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Àñèìïòîòè÷åñêîå ðåøåíèå îäíîéñèíãóëÿðíî-âîçìóùåííîé çàäà÷è îïòèìàëüíîãîóïðàâëåíèÿ ìåòîäîì èíòåãðàëüíîãî ìíîãîîáðàçèÿÀ.Æ. Æàéíàêîâ1, Á.Û. Àøèðáàåâ2

1Íàöèîíàëüíàÿ Àêàäåìèÿ Íàóê, Áèøêåê, Êûðãûçñêàÿ �åñïóáëèêà
2Êûðãûçñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì.È. �àççàêîâà, Áèøêåêe-mail: Jainakov-41�mail.ru, Ashirbaev-58�mail.ruÏðåäëîæåí ïðèáëèæåííûé ñïîñîá îïðåäåëåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ, îñ-íîâàííûé íà ðàçäåëåíèè ìåäëåííûõ è áûñòðûõ êîîðäèíàò âåêòîðà ñîñòîÿíèÿ ìå-òîäîì èíòåãðàëüíîãî ìíîãîîáðàçèÿ, ÷òî ïîçâîëÿåò âìåñòî èñõîäíîé ñèñòåìû, èìå-þùåé áîëåå âûñîêèé ïîðÿäîê, îãðàíè÷èâàòüñÿ ðàññìîòðåíèåì �óêîðî÷åííîé� ñè-ñòåìû ìåíüøåé ðàçìåðíîñòè.Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî-âîçìóùåííàÿ çàäà÷à, èíòåãðàëüíîå ìíîãîîáðàçèå,ãàìèëüòîíèàí, ñîïðÿæåííàÿ ñèñòåìà, ïîãðàíè÷íûé ñëîé, áûñòðûå è ìåäëåííûåäâèæåíèÿ.Èññëåäóåìàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â ñëåäóþùåì: òðåáóåòñÿ íàé-òè r-ìåðíóþ íåïðåðûâíóþ âåêòîð-�óíêöèþ u(t), äîñòàâëÿþùóþ ìèíèìóì �óíêöèî-íàëó

J(u) = d∗x(T, µ) + c∗z(T, µ) +
1

2

T
∫

0

u∗(t)Ru(t)dt (1)íà òðàåêòîðèÿõ ñèñòåìû
ẏ = A(µ)y +B(µ)u, y(0) = y0, (2)ãäå y =

(

x

z

)

, A(µ) =





A1 A2

1

µ
A3

1

µ
A4



 , B(µ) =





B1

1

µ
B2



 , x ∈ Rn, z ∈ Rm, µ > 0 �ìàëûé ïàðàìåòð, T > 0 � �èêñèðîâàííîå ÷èñëî, ∗ � çíàê òðàíñïîíèðîâàíèÿ, d, c �âåêòîðû ñ ðàçìåðíîñòüþ n, m, R � ïîëîæèòåëüíî îïðåäåëåííàÿ ïîñòîÿííàÿ ìàòðè-öà ñ ðàçìåðíîñòüþ m × n, A1 − (n× n), A2 − (n×m), A3 − (m× n), A4 − (m×m),
B1 − (n× r), B2 − (m× r) � ïîñòîÿííûå ìàòðèöû. Èíòåãðàë â �îðìóëå (1) îöåíèâà-åò ýíåðãèè óïðàâëÿþùåãî âîçäåéñòâèÿ, çàòðà÷èâàåìîãî â ïðîöåññå óïðàâëåíèÿ.Ïðåäïîëîæèì, ÷òî âåùåñòâåííûå ÷àñòè êîðíåé ìàòðèöû A4 îòðèöàòåëüíûå. Ñèñòå-ìó (2) ìîæíî ïåðåïèñàòü â âèäå

ẋ = A1x+ A2z +B1u, x(0) = x0, x ∈ Rn,

µż = A3x+ A4z +B2u, z(0) = z0, z ∈ Rm. (3)50
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H =

