîêàæåì, ÷òî
A(ζ) = R(ζ), R =

(

A1

P2
∂B

∂v
+ P2

∂

∂v
(Aẋ)

)

. (19)Äëÿ óïðîùåíèÿ çàïèñè óêàçàíèå çàâèñèìîñòè îò t, v, y, ν çäåñü è íèæå îïóùåíî. �àñ-ñìîòðèì ðàâåíñòâî
P (λA+ B) = λ

(

A1

0

)

+

(

B1

P2
∂B

∂v
+ P2

∂

∂v
(Aẋ)

)

. (20)
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∂P2

∂v
B = P2

∂

∂v
(Aẋ)â íà÷àëüíîé òî÷êå ζ . Çàìåòèì, ÷òî P2(Aẋ) = 0 ∀(t, v, y, ν) ∈ W0, ñëåäîâàòåëüíî,

∂

∂v
[P2Aẋ] =

∂P2

∂v
Aẋ+ P2

∂

∂v
(Aẋ) = 0,

∂P2

∂v
Aẋ = −P2

∂

∂v
(Aẋ).Â íà÷àëüíîé òî÷êå ζ ïðîèçâåäåíèå ∂P2

∂v
Aẋ íå ìåíÿåòñÿ, åñëè âåêòîð ẋ(0, 0) çàìåíèìïðîèçâîëüíûì ðåøåíèåì óðàâíåíèÿ A(ζ)c+B(ζ) = 0, êîòîðîå â ñèëó óñëîâèÿ 3 òåîðåìûðàçðåøèìî. Òîãäà â òî÷êå ζ ñïðàâåäëèâî ðàâåíñòâî

∂P2

∂v
B = P2

∂

∂v
(Ac).Ñîãëàñíî óñëîâèþ 4 òåîðåìû ïó÷îê èç (20), èìåþùèé â íà÷àëüíîé òî÷êå âèä λA(ζ) +

B(ζ), óäîâëåòâîðÿåò êðèòåðèþ �ðàíã-ñòåïåíü�, è èç ëåììû 2 ñëåäóåò, ÷òî detA(ζ) 6= 0.Ñëåäîâàòåëüíî, ïî íåïðåðûâíîñòè ñóùåñòâóåò îêðåñòíîñòü òî÷êè ζ , â êîòîðîé ìàòðèöà
A îáðàòèìà, äè��åðåíöèðóåìà è ñîãëàñíî ëåììå 5 íà íåêîòîðîì îòðåçêå [0, ε] ⊆ [0, 1]ñóùåñòâóåò ðåøåíèå íà÷àëüíîé çàäà÷è (18), (2) x∗(t, 0).Äîêàæåì, ÷òî x∗(t, 0) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1), (2). Ïîäñòàâèì ýòó âåêòîð-�óíêöèþ â èñõîäíóþ çàäà÷ó. Óñëîâèå (2) óäîâëåòâîðÿåòñÿ àâòîìàòè÷åñêè. Ïðåäïîëî-æèì, ÷òî

A(t, x∗, V x∗, 0)ẋ∗ +B(t, x∗, V x∗, 0) = µ(t), t ∈ [0, ε],ãäå µ(t) 6= 0. Â ñèëó óñëîâèÿ 3 òåîðåìû âåêòîð-�óíêöèÿ x∗(t, 0) óäîâëåòâîðÿåò óðàâíå-íèþ (1) â òî÷êå t = 0. Ñëåäîâàòåëüíî, µ(0) = 0. Ñîãëàñíî �îðìóëå (18)
Ω̃0µ =

[(

P1(χ
∗)

0

)

+
d

dt

(

0
P2(χ

∗)

)]

