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Wall shear stress (WSS) quantifies the frictional force that flowing blood exerts
on a vessel wall. Magnetic Resonance Imaging (MRI) enables non-invasive measure-
ments of blood flow velocities that are needed for WSS computation. An introduction
into MRI-based WSS quantification in large blood vessels is presented. The possible
role of WSS as a potential biomarker in cardiovascular diseases, cardiovascular MRI,
MR-based WSS quantification methods, and their accuracy and validation are consid-
ered. As an example, the generic nonlinear regression method for MRI-derived WSS
quantification in fully developed turbulent stationary pipe flows is presented. The new
method is a fully automatic and fast local WSS estimator, which produces accurate
estimates independent from the spatial resolution of the measurement and may serve
as a reliable reference for validation of more generic WSS estimators prior to their
clinical applications.
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Introduction

Information about normal and abnormal patterns of blood flow in the human cardiovascular
system may help to discover complex pathophysiological mechanisms leading to cardiovas-
cular diseases [1]. Depending on the clinical indications, the quantification of basic flow
parameters, such as flow volume, retrograde flow, peak velocity, or advanced analysis pa-
rameters, such as wall shear stress, pulse wave velocity, kinetic energy, turbulent kinetic
energy, provide valuable insights for prediction and treatment of cardiac and vascular dis-
eases [2].
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Wall shear stress (WSS) quantifies the frictional force that flowing blood exerts on a
vessel wall. WSS increases with blood flow rate and is sensed principally by endothelial
cells, located at the interface between blood and vessel wall [3]. Changes in WSS may
eventually lead to transformations in the vessel wall, and vascular abnormalities, such as
aneurysms, atherosclerosis, and stenosis, can be observed in situations where local flows
are altered [3]. WSS has been suggested as a potential biomarker in various cardiovascular
diseases [4 – 26].

One of the methods to non-invasively measure blood flow velocities that are needed for
WSS computation is Magnetic Resonance Imaging (MRI) [27, 28]. Application of MRI to
flow assessment in cardiovascular diseases began in the middle of the 1980s [28], and within
the last 20 years the field of Cardiovascular Magnetic Resonance (CMR) has witnessed major
advancements [29]. MRI provides the unique ability to acquire spatially registered blood flow
simultaneously with morphological data within a single measurement [30].

The current review has two goals and therefore consists of two parts. First, we aim to
give an introduction into MRI-based WSS quantification in large blood vessels. For this
purpose, we consider the following topics in the first chapter: WSS as a potential biomarker
in cardiovascular diseases, cardiovascular MRI, MR-based WSS quantification methods and
their accuracy and validation. References to recent studies on each topic are provided, and
several reviews are listed that can be used for further reading.

Our second goal is to present the generic nonlinear regression method for MRI-derived
WSS quantification, which is based on the Clauser plot method [31]. The original Clauser
plot method is a graphical method to estimate WSS within the logarithmic part [32] of
a boundary layer in fully developed turbulent stationary flows. In our earlier work [33],
we presented a nonlinear regression method based of the Clauser plot method. We have
shown that, although its direct in vivo applicability is limited because of the different flow
character, the method rendered a valuable approach for accurate MR-based WSS estimates in
controllable flow settings. Therefore, the method may serve as helpful approach for validation
of MR-based WSS quantification algorithms prior to their clinical application. In the current
work, we propose the generic nonlinear regression method, which is an improvement of the
initial nonlinear regression method [33]. We provide the detailed description of the method
and its validation.

1. Quantification of WSS using magnetic resonance imaging

1.1. Wall shear stress as a biomarker

WSS has been suggested as a potential biomarker in various cardiovascular diseases including
atherosclerosis, aortic stenosis, aneurysms, and bicuspid aortic valve [4 – 26]. A review by
Kathritis et al. [4] presented the definition of WSS, introduced relevant concepts of fluid
mechanics, and summarized the various methods that have been used for the assessment of
WSS in in vivo blood circulation. In a review by Potters et al. [5] the clinical applications
of WSS assessment were discussed including an overview of estimated WSS magnitudes
in different patient groups at multiple anatomical locations (aorta, carotid arteries, and
intracranial vessels). In a review by Kamphuis et al. [1] imaging biomarkers (including
WSS) were reviewed that have been shown to distinguish between normal and abnormal
flow patterns.
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WSS measurements in the aorta of 224 healthy subjects demonstrated that the nor-
mal range of thoracic WSS depends on location, decreases with age, and is strongly corre-
lated with velocity, vessel diameter, and radius of curvature of the aortic arch [6]. In [7],
normal physiologic correlations between several parameters were investigated: correlations
between 1) magnetic resonance elastography (MRE) derived aortic wall stiffness and aor-
tic WSS, and 2) MRE-derived aortic wall stiffness, aortic WSS and age in the abdominal
aorta in healthy human subjects. A significant negative correlation was observed between
1) end-systolic MRE-derived aortic wall stiffness and aortic WSS in both axial and circum-
ferential directions, and 2) age and aortic WSS in both axial and circumferential directions.

In a review by Shaaban and Duerinckx [8] in 2000, it was stated that a hypothesis on
the key role of low and oscillatory WSS in the initiation and development of atherosclerosis
gained popularity. The low shear stress theory challenged the prevailing high shear stress
theory, which was associated with the intuitively appealing mechanistic hypothesis that high
shear stress damages the endothelium allowing excessive entry of plasma lipoproteins into
the wall [9]. The idea of involvement of oscillatory shear developed from [34] where lesion
distributions in post-mortem human arteries were studied [9]. In a review by Peiffer et al. [9]
in 2013, the low/oscillatory shear theory was claimed to be widely assumed. The goal of [9]
was to ascertain that this hypothesis is justified by published data. Therefore, a systematic
review of papers that compared the localization of atherosclerotic lesions with the distribu-
tion of several hemodynamic indicators (including low WSS, low instantaneous WSS, and low
time-averaged WSS) calculated using Computational Fluid Dynamics (CFD) was presented.
It was concluded that although many articles claim their results conform to the theory,
it has been interpreted in different ways. Longitudinal studies starting from the healthy
state, or the collection of average flow metrics derived from large numbers of healthy ves-
sels, both in conjunction with point-by-point comparisons using appropriate statistical tech-
niques, will be necessary to improve understanding of the relation between blood flow and
atherogenesis.