1

2
(u,Ru) + (p, A1x+ A2z +B1u) + (q, A3x+ A4z +B2u), (4)ãäå âåêòîðû p è q ÿâëÿþòñÿ ðåøåíèÿìè ñîïðÿæåííîé ñèñòåìû

ṗ = −A∗

1p−A∗

3q,

µq̇ = −A∗

2p−A∗

4q (5)è óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì
p(T, µ) = −d, q(T, µ) = −

c

µ
. (6)Óñëîâèå

∂H

∂u
= 0 (7)äîëæíî áûòü âûïîëíåíî âäîëü îïòèìàëüíîé òðàåêòîðèè è îçíà÷àåò [1℄

∂H

∂u
= Ru+B∗

1p+B∗

2q = 0. (8)Ïî ïðåäïîëîæåíèþ êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ìàòðèöû A4 èìåþò îòðè-öàòåëüíûå âåùåñòâåííûå ÷àñòè. Òîãäà ñèñòåìà (5) èìååò ïîãðàíè÷íûé ñëîé è äëÿ íååñóùåñòâóåò èíòåãðàëüíîå ìíîãîîáðàçèå [2℄ q = h(µ)p, ãäå h(µ) − m × n-ìåðíàÿ ìàòðè-öà, ýëåìåíòû êîòîðîé îáû÷íî çàâèñÿò îò µ. Ìàòðèöà h(µ) óäîâëåòâîðÿåò ìàòðè÷íîìóóðàâíåíèþ
µh(A∗

1 + A∗

3h) = A∗

2 + A∗

4h. (9)�åøåíèå óðàâíåíèÿ (9) ìîæíî ïîñòðîèòü â âèäå ñõîäÿùåãîñÿ ñòåïåííîãî ðÿäà [2℄
h(µ) = h0 + h1µ+ h2µ2 + . . . , (10)ãäå

h0 = −A∗−1
4 A∗

2, h1 = A∗−1
4 h0(A

∗

1 + A∗

3h0), . . . ,

hi = A∗−1
4

(

hi−1A
∗

1 +
i−1
∑

j=0

hjA
∗

3h−j−1+i

)

, . . . , i = 1, 2, . . .Çàìåíà [3℄ q = η + hp ïðèâîäèò ñèñòåìó (5) ê âèäó
ṗ = −(A∗

1 + A∗

3h)p− A∗

3η, p(T, µ) = −d,

µη̇ = −(A∗

4 − µhA∗

3)η, η(T, µ) = −
c

µ
+ hd = η0. (11)Òîãäà ðåøåíèÿ ñèñòåìû (11) ñ íà÷àëüíûìè óñëîâèÿìè (6) çàïèñûâàþòñÿ êàê

p(t) = p̄(t) +m1(τ), q(t) = h(µ)p̄(t) +m2(τ), (12)ãäå p̄(t) = e−(A∗

1
+A∗

3
h)(t−T )(−d+∆p0) � ðåøåíèå ñèñòåìû

˙̄p = −(A∗

1 + A∗

3h)p̄, p̄(T, µ) = −d+∆p0, (13)
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∆p0 =