µ = 0, t ∈ [0, ε],ãäå χ∗ = (t, x∗, V x∗, 0), detP (t) 6= 0 ∀t ∈ [0, ε]. Ïðîèçâåäåì çàìåíó µ = P−1(χ∗)h(t).Ïîëó÷èì íà îòðåçêå [0, ε] çàäà÷ó âèäà (16). Òåîðåìà äîêàçàíà. �Çàìå÷àíèå 2. Åñëè óñëîâèå 4 âûïîëíåíî äëÿ îäíîãî c : A(ζ)c+B(ζ) = 0, òî îíî âû-ïîëíåíî è äëÿ âñåõ äðóãèõ c. Ñîãëàñíî ëåììå 4 â (17) ìîæíî ïðèíÿòü c = −A−(ζ)B(ζ).×àñòíûì ñëó÷àåì S− ÿâëÿåòñÿ ïñåâäîîáðàòíàÿ ìàòðèöà S+ [21℄, êîòîðóþ ìîæíî âû-÷èñëèòü êàê ïðåäåë G(δ) = (δ2E + S⊤S)−1S⊤, δ → 0, ãäå ‖G(δ)− S+‖ = O(δ2) [4℄.Ñëåäñòâèå 2. Åñëè íà T ñóùåñòâóåò ðåøåíèå x∗(t, 0) ñèñòåìû (1), (2) è âûïîëíåíîóñëîâèå
rankA(χ∗) = deg Ψ(λ; t) = const ∀ t ∈ T,ãäå χ∗ = (t, x∗, V x∗, 0), â êà÷åñòâå c ïðèíÿòî ẋ∗(t, 0),

Ψ(λ; t) = det [λA(χ∗) + B(χ∗)] , (21)òî ñóùåñòâóåò îêðåñòíîñòü íà÷àëüíîãî äàííîãî Q = {w : ‖x0 − w)‖ ≤ ̺} òàêàÿ, ÷òîïðè äîñòàòî÷íî ìàëîì ̺ íà T íàéäåòñÿ ðåøåíèå ñèñòåìû (1) x̃∗(t, 0) : x̃∗(0, 0) ∈ Q.Çäåñü ‖.‖ � ðàâíîìåðíàÿ íîðìà â R
n.



Î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåì êâàçèëèíåéíûõ... 109Äîêàçàòåëüñòâî. Äîêàæåì âíà÷àëå ëîêàëüíûé âàðèàíò ñëåäñòâèÿ. Èç (21) è ðàñ-ñóæäåíèé ïðè äîêàçàòåëüñòâå òåîðåìû ñëåäóåò, ÷òî îïðåäåëèòåëü (18) íå ðàâåí íóëþäëÿ ëþáîé òî÷êè t ∈ T . Ñëåäîâàòåëüíî, ïî íåïðåðûâíîñòè ñóùåñòâóåò îêðåñòíîñòü òî÷-êè χ∗, â êîòîðîé ìàòðèöà A íåâûðîæäåííà. Òàêèì îáðàçîì, â ýòîé îêðåñòíîñòè ñèñòåìó(1) ìîæíî ïðèâåñòè ê íîðìàëüíîé �îðìå è äëÿ íåå ïðèìåíèòü ñõåìó äîêàçàòåëüñòâàòåîðåìû î ïîãðóæåíèè [22, . 36℄.Ñëåäñòâèå 3. Ïóñòü íà îòðåçêå T îïðåäåëåíî ðåøåíèå x∗(t, 0) çàäà÷è (1), (2) ïðèçíà÷åíèè ïàðàìåòðà ν = 0. Òîãäà ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè âåëè÷èíû |ν| â îê-ðåñòíîñòè x∗(t, 0) îïðåäåëåíî ðåøåíèå çàäà÷è (1), (2).Îòìåòèì åùå îäíî îáñòîÿòåëüñòâî. Ïóñòü íà T ñóùåñòâóåò ðåøåíèå x∗(t, 0) ñèñòåìû(1), (2) è ìíîãî÷ëåí èç (21) èìååò âèä
Ψ(λ; t) = a0(t)λ

r + . . . , t ∈ T, (22)ãäå r = max{rankA(χ∗), t ∈ T}. Åñëè óðàâíåíèå a0(t) = 0 èìååò èçîëèðîâàííîå ðåøåíèå
t∗ : a0(t