In [10], blood flow patterns in the ascending aorta of patients with aortic stenosis were
studied and their association with left ventricular remodelling was evaluated. It was found
that aortic stenosis leads to abnormal blood flow patterns and peak systolic WSS in the
ascending aorta. In [11], blood flow patterns and vessel wall parameters, including WSS, in
ascending aorta and aortic arch of patients with dilated ascending aorta and age-matched
controls were investigated. It was concluded that an increase in ascending aorta diameter is
significantly correlated with a decrease in systolic WSS. In [12], the geometry of aortic arch
aneurysms and their relationship with WSS was evaluated to better characterize saccular
aneurysms. It was found, for example, that fusiform aneurysms elongated as they dilated,
and WSS was lower when the diameter was larger.

Bicuspid aortic valve (BAV) is the most common congenital cardiac disease and it is a
foremost risk factor for aortopathies [13]. In [14], it was concluded that an increased and
asymmetrically distributed WSS at the aorta wall is related to ascending aortic flow jets,
which are influenced by the BAV fusion pattern. In [15], the impact of different BAV cusp
pattern fusion on quantitative measures of aortic hemodynamics including the WSS was
evaluated. It was concluded that the presence and type of BAV fusion is associated with
changes in regional WSS distribution.

In [16], the relationship between WSS and regional aortic tissue remodelling in BAV
patients was assessed to determine the influence of regional WSS on the expression of ex-
tracellular matrix (ECM) dysregulation. It was found that regions of increased WSS cor-



Quantification of wall shear stress 7

respond with ECM dysregulation and elastic fiber degeneration in the ascending aorta of
BAV patients. The results in [13] suggested that WSS alterations might precede the onset of
aortopathy and might contribute to its triggering. Moreover, it was shown that WSS-driven
anatomical remodelling, if it exists, is a very slow process [13].

In [17], a large study with 517 subjects was performed to investigate BAV and distinct
patterns of expression for WSS on the ascending aorta wall, as stratified by aortic valve
phenotype and stenosis severity. Systolic WSS atlases (i. e. a cohort-averaged 3D WSS map
which is illustrated on a group-specific aorta surface) were created in order to quantify group-
specific WSS patterns in the ascending aorta as a function of aortic valve stenosis severity.
It was concluded that distinct WSS patterns exist for BAV patients without aortic valve
stenosis. However, BAV patients with significant stenosis exhibit very similar WSS patterns
to tricuspid aortic valve patients with stenosis so that a differentiation might be difficult.

In [18], differences in flow patterns and regional axial and circumferential WSS maps for
different BAV phenotypes and their correlation with ascending aorta dilatation and morpho-
type were analyzed. It was concluded that the assessment of axial and circumferential WSS
components among other parameters may help to better identify patients with a higher risk
of aortic dilatation. In [19], a potential association between the magnitude of flow-mediated
aortic WSS and medial wall histopathology in BAV patients with aortopathy was investi-
gated. It was found that BAV patients exhibit significantly increased aortic valve-mediated
WSS associated with elastic fiber thinning, particularly with aortic valve stenosis and in ear-
lier stages of aortopathy. Elastic fiber thinning correlates with impaired tissue biomechanics.
In [23], the effect of the presence of aortic valve stenosis and aortic diameter on peak WSS
and surface area of increased WSS in the ascending aorta was evaluated. It was concluded
that the extent of increased WSS in the ascending aorta of BAV patients depends on the
presence of aortic valve stenosis and aortic dilatation and is most pronounced in the pres-
ence of aortic stenosis and a nondilated ascending aorta. In a recent review [20] the latest
findings on using WSS as a specific biomarker for risk stratification of BAV patients with
aortopathy were presented. The clinical value of WSS was described, and it was stated that
WSS has potential to be used as a noninvasive biomarker in risk prediction for bicuspid
aortopathy.

In [21], changes in thoracic aortic WSS in asymptomatic patients with Marfan syndrome
(MFS) were quantified in comparison to healthy controls. Marfan syndrome, being a genetic
disorder of the connective tissue, affects the mechanical properties of the aortic wall and
often leads to aortic root dilation, aneurysms, or even dissection [21]. It was found that
MFS patients had segmental differences in peak systolic WSS with significantly higher WSS
at the inner curvature in the proximal ascending aorta and at the anterior part in the more
distal ascending aorta.

WSS can also be used for the analysis of blood flow characteristics after surgery. In [22],
the local distribution of systolic WSS was one target parameter in the analysis of blood flow
characteristics in the ascending aorta after transcatheter aortic valve replacement (TAVR) in
comparison to surgical aortic valve replacement (SAVR) and healthy subjects. Later it was
found that TAVR resulted in increased blood flow velocity and WSS in the ascending aorta
compared to age- and gender-matched controls [24]. In [26], several parameters including
WSS for stented and stentless bioprostheses 1 year after surgical aortic valve replacement
were evaluated. It was concluded that stented and stentless aortic valve prostheses exhibit
comparable average WSS in the ascending aorta. However, the local flow profiles for stentless
prosthesis revealed lower values for WSS.
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In a state-of-the-art paper by Garcia et al. [25] it is stated that metrics, such as WSS,
had potential to improve characterization of aortic diseases beyond basic flow metrics known
to be associated with aortopathy and aortic valve disease.

1.2. WSS Quantification via phase contrast MRI

In general, there are three ways to ascertain in vivo blood velocities that are needed for WSS
computation [4]: 1) invasive methods, 2) non-invasive methods, 3) CFD simulations. Inva-
sive methods typically use intravascular Doppler ultrasound measurements. Non-invasive
methods include ultrasound measurements, e. g. via pulsed Doppler ultrasound, and phase-
contrast magnetic resonance imaging (PC-MRI), which is the focus of the current paper.