T
∫

−∞

e−(A∗

1
+A∗

3
h)(T−s)A∗

3e
−(A∗

4
−µhA∗

3
) s−T

µ η0ds,

m1 = µ

T
∫

−∞

e−(A∗

1
+A∗

3
h)(τ−σ)A∗

3e
−(A∗

4
−µhA∗

3
)ση0dσ, m2 = e−(A

∗

4
−µhA∗

3)τη0.Ôóíêöèè m1 è m2 óäîâëåòâîðÿþò íåðàâåíñòâàì
‖m1‖ ≤ µC1 ‖η0‖ e

ξτ , ‖m2‖ ≤ C2 ‖η0‖ e
ξτ , (14)ãäå C1 , C2, ξ � onst, τ =

t− T

µ
≤ 0.Åñëè âûáðàòü íà÷àëüíóþ òî÷êó (−d, − c

µ

), ïðèíàäëåæàùóþ èíòåãðàëüíîìó ìíîãî-îáðàçèþ q = h(µ)p, òî η0 = 0, m1 = 0, m2 = 0 è, ñëåäîâàòåëüíî, p = p̄, q = h(µ)p̄ �ðåøåíèå ñèñòåìû (5), òðàåêòîðèÿ êîòîðîãî ëåæèò íà ýòîì ìíîãîîáðàçèè.Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîé òî÷êè (p0, q0) óêàçàíà òàêàÿ òî÷êà (p0 = p̄0 +∆p0,
q̄0 = h(µ)p̄0), ëåæàùàÿ íà èíòåãðàëüíîì ìíîãîîáðàçèè q = h(µ)p, ÷òî ðåøåíèå ñèñòåìû(5), âûõîäÿùåå èç òî÷êè (p0, q0) ïðè t = T (τ = 0), ïðè τ → −∞ íåîãðàíè÷åííî ïðèáëè-æàåòñÿ ê ðåøåíèþ p = p̄, q = h(µ)p̄, p(T ) = p0, ëåæàùåìó íà äàííîì ìíîãîîáðàçèè.Ñ ó÷åòîì ñîîòíîøåíèé (12) �îðìóëà (8) çàïèñûâàåòñÿ â âèäå

u(t, µ) = −R−1

(

B̄∗

1e
−A∗

0
(t−T )α1 +

1

µ
B̄∗

2e
−A∗

4
τα2

)

= Ψ(t, µ), (15)ãäå
B̄∗

1 = B∗

1 +B∗

2h, B̄∗

2 = B∗

2 + µB∗

1A
∗

3(A
∗

4 − µhA∗

3)
−1 +O

(

µ2eθτ
)

(θ > 0),

α1 = α1(µ) = −d+∆p0, α2 = −C + µhd, Ā∗

1 = A∗

1 + A∗

3h, Ā∗

4 = A∗

4 − µhA∗

3. (16)Ïðè µ → 0 èìååì ñëåäóþùèå ïðåäåëüíûå ñîîòíîøåíèÿ:
lim B̄1 = B0 = B1 − A2A

−1
4 B2, lim B̄2 = B2, lim Ā0 = A0 = A1 −A2A

−1
4 A3,

lim Ā4 = A4, limα1 = −d+ A∗

3A
∗−1
4 C, limα2 = C.Ñ ó÷åòîì (15) ñèñòåìà (3) ïðèìåò âèä

ẋ = A1x+ A2z + ϕ1, x(0, µ) = x0,

µż = A3x+ A4z + ϕ2, z(0, µ) = z0, (17)ãäå ϕ1 = B1Ψ, ϕ2 = B2Ψ, Ψ(t, µ) � èçâåñòíàÿ �óíêöèÿ, îïðåäåëåííàÿ �îðìóëîé (15).Â îòëè÷èå îò (5) ñèñòåìà (17) èìååò èíòåãðàëüíîå ìíîãîîáðàçèå
z = K(µ)x+̟(t, µ), (18)äâèæåíèå ïî êîòîðîìó îïèñûâàåòñÿ ñèñòåìîé

ẋ = (A1 + A2K)x+ A3̟ + ϕ1. (19)
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µK(A1 + A2K) = A3 + A4K, µ

∂̟

∂t
+ µK(A2̟ + ϕ1) = A4̟ + ϕ2. (20)Àíàëîãè÷íî âûøåóêàçàííîìó óðàâíåíèÿ (20) òàêæå èìåþò ðåøåíèÿ, êîòîðûå ìîãóòáûòü ïðåäñòàâëåíû â âèäå ñõîäÿùèõñÿ ñòåïåííûõ ðÿäîâ