∗) = 0, òî t∗ ìîæåò ÿâëÿòüñÿ îñîáîé òî÷êîé ñèñòåìû (1). Ïîÿñíèì ñêàçàííîå.Óðàâíåíèå
A(t, z, V 0z + φ, ν)ż +B(t, z, V 0z + φ, ν) = 0, t ∈ [t0, t0 + δ]ñ íà÷àëüíûìè äàííûìè x(0) = x(t0), ãäå
φ ≡ φ(t) =

t0
∫

0

K(t, s, x∗(s, 0))ds, V 0z =

t
∫

t0

K(t, s, z(s))ds,ïðè äîñòàòî÷íî ìàëîì δ > 0 èìååò ðåøåíèå, ñîâïàäàþùåå ñ x∗(t, 0) íà îòðåçêå [t0, t0+δ],è óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1. Ïðè t0 → t∗ âèäèì, ÷òî t0+δ → t∗. Ñëåäîâàòåëüíî,â �îðìóëå (18) detA(χ∗)|t0+δ→t∗ → 0, ãäå χ∗ = (t, x∗, V x∗, 0), è
detA(χ∗)|t∗ = 0, detA(χ∗) 6= 0, t 6= t∗.×èñëåííûå ñïîñîáû ïîèñêà îñîáûõ òî÷åê îáñóæäàþòñÿ íèæå.Êëàññ ñèñòåì, îïèñûâàåìûé òåîðåìàìè 1, 2, íå èñ÷åðïûâàåò âñåãî êëàññà ñèñòåì,èìåþùèõ èíäåêñ 1.Ïðèìåð 1. �àññìîòðèì çàäà÷ó

F (t, x, ẋ, V x) =

(

x2V1x 0
0 0

)(

ẋ1
ẋ2

)

+

(

x1 + V2x
x2

)

= 0, x(0) = 0,ãäå V1x =

t
∫

0

x1(s)ds, V2x =

t
∫

0

x2(s)ds, êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå x∗(t) = 0.Äëÿ ëþáîé âåêòîð-�óíêöèè x ∈ C
2(T ) èìååì

Λ1 ◦ F (t, x, ẋ, V x) =

(

ẋ1 + x2
ẋ2

)

, Λ1 =

(

0 − (ẍ1V1x+ x1ẋ1)
0 0

)

+

(

1 −ẋ1V1x
0 1

)

d

dt
.



110 Å.Â. ×èñòÿêîâà, Â.Ô. ×èñòÿêîâÎòìåòèì, ÷òî øèðîêî èñïîëüçóåìûé ìåòîä äè��åðåíöèðîâàíèÿ êîíå÷íûõ ñâÿçåé,â ÷àñòíîñòè â ìåõàíèêå, çäåñü íå äàåò ðåçóëüòàòà: ïîñëå ïåðâîãî øàãà ïðîöåññà ïî-ëó÷èì ñèñòåìó
(

x2V1x 0
0 1

)(

ẋ1
ẋ2

)

+

(

x1 + V2x
0

)

= 0ñ îñîáåííîé â íà÷àëüíîé òî÷êå ìàòðèöåé ïðè ẋ. Êàê îáðàòèòü ýòó ìàòðèöó, òàê èñäåëàòü íîâûé øàã ïðîöåññà ìû íå ìîæåì.4. Âûáîð ÷èñëåííîãî ìåòîäàÎòìåòèì, ÷òî ïðèìåíåíèå ÿâíûõ ñõåì (ïðåäïî÷òèòåëüíûõ çäåñü â ñèëó ïðîñòîòû èõðåàëèçàöèè) äëÿ âûðîæäåííûõ ñèñòåì èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé â íàñòî-ÿùåå âðåìÿ ïðåäñòàâëÿåòñÿ çàòðóäíèòåëüíûì.Ïðèìåð 2. �àññìîòðèì çàäà÷ó
Aẋ+Bx =

(

1 1
0 0

)(

ẋ1
ẋ2

)

+

(

1 1
0 1

)(

x1
x2

)

= f(t) =

(

f1(t)
ḟ2(t)

)

, t ∈ T, (23)ãäå ( x1(0) x2(0) )
⊤ = ( c f2(0) )