Magnetic resonance imaging (MRI) [27] provides non-invasive and non-ionising methods
for accurate, time resolved anatomical depiction of the heart and associated vessels [30].
Applications of MRI for flow assessment in cardiovascular diseases started in the middle
of the 1980s, first to measure flow in the heart, and later to assess flow in larger vessels
(e. g., aorta or carotid arteries) [28]. The intrinsic sensitivity of the MRI signal to motion
provides the unique ability to measure spatially registered blood flow simultaneously with
morphological data within a single measurement [30].

MRI flow imaging is based on the so-called phase contrast (PC) technique [28]. Since
its initial development in the 1980s, PC-MRI has been widely used in clinical research to
visualize and quantify blood flow in the heart, aorta and large vessels [35]. With modern
PC-MRI techniques time-resolved (CINE) 3D PC-MRI measurements can be accomplished
which provide three-directional velocity encoding and are typically referred to as “4D flow
MRI” [35]. In a recent consensus statement by Dyverfeldt et al. [2], the term “4D Flow
MRI” or “4D Flow CMR” was recommended to be used.

A review of the state-of-the-art (as of 2015) in Cardiovascular Magnetic Resonance
(CMR) PC imaging methodology was presented by Nayak et al. [28]. In a review by Lee
et al. [29] CMR research trends and highlights were summarized that were presented at
scientific sessions of the annual meeting of the Society for Cardiovascular Magnetic Reso-
nance (SCMR) from 1998 to 2017. It was stated that within the given period, the field of
CMR witnessed major advancements in data acquisition speed, image quality, development
of novel imaging techniques, application to a broader range of cardiovascular diseases, and
the incorporation into consensus statements and clinical practice guidelines.

In a recent review by Allen et al. [36] which aimed on providing a focused update on
the clinical and research trends in MRI of the thoracic aorta, it was concluded that with
continued improvements in MRI acquisition speed, as well as the growth of MRI-derived
biomarkers, clinical use of MRI for the evaluation of thoracic aortic disease will continue
to increase. In a review by Gulsin et al. [37], the fundamentals of CMR in assessment of
valvular heart disease (VHD) were described and it was concluded that CMR could be used
for the comprehensive evaluation of VHD.

Common 2D CINE PC-MRI allows evaluating of blood flow in a single slice, while 4D
flow MRI can provide time-resolved information of blood flow in 3D with full volumetric
coverage [35]. Studies on WSS assessment based on 4D flow MRI data obtained have been
actively performed since the early 2000s [38].

A summary and comparison of advantages and disadvantages of 4D flow MRI compared
to 2D CINE PC-MRI was provided in a review by Markl et al. [39]. 4D flow MRI acquires the
3D volume covering entire cardiovascular region of interest, instead of multiple 2D planes
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obtained with standard 2D PC-MRI. 2D planes are cumbersome and difficult to position
in cases of complex vascular architecture, often requiring multiple acquisitions [39]. Some
regions of interest may not be acquired by 2D PC-MRI due to misplaced planes [39], while
any arbitrary slice orientation can be reconstructed from 4D flow MRI data set. 4D flow MRI
provides higher resolution without loss of signal-to-noise ratio (SNR). The main limitation
of 4D flow MRI is a longer measurement time due to volumetric coverage. The accuracy of
4D flow CMR is largely defined by sufficient spatial and temporal resolution, and adequate
signal-to-noise ratio (SNR) [2].

In the consensus statement by Dyverfeldt et al. [2], guidelines for the acquisition, analy-
sis, and possible clinical applications of 4D flow MRI in the heart and great vessels (aorta,
pulmonary arteries) were provided. It was stated that 4D CMR had enabled more compre-
hensive access to regions, cardiac phases and directions of pulsatile blood flows through the
cavities of the heart and great vessels. Future research and developments in order to address
current limitations and ensure data reliability and validity were discussed.

In a review by Kamphuis et al. [1] current applications of 4D flow MRI in the heart
and great vessels were discussed, showing its potential as an additional diagnostic modality
which could aid in disease management and timing of surgical intervention.

Advancements in 4D flow MRI mainly aim at shortening the long acquisition times, for
example, by incorporating novel undersampling strategies such as compressed sensing [40].
4D flow MRI together with other advanced MRI flow techniques such as real-time flow
imaging, 2D multiple-VENC (velocity encoding parameter) PC-MRI, quantification of com-
plex hemodynamic properties (including WSS), and highly accelerated flow imaging were
described in a review by Markl et al. [30]. The applications of these advanced MRI flow
techniques for the improved evaluation of cardiovascular diseases (including aortic stenosis
and aneurysms, atherosclerosis, aortic plaques, congenital heart disease, atrial fibrillation,
coronary artery disease) were presented.

1.3. MR-based WSS quantification methods

Although blood is a shear-thinning non-Newtonian fluid [41], it exhibits the behavior of a
Newtonian fluid with constant viscosity in larger arteries at high shear rates [42]. For viscous
incompressible flow of a Newtonian fluid the shear stress tensor at a surface 𝜕Ω is defined
using the rate-of-strain-tensor D as [43]:

𝜏 |𝜕Ω = 2𝜇D|𝜕Ω = 𝜇
[︁
∇u + (∇u)𝑇

]︁
|𝜕Ω, (1)

where 𝜇 is the dynamic viscosity, u is the fluid velocity. Thus, WSS quantification requires
information about the flow domain Ω, especially its boundary 𝜕Ω, and the derivative of the
blood velocity field ∇u at 𝜕Ω. As described in the previous section, PC-MRI can be used
to quantify blood flow velocities, therefore, allowing computation of ∇u.