K = K0 + µK1 + . . .+ µnKn + . . . ,

̟(t, µ) = ̟0(t) + µ̟1(t) + . . .+ µn̟n(t) + . . .Äëÿ �óíêöèé, âõîäÿùèõ â ïðàâûå ÷àñòè ñèñòåìû (17), ìîæíî çàïèñàòü êîíå÷íûåàñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïî ñòåïåíÿì µ, êîý��èöèåíòû êîòîðûõ îäíîçíà÷íî îïðå-äåëÿþòñÿ èç ñîîòíîøåíèÿ (20) ïóòåì ïðèðàâíèâàíèÿ èõ ïðè îäèíàêîâûõ ñòåïåíÿõ µ.Ïðîèçâåäÿ â ñèñòåìå (17) çàìåíó [4℄
z = K(µ)x+̟(t, µ) + y, (21)áûñòðûå è ìåäëåííûå äâèæåíèÿ ìîæíî ðàçäåëèòü, ïåðåéäÿ ê ñèñòåìå

ẋ = (A1 + A2K)x+ A2̟ + ϕ1 + A2y, x(0, µ) = x0,

µẏ = (A4 − µKA2)y, y(0µ) = z0 −Kx0 −̟(0) = y0. (22)Àíàëîãè÷íî, êàê ýòî äåëàëîñü âûøå äëÿ ñèñòåìû (5), ðåøåíèå ñèñòåìû (22) ìîæíîçàïèñàòü â �îðìå (12).Ïðèìåð. Îáúåêò óïðàâëåíèÿ îïèñûâàåòñÿ óðàâíåíèåì
T1T2

d3x

dt3
+ (T1 + T2)

d2x

dt2
+
dx

dt
= ku. (23)Îáîçíà÷èâ ẋ = x2, óðàâíåíèå (23) çàïèøåì â âèäå ñèñòåìû

ṡ = A1s + A2z +B1u, s (0) = s0,

T2ż = A3y + A4z, z (0) = z0, (24)ãäå A1 =





0 0

0 −
1

T1



, A2 =

(

1
0

), A3 =
(

0, 1
)

, A4 = −1, B1 =





0
k

T1



,
s =

(

x

x1

), z = x2, 0 ≤ T1 ≤ T2 ≤ 1. Òðåáóåòñÿ íàéòè àëãîðèòì óïðàâëåíèÿ u(t),äîñòàâëÿþùèé ìèíèìóì �óíêöèîíàëó
J (u) = d1x (T ) + d2x1 (T ) + Ax2 (T ) +

1

2

T
∫

0

u2 (t) dt (25)íà òðàåêòîðèÿõ ñèñòåìû (24), ãäå d1, d2, c, k � ïîñòîÿííûå, T ∈ [0, 1] � âðåìÿ.Â ñèñòåìå (24) ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
ẋ = x2 = f1, ẋ1 = −

1

T1
x1 +

k

T1
u = f2, ẋ2 =

1

T2
x1 −

1

T2
x2 = f3. (26)
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ψ̇1 = −

[

∂f1

∂x
ψ1 +

∂f2

∂x
ψ2 +

∂f3

∂x
ψ3

]

= 0,

ψ̇2 = −

[

∂f1

∂x1
ψ1 +

∂f2

∂x1
ψ2 +

∂f3

∂x1
ψ3

]

=
1

T1
ψ2 −

1

T2
ψ3,

ψ̇3 = −

[

∂f1

∂x2
ψ1 +

∂f2

∂x2
ψ2 +

∂f3

∂x2
ψ3

]

= −ψ1 +
1

T2
ψ3. (27)Ñèñòåìó (27) ïåðåïèøåì êàê

ṗ = −A∗

1p−A∗

3g, q̇ = −A∗

2p−A∗

4q, (28)ãäå
p =

(

ψ1

ψ2

)

, q = −
1

T2
ψ3, A∗

1 =





0 0

0 −
1

T1



 ,

A∗

2 =
(

1, 0
)

, A∗

3 =

(

0
1

)

, A∗

4 = −1. (29)Óðàâíåíèÿ ñèñòåìû (28) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì
p (T, T2) = −

(

d1
d2

)