⊤ , c � ïðîèçâîëüíîå ÷èñëî.ßâíàÿ ñõåìà Ýéëåðà A(xi+1−xi)/h+Bxi = f(ti), ãäå xi � çíà÷åíèÿ ñåòî÷íîé �óíê-öèè, h = 1/N, ti = ih, i = 0, 1, . . . , N − 1, ïîñëå ïðîñòîãî ïðåîáðàçîâàíèÿ èìååò âèä
(

1 1
0 0

)(

x1,i+1

x2,i+1

)

=

(

g1,i
g2,i

)

=

(

x1,i + x2,i − h[x1,i + x2,i − f1(ti)]
x2,i − f2(ti)

)

. (24)Ñèñòåìà (24) èìååò ìíîæåñòâî ðåøåíèé, è íå èçâåñòíî, êàê â íåì âûáèðàòü ðå-øåíèå, íóæíîå äëÿ ñõîäèìîñòè. Ïîïûòàåìñÿ âûáðàòü êàêîå-òî îáîáùåííîå ðåøåíèå,íàïðèìåð íîðìàëüíîå ïñåâäîðåøåíèå
xi+1 = A+

(

g1,i
g2,i

)

, A+ =

(

0.5 0
0.5 0

)

, (25)ãäå A+ � ïñåâäîîáðàòíàÿ ìàòðèöà (ñì. çàìå÷àíèå 2). Â âûðàæåíèè (25) îáå êîìïî-íåíòû âåêòîðà xi+1 ñîâïàäàþò, à â ñèñòåìå (23) îíè â îáùåì ñëó÷àå ðàçëè÷íû.Çäåñü ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèì îáñòîÿòåëüñòâîì. Ñèñòåìà (23) èìååòÿâíóþ àëãåáðàè÷åñêóþ ñâÿçü x2 = f2(t). Ó÷èòûâàÿ, ÷òî x2,i = f2(ti), (x2,i+1 − x2,i)/h ≈
[f2(ti) − f2(ti−i)]/h, i ≥ 1, ïîëó÷èì ñõîäèìîñòü. Â îáùåì ñëó÷àå ñèñòåìû (1) òàêîéïîäõîä íå âñåãäà âîçìîæåí.Ïðè ïðèìåíåíèè íåÿâíûõ ñõåì ïðè êàæäîì i íåîáõîäèìî ðåøàòü ñëîæíóþ íåëèíåé-íóþ ñèñòåìó. Äëÿ óïðîùåíèÿ èñïîëüçóþò ïðèåì ëèíåàðèçàöèè. Èçâåñòíî (ñì., íàïðè-ìåð, [23℄), ÷òî äëÿ çàäà÷è â íîðìàëüíîé �îðìå ẋ + B(t, x) = 0 íåÿâíóþ ñõåìó Ýéëåðà
(xi+1 − xi)/h + B(ti+1, xi+1) = 0 ìîæíî çàìåíèòü ñõîäÿùåéñÿ ñ ïåðâûì ïîðÿäêîì ñõå-ìîé (xi+1 − xi)/h + B(ti+1, xi) + J(ti+1, xi)(xi+1 − xi) = 0, J(x, t) = ∂B(t, x)/∂x, ãäå ïðèêàæäîì i íóæíî îäèí ðàç ðåøèòü ëèíåéíóþ ñèñòåìó.Àíàëîãè÷íî íà îòðåçêå [0, ε] èç òåîðåìû 1 äëÿ çàäà÷è (1), (2) ââåäåì ñåòêó ti = ih,
h = ε/N , N � ÷èñëî óçëîâ ñåòêè. Çàïèøåì íåÿâíóþ ñõåìó

A(Yi+1)
xi+1 − xi

h
+B(Yi+1) = 0, Yi+1 =

(

ti+1, xi+1, h

i+1
∑

j=1

K(ti, sj, xj), ν

)