To our knowledge, the review by Shaaban and Duerinckx [8] was one of the first to sum-
marize then existing MRI-based WSS quantification methods for carotid arteries. A review
by Pantos et al. [44] from 2007 was one of the first to report about available literature on in
vivo WSS quantification in healthy individuals using PC-MRI. In 2014 a review by Potters
et al. [5] was published of then existing WSS calculation methods based on velocity-encoded
MRI. The basics of velocity-encoded MRI were reviewed and WSS quantification methods
from 2D or 3D CINE velocity-encoded MRI measurement data were presented. It was noted
that in recent years there has been a trend towards 3D WSS quantification methods.
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The comprehensive review of existing methods is out of scope of the current paper, how-
ever, a few references to some of the recent works are provided below. Further references can
be found in the cited works and in the reviews cited above. MRI-based WSS quantification
typically requires two basic steps: first, the identification of the flow domain Ω, especially its
boundary 𝜕Ω, and second, computation of the derivative of the blood velocity field ∇u at 𝜕Ω.
Therefore, these crucial features of methods are highlighted when citing the works below.

The method by Stalder et al. [45] combined B-spline interpolation and Green’s theorem
to provide optimized quantification of blood flow and vessel wall parameters. In order to
ensure that the estimated WSS vector was tangential to the vessel wall, the projection of
WSS on the tangential plane was used for the measured WSS [46]. The method [45] has
been extensively used in the various later studies [7, 10, 11, 14, 15, 21, 22], where the aortic
lumen contours were manually delineated for each analysis 2D plane, and WSS estimation
was based on a direct interpolation of the local velocity derivative on the segmented vessel
lumen contour.

In [18] double-oblique analysis planes were equally distributed in the ascending aorta,
and Mass Research Software (Leiden University Medical Center, Leiden, Netherlands) was
used for the location of the analysis planes and manual lumen segmentation. Peak-systolic
WSS vectors were calculated by fitting the 3D velocity data with B-splines surfaces and
computing velocity derivatives on the segmented vessel lumen [45].

Advances in MRI enabled WSS evaluation not only on a cross section but on the entire
volumetric vessel wall even with an arbitrary 3D curvature [38].

In [47], the 3D WSS vector field was decomposed into its axial and circumferential com-
ponents using a 3D finite element interpolation method [48] and a Laplacian finite element
approach. The 3D finite-element method [48] was also used for WSS estimation in [49].

A volumetric WSS calculation method was presented by Potters et al in [50], later this
method was used in [51] to compute WSS distributions on the entire 3D luminal surface of
carotid arteries. In [16, 17, 19, 23, 24, 26, 52–54], semi-automatic 3D segmentation of the
aorta was done using a commercial software package (Materialise Mimics, Leuven, Belgium),
and 3D WSS along the aortic lumen surface was calculated using the method [50].

In [12], cross-sectional planes were manually placed perpendicular to the centerline of
the aorta and a 3D method [55] was used for MRI-derived WSS calculation. In [56], two
methods for improved quantification of in vivo WSS in the aortic wall were developed: the
Local Planar approach, which operated on 2D planes, and the Global Volumetric approach,
which operated on the volumetric data set. The velocity derivatives were computed numer-
ically using a weighted central difference scheme adopted through Sobel filters [57]. In [13],
the methods [56] were used, but with B-spline based filters [58] in the Global Volumetric
approach.

In [59] the methods to analyze aortic WSS from 4D Flow MRI were classified in two
categories. In the first category, analysis planes along the aorta are manually selected, and
the vessel cross section is segmented in each plane to explicitly mark the vessel boundary.
Then, WSS is evaluated by numerically approximating the change in velocity perpendicular
to these boundary regions at each time point. In the second category, semi-automatic seg-
mentation and interpolation are used to generate a 3D mesh of the vessel and subsequently
evaluate WSS. The primary limitation of both strategies is the need for full or partial user-
input for the aorta segmentation [59]. Therefore, a segmentation-free method was suggested
in [59] to visualize and compute WSS throughout the aorta using 4D flow MRI data, where
fluid speed was used to enhance visualization of vessel boundaries.
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1.4. Accuracy and validation of MR-based WSS quantification methods

It has been shown that in general PC-MRI-based WSS quantification methods tend to un-
derestimate the WSS values [45, 52, 60]. The accuracy of MR-based WSS quantification
depends on the accuracy of the boundary identification, the accuracy of the numerical com-
putation of the derivative of the velocity field ∇u, and the PC-MR acquisition parame-
ters [2, 49, 50, 60, 61].

The main factor for the variability of MR-derived WSS is the limited spatial resolution
of the acquired data [2, 6, 49, 50, 60, 61]. Partial volume effects act as main confounder
to accurately measure blood flow velocity in the proximity of the vessel wall. Furthermore,
the velocities close to the boundary are smaller than the velocities occurring further inside
so that they more prone to phase noise because the velocity encoding (VENC) parameter is
typically chosen according to the expected maximum velocities to avoid phase aliasing [61].
The temporal resolution of the PC-MR data was demonstrated to have only minor impact
on the WSS estimate [49, 61].

Besides confounding effects due to limited spatial resolution, image-based WSS compu-
tation is sensitive to the identification of the flow boundary, i. e. correct delineation of the
vessel wall [50, 60, 61]. Even small errors in the boundary identification influence the WSS
estimate because of the steep velocity gradients at the boundary. In addition, the accuracy
of the numerical method to calculate the velocity derivative ∇u might affect the accuracy
of the entire WSS computation.

In [62], scan-rescan reproducibility and observer variability of segmental aortic systolic
WSS by phase-specific segmentation of 4D flow data acquired in healthy volunteers was
investigated. It was found that scan–rescan reproducibility was good for mean systolic WSS
for all thoracic aortic regions and moderate for maximum systolic WSS with higher variability
in the proximal ascending aorta. The intraobserver and interobserver reproducibility for
segmental systolic WSS analysis of maximum systolic WSS and mean systolic WSS was good
to excellent. In general, the ascending aortic segments showed more variability in maximum
systolic WSS and mean systolic WSS compared to aortic arch or descending aortic segments
for scan–rescan, intraobserver and interobserver comparison.