, q (T, T2) = −
c

T2
. (30)�ðàíè÷íûå óñëîâèÿ (30) ïîëó÷åíû ñîãëàñíî óñëîâèÿì (6), ãäå T2 = µ. Ââåäåì çàìåíóâ âèäå q = η + hp, ãäå ìàòðèöà h óäîâëåòâîðÿåò óðàâíåíèþ

T2hA
∗

1 + T2hA
∗

3h = A∗

2 + A∗

4h. (31)Ýòî ïðèâîäèò ñèñòåìó (28) ê âèäó
ṗ = − (A∗

1 + A∗

3h) p−A∗

3η, p (T, T2) = −d,

T2η̇ = − (A∗

4 − T2hA
∗

3) η, η (T, T2) = −
c

T2
+ hd = η0. (32)�åøåíèÿ ñèñòåìû (32) çàïèñûâàþòñÿ êàê

p (t) = p̄ (t) +m1 (τ) , q (t) = h (T2) p̄ (t) +m2 (τ) , (33)ãäå p̄ (t) = e−(A
∗

1
+A∗

3
h)(t−T ) (−d +∆p0) � ðåøåíèå ñèñòåìû

˙̄p = − (A∗

1 + A∗

3) p̄, p̄ (T, T2) = −d +∆p0, (34)çäåñü
∆p0 =

T
∫

−∞

e−(A
∗

1
+A∗

3
h)(T−s)A∗

3e
−(A∗

4
−T2hA

∗

3)
(

s−T
T2

)

η0ds.
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∆p0 =

T
∫

−∞

(

0
e2(T−s)

)

· e6(s−T ) · 15.2ds =









0

15.2

T
∫

−∞

e−4T+4sds









=

(

0
3.8

)

,

m1 = −T2

τ
∫

−∞

e−(A
∗

1
+A∗

3
h)(τ−σ)A∗

3e
−(A∗

4
−T2hA

∗

3)ση0dσ =

= −0.5

τ
∫

−∞

(

0
e2(τ−σ)

)

e3σ · 15.2dσ =









0

−7.6

τ
∫

−∞

e2τ+σdσ









=

(

0
−7.6e6(t−T )

)

,

p̄ (t) =

(

1 0

T1 − T1e
1

T2
(t−T )

e
1

T2
(t−T )

)

·

(

−1
1.8

)

=

=

(

−1

−T1 + T2e
1

T2
(t−T )

+ 1.8e
1

T2
(t−T )

)

=

(

1
−0.1 + 2.3e2(t−T )

)

,

p (t) = p̄ (t) +m1 (τ) =

(

1
−0.1 + 2.3e2(t−T ) − 7.6e6(t−T )

)

,

m2 (τ) = e−(A4−T2hA
∗

3)τη0 = 15.2e6(t−T ),

q (t) = hp̄ (t) +m2 (τ) =
(

0.2, 8
)

(

1
−0.1 + 2.3e2(t−T )

)

+ 15.2e6(t−T ) =

= 0.2− 0.8 + 18.4e2(t−T ) + 15.2e6(t− T ). (35)Èç óñëîâèÿ (8) ïîëó÷èì
U = −B∗

1p =

(

0, −
k

T1

)(

1
−0.1 + 2.3e2(t−T ) − 7.6e6(t−T )

)

=

= −1 + 23e2(t−T ) − 76e6(t−T ). (36)Òåïåðü (24) ïðèìåò âèä
ṡ = A1s+ A2z −B1B

∗

1p,s (0, T2) = s0,

T2ż = A3y + A4z,z (0, T2) = z0. (37)Ñèñòåìà (37) èìååò èíòåãðàëüíîå ìíîãîîáðàçèå z = K (T2) s + ω (t, T2), äâèæåíèå ïîêîòîðîìó îïèñûâàåòñÿ ñèñòåìîé
ṡ = (A1 + A2k) s+ A2ω − B1B

∗

1P,ãäå ìàòðèöû K è ω ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé
T2K (A1 + A2K) = A3 + A4K, (38)

T2ω̇ + T2KA2ω − T2KB1B
∗

1p = A4ω. (39)