,



Î ðàçðåøèìîñòè âûðîæäåííûõ ñèñòåì êâàçèëèíåéíûõ... 111â êîòîðîé ïðîâåäåì ðàçëîæåíèå âõîäíûõ äàííûõ â ðÿä Òåéëîðà ïî x  óäåðæàíèåì ïåð-âîãî ÷ëåíà ðàçëîæåíèÿ. Èíòåãðàë áóäåì ñ÷èòàòü íå ïî �îðìóëå ïðàâûõ ïðÿìîóãîëüíè-êîâ, à ïî �îðìóëå ëåâûõ ïðÿìîóãîëüíèêîâ. Ïîëó÷èì ñõåìó ñëåäóþùåãî âèäà:
[

Ai + h(B̃i + Ãi)
]

(xi+1 − xi) = −hBi, i = 1, 2, . . . , N − 1, (26)ãäå
Ai = A(Zi), Bi = B(Zi), Zi =

(

ti, xi, h

i
∑

j=0

K(ti, sj, xj), ν

)

,

B̃i =
∂B(t, v, y, ν)

∂v

∣

∣

∣

∣

(t,v,y,ν)=Zi

, Ãi =
∂[A(t, v, y, ν)Pi]

∂v

∣

∣

∣

∣

(t,v,y,ν)=Zi

, Pi =
xi − xi−1

h
,è ïðè êàæäîì i íóæíî îäèí ðàç ðåøèòü ëèíåéíóþ ñèñòåìó.Òåîðåìà 3. Ïóñòü1) âûïîëíåíû óñëîâèÿ òåîðåìû 2,2) èçâåñòíû íà÷àëüíûå çíà÷åíèÿ x(0) = x0 è x(h) = x1.Òîãäà äëÿ ñõåìû (26) ðàâíîìåðíî ïî i ñïðàâåäëèâà îöåíêà ‖xi − x(ti)‖ = O(h).Êðàòêî èçëîæèì îáùóþ ñõåìó äîêàçàòåëüñòâà. Äåéñòâóÿ íà (26) îïåðàòîðîì âèäà

Ω̃0 =

(

P1(Zi)
0

)

+∆

(

0
P2(Zi)

)

,ãäå ∆ � ðàçíîñòíûé îïåðàòîð: ∆gi = (gi+1 − gi)/h, ïîëó÷èì ðàçíîñòíóþ ñõåìó, ñ òî÷-íîñòüþ O(h) àïïðîêñèìèðóþùóþ ñèñòåìó (18), ó êîòîðîé ìàòðèöà ïåðåä ïðîèçâîäíîéîáðàòèìà â óñëîâèÿõ òåîðåìû 1 â îêðåñòíîñòè íà÷àëüíîé òî÷êè. Íåñëîæíûå, íî ãðî-ìîçäêèå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî äëÿ íåâûðîæäåííîé çàäà÷è ðàçíîñòíûé ìåòîäñõîäèòñÿ, à ñëåäîâàòåëüíî, ñõîäèòñÿ è äëÿ âûðîæäåííîé.Ïðèìåð 3. �àññìîòðèì òåñòîâóþ çàäà÷ó âèäà (1), (2)
















e−tx1(t) e−t(x2(t) +

t
∫

0

x1(s)x2(s)ds)

x1(t)x2(t) x22(t) + x2(t)

t
∫

0

x1(s)x2(s)ds

















ẋ(t)−

−









2x1(t)x2(t) +
1
3
et + 2

3
x41(t) + ν

2e2tx22(t) + e3tx1(t) + 2e2tx2(t)

t
∫

0

e2sx1(s)ds









= 0, T = [0, 1],ãäå ïðè ν = 0 x(t) =

(

et

e2t

)

, x0 = x(0) =

(

1
1

). Óáåäèìñÿ â âûïîëíåíèè óñëîâèéòåîðåìû 2. Èìååì v = (v1 v2)
⊤, y = (y1 y2)

⊤ ∈ R
2,

A(t, v, y, ν) =

(

e−tv1 e−t(v2 + y1)
v1v2 v22 + v2y1

)

, B(t, v, y, ν) =

(

2v1v2 + et/3 + 2v41/3 + ν
2e2tv22 + e3tv1 + 2e2tv2y2

)

.