In [52], the reproducibility and interobserver variability of 3D velocity vector fields and
4D-flow-derived WSS in the thoracic aorta averaged over five systolic time frames was in-
vestigated in a cohort of healthy subjects. It was concluded that systolic velocity and WSS
are reproducible between consecutive visits, with low interobserver variability.

In [63], a velocity field improvement (VFIT) algorithm for denoising 4D flow datasets was
presented to improve spatial resolution of velocity and velocity gradient data. This technique
was adopted in [6], where a multi-VENC encoding strategy [64] was applied to maximize the
velocity-to-noise ratio. It was concluded that accurate 4D-flow-derived WSS measurement
is feasible, and a standardized parametric approach for analysis and presentation was given.

In [38], the so-called Reynolds resolution criterion — incorporating spatial resolution,
VENC, kinematic viscosity of the working fluid, and SNR — was suggested to assess the
accuracy of WSS estimation from 4D flow MRI measurements of the fully-developed, laminar
flows in circular tubes. It was noted that it is necessary to investigate the validity of using
the same concept in in vivo studies.

In vivo comparison against current gold standard methods is problematic for many areas
of 4D flow MRI, mostly because of the lack of such a standard in vivo [2]. Also, reference
data is often not available. Some information about in vivo WSS values is available from the
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literature, but this data is subject-specific and can serve as an approximate estimate only.
One solution could be to consider the values derived from the 4D flow data with the highest
available spatio-temporal resolution as a reference, as done in [49].

For areas where an in vivo gold standard does not exist, controlled steady and pulsatile
flow phantom experiments with accurate reference quantification can be used to assess WSS
accuracy [2]. As it was stated in [2], in view of the range of commercial and custom-built
phantoms, it should be feasible to validate applications by simulating different flow regimes
(for example, by varying Reynolds and Womersley numbers), cycle-to-cycle variation and
presence of sufficient static tissue for background correction.

The reference data for controllable phantom settings can be also obtained, for example,
using CFD simulations or Laser Doppler Velocimetry (LDV) experiments [65, 66]. For
some types of flows theoretical WSS values can be calculated using known formulas. For
example in [38], the accuracy of velocity measurements and WSS estimations were compared
to theoretical results based on the Hagen–Poiseuille law for flows in circular tubes. In the
current work, we use the friction factor formula to calculate WSS in fully developed turbulent
flows in straight pipes [32].

In the following chapter, we presented the generic nonlinear regression method for
improved WSS estimation in fully developed turbulent flows that produce accurate esti-
mates independent from the resolution and may serve as a reliable reference for validation
of more generic WSS estimators prior to their clinical applications.

2. Generic nonlinear regression method

2.1. Logarithmic law of the wall and Clauser plot method

The Clauser plot method estimates the WSS using data from the logarithmic part of the
boundary layer in a fully developed turbulent stationary flow. It is a method to estimate WSS
within the logarithmic part [32] of a boundary layer in fully developed turbulent stationary
flow. The logarithmic boundary layer is the part of the flow domain, where the distance to
the wall 𝑦 satisfies

30
𝜈

𝑢𝜏

≤ 𝑦 ≤ 100
𝜈

𝑢𝜏

. (2)

Here

𝑢𝜏 =

√︂
𝜏𝑤
𝜌

(3)

is the friction velocity, 𝜌 is the fluid density, 𝜈 is the kinematic viscosity. 𝜌 and 𝜈 are
assumed to be known. There is empirical evidence that the statistical mean velocity 𝑢 in
the logarithmic layer satisfies the logarithmic law of the wall [32]

𝑢(𝑦;𝑢𝜏 ) =
1

𝜅
log

(︁𝑦𝑢𝜏

𝜈

)︁
𝑢𝜏 + 𝐵𝑢𝜏 , (4)

where the von Karman constant 𝜅 and the constant 𝐵 are empirical constants [67–69]. For
fixed 𝜅 and 𝐵 the value of the friction velocity 𝑢𝜏 is related to a certain velocity profile
𝑦 ↦→ 𝑢(𝑦;𝑢𝜏 ) in the logarithmic boundary layer.
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Original Clauser plot method. Originally the Clauser plot method was a graphical
method for choosing the friction velocity 𝑢*

𝜏 , such that the corresponding velocity profile
𝑢(𝑦;𝑢*

𝜏 ) visually fitted best to the data [31]. The estimate 𝜏 *𝑤 of the wall shear stress is
obtained using (3) by 𝜏 *𝑤 = (𝑢*

𝜏 )2 𝜌.

Initial nonlinear regression method. In our earlier work [33], we presented and investi-
gated an implementation of the Clauser plot method for estimating WSS in fully developed
turbulent stationary flows using PC-MRI velocity measurements. The estimate on the wall
shear stress is obtained by solving a nonlinear regression of the velocity profile 𝑢(𝑦;𝑢𝜏 ) to
the data. The logarithmic boundary layer was a priori appropriately selected, which requires
information about the friction velocity.

Generic nonlinear regression method. In this work we introduce an improved wall shear
stress estimator based on the Clauser plot principle. It requires only a rough initial guess
on the logarithmic boundary layer and uses different values of the constants 𝜅 and 𝐵 for the
logarithmic law of the wall (4) , allowing the method to automatically process data from
different fully developed turbulent flows. In the following section the method is presented in
detail. Afterwards we apply the method to different fully developed turbulent flows in the
circular pipe.