56 À.Æ. Æàéíàêîâ, Á.Û. ÀøèðáàåâÍàñ èíòåðåñóþò òå ðåøåíèÿ óðàâíåíèÿ (38), êîòîðûå ïðè T2 → 0 ñòðåìÿòñÿ ê K =
−A−1

4 A3. Ïðîèçâåäÿ â ñèñòåìå (37) çàìåíó
z = k (T2) s+ ω (t, T2) + ϕ, (40)ïîëó÷èì ñèñòåìó ñ ðàçäåëåííûìè ïåðåìåííûìè ñîñòîÿíèÿ

ṡ = (A1 + A2K) s+ A2ω − B1B
∗

1p+ A2ϕ, s (0, T2) = s0,

T2ϕ̇ = (A4 − T2KA2)ϕ, ϕ (0, T2) = z0 −Ks0 − ω (0) = ϕ0. (41)�åøåíèÿ óðàâíåíèé (38) è (39) èìåþò âèä
K = (K1 K2) = (0, 6) ,

ω (t, T2) = e
A4−T2KA2

T2
t
ω (0) +

t
∫

0

e
A4−T2KA2

T2
(t−S)

T2KB1B
∗

1p (S) dS =

= −15
(

1− e−2t
)

+ 172.5
(

1− e−4t
)

+ 285e−2t−6t
(

1− e8t
)

. (42)Ñ ó÷åòîì (42) ïîëó÷èì ðåøåíèå âòîðîãî óðàâíåíèÿ ñèñòåìû (41)
ϕ (t, T2) = e

A4−T2kA2

T2
t
ϕ0 = 7e−2t.Òîãäà

x (t, T ) = −0.525 + 163.5t− 45.6e−10t + 4e−2t + 43.125e−4t + 285.5e−2t−6tt−

−36.625
(

e−2t−6t − e−8t−2t
)

− 138e2(t−T )t+

+13.8
(

e2(t−T ) − e−8t−2t
)

− 45.6
(

e6(t−T ) − e−4t−6t
)

,

x1 (t, T ) = 1− 23
(

e−2(t−T ) − e−8t−2t
)

+ 76(e6(t−T ) − e−4t−6t). (43)Òàêèì îáðàçîì, îïòèìàëüíûå òðàåêòîðèè ñèñòåìû (24), äîñòàâëÿþùèå ìèíèìóì�óíêöèîíàëó (25), îïðåäåëÿþòñÿ �óíêöèÿìè â (43).Ñïèñîê ëèòåðàòóðû[1℄ �îéòåíáåðã ß.Í. Àâòîìàòè÷åñêîå óïðâëåíèå. Ì.: Íàóêà, 1978. 552 ñ.[2℄ Èìàíàëèåâ Ç.Ê. Ìåòîä èíòåãðàëüíûõ ìíîãîîáðàçèé â ëèíåéíîé ñèíãóëÿðíî-âîçìóùåí-íîé çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñ êâàäðàòè÷íûì �óíêöèîíàëîì // Êîìïüþòåðû âó÷åáíîì ïðîöåññå è ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè. Ìàòåðèàëû IV �åñïóáë. íàó÷íî-ìåòîä. êîí�. Áèøêåê, 1996. ×. 2. Ñ. 191�196.[3℄ Ñòðûãèí Â.Â., Ñîáîëåâ Â.À. �àçäåëåíèå äâèæåíèé ìåòîäîì èíòåãðàëüíûõ ìíîãîîáðà-çèé. Ì.: Íàóêà, 1988. 256 ñ.[4℄ �åðàùåíêî Å.È., �åðàùåíêî Ñ.È. Ìåòîä ðàçäåëåíèÿ äâèæåíèé è îïòèìèçàöèÿ íåëè-íåéíûõ ñèñòåì. Ì.: Íàóêà, 1975. 295 ñ. Ïîñòóïèëà â ðåäàêöèþ 23 èþíÿ 2011 ã.