112 Å.Â. ×èñòÿêîâà, Â.Ô. ×èñòÿêîâÎ÷åâèäíî, ÷òî ïåðâîå óñëîâèå âûïîëíåíî. Äàëåå
detA(t, v, y, ν) = 0 ∀ (t, v, y, ν), rankA(t, v, y, ν) = 1â îêðåñòíîñòè òî÷êè ζ = (0, x0, 0, 0). Óñëîâèå 3 òåîðåìû 2 âûïîëíåíî:

rankA(ζ) = rank [A(ζ)| b̃] = rank

(

1 1
1 1

)

= rank

(

1 1 3
1 1 3

)

= 1.Óðàâíåíèå äëÿ âåêòîðà c èç (4) èìååò âèä
(

1 1
1 1

)

c =

(

3
3

)

, c =

(

c1
3− c1

)

,ãäå c1 � ïðîèçâîëüíîå ÷èñëî èç R
1. Óñëîâèå 4 òàêæå âûïîëíåíî:

deg det

[

λ

(

1 1
1 1

)

+

(

−14/3 + c1 1− c1
1 1− 2c1

)]

= deg [(−17/3)λ+ ...] = 1 ∀ c1.Òàêèì îáðàçîì, ñóùåñòâóåò îêðåñòíîñòü íóëÿ, â êîòîðîé îïðåäåëåíî ðåøåíèå íàøåãîïðèìåðà. Ïðîâåðèì çàäà÷ó íà íàëè÷èå îñîáûõ òî÷åê. Âûïèøåì ìíîãî÷ëåí èç (21):
Ψ(λ; t) = det

[

λ

(

1 (3θ2 + θ3 − 1)/3θ
θ3 θ2(3θ2 + θ3 − 1)/3

)

+

(

1− 2θ2 − 8
3
θ3 0

2θ3 0

)]

= a0(t)λ + . . . ,ãäå
a0(t) = −

θ3(3θ2 + θ3 − 1)

3

(

2θ2 +
14

3
θ3 − 1

)

, θ = et.Î÷åâèäíî, ÷òî ñòàðøèé êîý��èöèåíò a0(t) 6= 0 ∀ t ∈ T è óñëîâèÿ ñëåäñòâèé 2 è 3âûïîëíåíû.Áûëè ïðîèçâåäåíû ðàñ÷åòû ïî ñõåìå (26). �åçóëüòàòû ïðèâåäåíû â òàáëèöå (çäåñü
Err = max

i
‖xi − x(ti)‖ � ãëîáàëüíàÿ ïîãðåøíîñòü).

N Err (ν = 0) Err (ν = 0.2)100 0.11 0.111000 0.011 0.07710000 0.0011 0.075Â çàêëþ÷åíèå ñäåëàåì çàìå÷àíèÿ î ïîèñêå îñîáûõ òî÷åê. Ïðè àíîìàëèÿõ ñ÷åòà (íà-ïðèìåð, àâîñòå) äëÿ ñèñòåì íåáîëüøîé ðàçìåðíîñòè ìîæíî ïîïûòàòüñÿ îïðåäåëèòü íà-ëè÷èå îñîáûõ òî÷åê ðåøåíèÿ íà T . Äëÿ ýòîãî ñëåäóåò ïî òî÷êàì xi, i = 0, 1, . . . j, êîòî-ðûå óäàëîñü âû÷èñëèòü, ïîñòðîèòü ìíîãî÷ëåí L(t), ïîäñòàâèòü åãî â ìíîãî÷ëåí (21) èâû÷èñëèòü ãr(t) � ïðèáëèæåíèå äëÿ ar(t) èç (22).Ïóñòü L(t) áëèçîê ê ðåøåíèþ çàäà÷è (1), (2) â C
1[0, jh + ǫ], ǫ � íåêîòîðîå ÷èñëî,áîëüøåå h. Åñëè íóëè ó ar(t) ïðîñòûå, òî ó �óíêöèè ãr(t) ïðè äîñòàòî÷íîé ìàëîñòèíîðìû ‖ar(t)− ãr(t)‖C1[0,jh+ǫ] ñóùåñòâóþò áëèçêèå íóëè. Íóëÿì �óíêöèè ar(t) ñîîòâåò-ñòâóþò îñîáûå òî÷êè ðåøåíèé.
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