2.2. Algorithm

Calibration: of the von Karman constant 𝜅 and constant 𝐵. The values of the von
Karman constant 𝜅 and constant 𝐵 slightly depend on the present flow conditions such as the
geometry and the Reynolds number [67–69]. Values of 𝜅 and 𝐵 stated in the literature are
𝜅 ∈ [0.33; 0.45] [67, 70, 71] and 𝐵 ∈ [3.5, 6.15] [71]. Obviously, the choice of the constants af-
fects the results of the method. Using non-optimized constants leads to an error of about 5 %.
To calibrate our method we use nondimensionalized data (𝑦+𝑖 , 𝑢

+
𝑖 ), 𝑖 = 1, . . . , 𝑛, of Direct

Numerical Simulation (DNS), i. e. 𝑢+
𝑖 = 𝑢/𝑢𝜏 , 𝑦+𝑖 = 𝑦𝑢𝜏/𝜈, and fit the logarithmic law of

the wall (4) to the data. Incorporating only data from the logarithmic boundary layer, i. e.
30 ≤ 𝑦+𝑖 ≤ 100, we solve

(𝑎*, 𝑏*) = arg min
𝑎,𝑏∈R2

𝑛∑︁
𝑖=1

⃒⃒
𝑎 log

(︀
𝑦+𝑖

)︀
+ 𝑏− 𝑢+

𝑖

⃒⃒2
and define 𝜅 = 1/𝑎* and 𝐵 = 𝑏*. This is done for DNS data [72] of fully developed
turbulent pipe flow at Re1 = 5300 and Re2 = 11700 yielding 𝜅1 = 0.3557, 𝐵1 = 4.8175, and
𝜅2 = 0.3876, 𝐵2 = 5.0011 respectively. The values of the constants corresponding to other
Reynolds numbers are chosen by linear interpolation or extrapolation accordingly.

Initialization. To start the nonlinear regression method for estimating the friction velocity
𝑢𝜏 an initial guess 𝑢0

𝜏 is required. From the PC-MRI measurements and after segmentation,
we have the data (𝑦𝑖, 𝑢𝑖), where 𝑦𝑖 are the distances between the center of a voxel and the wall
and 𝑢𝑖 are the corresponding velocity values in these voxels. Reformulating the logarithmic
law of the wall (4) yields

𝑢(𝑦;𝑢𝜏 ) =
1

𝜅
log(𝑦)𝑢𝜏 +

1

𝜅
log

(︁𝑢𝜏

𝜈

)︁
𝑢𝜏 + 𝐵𝑢𝜏 .
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Therefore, we fit the data (𝑦𝑖, 𝑢𝑖) to the logarithmic ansatz 𝑢 = 𝑎 log(𝑦) + 𝑏 by solving the
least squares problem

(𝑎*, 𝑏*) = arg min
𝑎,𝑏∈R2

∑︁
0.2𝑅<𝑦𝑖<0.5𝑅

|𝑎 log (𝑦𝑖) + 𝑏− 𝑢𝑖|2 .

The a priori guess on the logarithmic boundary layer 𝐼0 = (0.2𝑅, 0.5𝑅), where 𝑅 is the pipe
radius, is only based on the pipe geometry. The friction velocity is initially estimated using
the slope of the regression function only by 𝑢

(0)
𝜏 = 𝜅𝑎*.

Nonlinear iteration. Given the current iterate 𝑢
(𝑘)
𝜏 of the friction velocity we define the

estimated logarithmic boundary layer 𝐼𝑘+1, according to (2) by

𝐼𝑘+1 :=

(︂
30

𝜈

𝑢
(𝑘)
𝜏

, 100
𝜈

𝑢
(𝑘)
𝜏

)︂
.

Then the following iterate 𝑢
(𝑘+1)
𝜏 is the solution of the linearized problem

𝑢(𝑘+1)
𝜏 = arg min

𝑢𝜏∈R

∑︁
𝑦𝑖∈𝐼𝑘+1

⃒⃒⃒⃒
𝑢
(︀
𝑦𝑖;𝑢

(𝑘)
𝜏

)︀
+

𝜕𝑢

𝜕𝑢𝜏

(︀
𝑦𝑖;𝑢

(𝑘)
𝜏

)︀ (︀
𝑢𝜏 − 𝑢(𝑘)

𝜏

)︀
− 𝑢𝑖

⃒⃒⃒⃒2
,

where the partial derivative of 𝑢 with respect to 𝑢𝜏 is given by

𝜕𝑢

𝜕𝑢𝜏

(𝑦;𝑢𝜏 ) =
1

𝜅
log

(︁𝑢𝜏

𝜈
𝑦
)︁

+
1

𝜅
+ 𝐵.

The termination criterion for the iterative process is chosen as⃒⃒⃒
𝑢
(𝑘+1)
𝜏 − 𝑢

(𝑘)
𝜏

⃒⃒⃒
⃒⃒⃒
𝑢
(𝑘+1)
𝜏

⃒⃒⃒ ≤ 10−6.

Using the last iterative value 𝑢*
𝜏 we define the wall shear stress estimate according to (3) by

𝜏 *𝑤 = (𝑢*
𝜏 )2𝜌.

3. Methods

Our generic nonlinear regression approach for WSS quantification was tested on a dedi-
cated controllable MR-compatible flow setup as described in [73] using 2D PC-MR velocity
measurements carried out in a glass pipe with an inner diameter 25.9 mm. The pipe was
placed inside a 3 Tesla whole-body scanner (MAGNETOM Prisma, Siemens Healthineers,
Erlangen, Germany) along the magnet’s center line. Fully developed turbulent stationary
flow was provided at Reynolds numbers of Re = 3000, 5370, 8060. The flow pump (RMMS1,
Sondermann, Köln, Germany) was located outside the MR scanner cabin and connected via
plastic hoses and straight in-flow pipes (approximate length: 2 m) to ensure a fully devel-
oped flow character. Pure water at room temperature doped with copper sulfate with a
concentration of 1 g per liter [74] was used as a fluid for MRI measurements.

Our 2D PC-MR technique was a conventional phase-contrast MRI sequence which is
based on a spoiled gradient echo sequence with bipolar velocity encoding along the slice
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a b

Fig. 1. Experimental setup, 𝐵0 is the direction of the main static magnetic field in the MRI scan-
ner (a); MR velocity measurement data, Reynolds number Re = 5370, resolution 0.30× 0.30 mm2,
identified boundary of the flow domain, the sector for 𝜙𝑖 = 0, Δ𝜙 = 𝜋/10, initial guess on logarith-
mic layer, logarithmic layer for the last iteration (b)

selection direction. 2D PC-MR images were acquired in a plane oriented perpendicular to
the pipe axis (i. e. axial slice orientation; Fig. 1, a for different in-plane resolutions (range:
0.30 × 0.30–1.00 × 1.00 mm2) with velocity encoding along the through-plane direction.
A VENC of 0.25 m/s was chosen for all Reynolds numbers in order to better resolve the
velocities close to the vessel boundary. Phase aliasing because of higher velocities towards
the center of the pipe were correct in a post-processing step. Other scan parameters were
as follows: TR/TE = 17.8 − 18.6 / 5.66 − 5.68 ms, FOV = 96 × 96 mm2, slice thickness =
3 mm, flip angle = 7∘. Signal averaging was performed to obtain sufficient signal-to-noise
ratio. For signal reception, a flexible 4-channel coil provided by the scanner manufacturer
was wrapped around the glass pipe.

We consider 2D PC-MRI data of a fully developed turbulent pipe flow (see Section 2.3
for the description of the experimental setup), where the flow domain is covered by 𝑁 voxels
with positions x𝑖 and measured velocities 𝑢𝑖. After the segmentation of the image [75] we
obtain the description of the pipe boundary as the radius function 𝑅 and the central point
of the domain x0, and the wall distances 𝑦𝑖 are computed from the position x𝑖.

To find a local wall shear stress estimate at the boundary point x𝑖 positioned at the
angle 𝜙𝑖 to the central point, we incorporate only voxels positioned with their central points
at the angle 𝜙 ∈ (𝜙𝑖 − ∆𝜙, 𝜙𝑖 + ∆𝜙), i. e. in a sector of the width 2∆𝜙 centered around 𝜙𝑖.
Figure 1, b shows the 2D PC-MRI velocity measurement data of the pipe’s cross section with
an example of a sector with ∆𝜙 = 𝜋/10 for the left boundary point at 𝜙𝑖 = 𝜋.

Two other data sources were used to obtain reference values for validation of the
MR-based Clauser plot derived WSS results: (i) measured data from Laser Doppler Ve-
locimetry (LDV) experiments, and (ii) theoretical WSS values calculated with the friction
factor formula [32].

The LDV [65, 66] experiments were conducted to provide velocity measurements with
much higher spatial resolution compared to the MR data. In brief, LDV measurements use
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two coherent laser beams which are focused at a point of interest to create an interference
pattern. The flow was seeded with small titanium dioxide particles (∼ 1 𝜇m diameter)
which partly scattered the laser light when travelling through the interference pattern. The
same fluid was used for the LDV experiments as for the MRI measurements, except that
the flow was not doped with a contrast agent (copper sulfate) but with the small seeding
particles. Due to the very small size of the particles, their influence on the flow could be
neglected. The flow velocity at the point of interest could then be calculated from the
frequency of the scatter light intensity. Finally, cross sectional velocity information was
obtained by successively traversing the laser and thus the interference pattern across the
entire flow’s cross section. To ensure statistical significance, approximately 20.000 particles
were captured at each measurement position.

The LDV measurements were carried out at the glass pipes center axis. Refraction of the
laser beams was only present along the pipes axial direction and could therefore be corrected
in a post-processing step. This method avoided the use of index-matched fluids. For these
experiments, an LDV system (Flow Explorer, Dantec Dynamics, Skovlunde, Denmark) was
operated in back scatter mode with a wavelength of 𝜆 = 660 mm, focal length of 𝑓 = 150 mm
and a measurement volume of 331×49×49 mm. Although the system was a two component
LDV, only the axial velocity component was used. LDV velocity measurements were executed
in experimental flow conditions equivalent to the PC-MR measurements for a single Reynolds
number of Re = 5370. Extreme caution was taken to ensure the same volume flow rate and
fluid temperature in both experimental setups. The LDV velocity profile was captured by
traversing the laser with a spatial resolution of ∆𝑥 = 0.0125 mm. The WSS values were
calculated from the LDV profiles in the same way as described for the PC-MR data via
the generic nonlinear regression within the logarithmic region. Reference WSS values for all
experimental Reynolds numbers were also calculated using the friction factor formula [32]

𝜏𝑤 =
1

8
𝜆𝜌𝑢2

mean, (5)

where 𝑢mean is the mean velocity over the entire cross section of the pipe, the constant 𝜆 is
the Darcy friction factor, which is known for smoothed wall turbulent pipe flow from the
Moody chart [76].

4. Results

Figure 2 shows the original Clauser plot for the 2D PC-MRI velocity measurement data
(Re = 5370, resolution 0.30 × 0.30 mm2) for the boundary location 𝜙 = 0. Here 𝑟 is the
normal distance from the wall, 𝑈(𝑟) is the velocity profile, 𝑈∞ is the velocity in the center
of the pipe. Visual estimation provides the WSS value to be approximately equal to 0.2 Pa.
Using the initial nonlinear regression method [33] the WSS value equal to 0.1907 Pa is
obtained.

Figure 3 presents 2D PC-MRI velocity measurement data (Re = 5370, resolution 0.30 ×
0.30 mm2), initial guesses and iterative values of the friction velocity 𝑢𝜏 up to termination
of the iterative process at four boundary locations 𝜙 = 0, 𝜙 = 𝜋/2, 𝜙 = 𝜋, 𝜙 = 3𝜋/2 and
∆𝜙 = 𝜋/10. The dashed lines indicate the logarithmic sublayer for the last iteration.

Figure 4 shows the LDV velocity measurement data Re = 5370, initial guess and iterative
values of the friction velocity 𝑢𝜏 up to termination of the iterative process, logarithmic
sublayer for the last iteration.
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Fig. 2. The original Clauser plot for 2D PC-MRI velocity measurement data (Re = 5370, resolution
0.30× 0.30 mm2) for the boundary location 𝜙 = 0
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Fig. 3. 2D PC-MRI velocity measurement data (Re = 5370, resolution 0.30 × 0.30 mm2), initial
guesses and iterative values of the friction velocity 𝑢𝜏 up to termination of the iterative process,
and logarithmic sublayers on the last iteration at four boundary locations: 𝜙 = 0, 𝜙 = 𝜋/2, 𝜙 = 𝜋,
𝜙 = 3𝜋/2
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Fig. 4. LDV velocity measurement data, initial guess and iterative values of the friction velocity 𝑢𝜏
up to termination of the iterative process, logarithmic sublayer for the last iteration

a b

c

Fig. 5. MR-derived WSS estimates of the generic nonlinear regression method for Reynolds numbers
(a) 8060, (b) 5370, and (c) 3000, and different in-plane resolutions; WSS values according to the
friction factor formula (5). In (a) and (c): MR-derived WSS estimates of the generic nonlinear
regression method with the same values of 𝜅 and 𝐵 as for Re = 5370. In (b): WSS estimates of
the generic nonlinear regression method and numerical differentiation from the LDV measurement
data for Re = 5370
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Figure 5 shows the MR-derived WSS estimates obtained by the generic nonlinear regres-
sion method for the Reynolds numbers 8060, 5370, 3000, and different in-plane resolutions,
the reference WSS values according to the friction factor formula (5). The WSS estimates
were computed as mean values from the values at four boundary locations 𝜙 = 0, 𝜙 = 𝜋/2,
𝜙 = 𝜋, 𝜙 = 3𝜋/2. For Re = 8060 and Re = 3000, MR-derived WSS estimates by the
generic nonlinear regression method with the same values of 𝜅 and 𝐵 as for Re = 5370 are
presented. For all Reynolds numbers the method shows very little dependency on the spatial
resolution of the measurement. It is also seen that a proper choice of the values of 𝜅 and 𝐵
has significant influence on the accuracy of the WSS estimate.

For Re = 5370, the WSS estimates obtained by the generic nonlinear regression method
and numerical differentiation from the LDV measurement data are shown for comparison.
Due to the difficulties to reproduce identical experimental conditions in MRI and LDV
measurements, the flow regimes slightly differed, which might explain the small difference
between the WSS estimates obtained from these data and the WSS estimate by the generic
nonlinear regression method.

Figure 6, a shows the WSS estimates for the Reynolds number Re = 5370 and spatial
resolution of 0.30 × 0.30 mm2 computed by the generic nonlinear regression method at
20 boundary locations equally spaced along the pipe’s boundary together with minimal,
maximal and mean values. Figure 6, b shows contour lines for the same data set, identified
boundary of the flow domain and logarithmic layer for the last iteration. At the extreme
positions, as for example at the angle 𝜙 = 0, where the contour line 0.21 is positioned closer
to the pipe’s center, the lower WSS values are reached. At 𝜙 = 1 rad, the both contour lines
are positioned closer to the pipe’s boundary and closer to each other, higher WSS values are
produced.

a

b

Fig. 6. MR-derived WSS estimates of the generic nonlinear regression method for the (Re = 5370,
resolution 0.30 × 0.30 mm2), at 20 boundary locations equally spaced along the pipe’s boundary,
maximal, mean, minimal values (a); contour lines for MR velocity measurement data (Re = 5370,
resolution 0.30× 0.30 mm2) identified boundary of the flow domain, logarithmic layer for the last
iteration (b)
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a b

c

Fig. 7. Maximal, mean, minimal values computed from the MR-derived WSS estimates of the
generic nonlinear regression method at 20 boundary locations equally spaced along the pipe’s
boundary for Reynolds numbers (a) 8060, (b) 5370, and (c) 3000, and different in-plane resolutions

Figure 7 shows these minimal, maximal and mean values for the Reynolds numbers
8060, 5370, 3000, and different in-plane resolutions. For all Reynolds numbers the generic
nonlinear regression method shows very little dependency on the spatial resolution of the
measurement.

5. Discussion

The proposed method solves a nonlinear regression problem, and global convergence of the
friction velocity can in general not be expected. However, our numerical tests show that the
method is very robust against perturbations in the first guess on the logarithmic boundary
region (i. e. the friction velocity value, and consequently, the WSS value) and provides
reliable WSS estimates in all cases in very short computation times. The law of the wall
is smooth and monotone with respect to the friction velocity, therefore, the Clauser plot
estimate, which is based on this law, is stable.

The Clauser plot method has several advantages over the WSS estimators based on
numerical differentiation. The first advantage is the use of data from the logarithmic part of
the boundary layer, whereas the latter methods require data from the viscous sublayer. Since
the logarithmic sublayer spans over a larger range than the viscous sublayer [32], the Clauser
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plot method is more robust with respect to low spatial resolution. Additionally, since the
logarithmic layer is positioned further from the vessel boundary as the viscous sublayer, the
use of velocity values distant from the wall instead of their derivatives directly at the wall
reduced the influence of partial volume effects on velocity measurements. Another advantage
is that the Clauser plot method does not require the evaluation of velocity derivatives, which
allows avoiding problems arising from numerical differentiation of noisy data.

The original Clauser plot method and our initial nonlinear regression method [33] require
an a priori estimate on the size of the logarithmic boundary layer, i. e. an a priori estimate
on the friction velocity. Our new generic nonlinear regression method requires only a rough
first guess about the logarithmic region and iteratively updates its position according to the
value of the friction velocity in the current iteration.

The proposed method yields reliable WSS estimates, which are in good accordance to
the values computed by the friction factor formula or directly from the LDV data. However,
the friction factor formula is restricted to smoothed wall turbulent pipe flows. Further, the
LDV data acquisition is expensive and, despite taking a great care about the consistency
of experimental setups, the flow situation in LDV measurements differs from the MRI mea-
surements. Therefore, and since the proposed method is able to capture distributed WSS,
it is perfectly suited as a benchmark for the assessment of more generic WSS estimators
using MRI data. Although the direct in vivo applicability of our method is severely limited
because of the different flow character [33], it may serve as a helpful approach for validation
of MR-based WSS quantification algorithms prior to their clinical application.
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