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Hosocubupck, Poccus

Ceemaoti namamu Anamosusn eopauesuua Caentosa noceawaemecs

A grid method of collocation and least squares for solving the boundary problem for
a set of Navier — Stokes equations is created. The method is implemented on a regular
square grid. Formulas of the method are tested on a range of test problems. Convergence
of numerical solution is established in computational experiments. The computation of
the flow in a rectangular lid-driven cavity is performed. The results of computations by
the present method for various Reynolds numbers are compared with the results of other
researchers, as well as with the physical experiment. All results are shown to be in good
agreement. Formulas of the method are derived using the REDUCE computer algebra
system.

BBenenue

B nocitegaee Bpemsi 6J1arojiapst mpocTore (pusuvueckoil mHTepIpeTanu, MaTeMaTuIeckoil gpop-
MBI ¥ TUOKOCTH YUHCJIEHHOTO aJrOpUTMa Bce 0oJiee MIMPOKOe PACHPOCTPAHEHUE IMOTYyIaioT Me-
TO/IbI KOHEYHBIX 31eMeHTOB. B HacTosmeil pabore mpeicTaBiIeH CETOYHBIN MeTOJ] KOJJIOKAIN
n Hanmenbimx kBagapaToB (KHK) pemenns kpaeBbix 3ama4 st ypasuenuii Hasbe — Crokca,
KOTOPBII fABJISIETCS OJTHUM M3 BApUAHTOB MeTOo/Ia KoHedHbIX dj1eMeHToB. Meron KHK ycnernio
NPUMEHSJICA TIPU PEIIEHNN YPaBHEHWI B YaCTHBIX IMPOU3BOIHBIX IJIIUINTHYECCKOrO W Tapado-
JIYecKoro Tumos [1], xoporo 3apekoMen1oBasl cebst IPU PEIeHNH JUIUITHIeCKUX 3a/ad Ha
aJIAIITUBHBIX CETKAX C MAJIBIM ITapaMeTPOM IIPH CTaPINeil MPOM3BO/IHOM, IJle MOTYT BO3HUKATH
HOrpaHUYHbIEe U/ujn BHyTpeHuue cjiou |2|. st cucrem ypaBHEHUIT MeTOJ| BIIEPBbIE UCIIOJIB30-
BAJICST HAMU IIPU PEIICHUN KPAEBBIX 3a/1a4 it ypasaennit Crokca [3].

[Ipu KOHEYHO-3JIEMEHTHOM aIlpOKCUMAIIMN KPaeBoil 3ajiaun Jijisd cucreMbl ypasnenuit Ha-
Bbe — CTOKCa O/THA M3 TPY/IHOCTEH COCTOUT B OOECIIEUCHIH XOPOITIE allliPOKCUMAIIN YPaBHEHMS
nepaspbiBHocTu div e = 0 [4] u peanuszanuu rpaHUYHBIX yCIOBUil. B mpejyiaraeMoM 311ech Me-
TO/Ie yPaBHEHNE HEPA3PBIBHOCTHU BBITIOIHSIETCA TOYHO B KaXKJON sdeiiKe CeTKH 3a CUeT BbIOOpa
bazuca, JerkKo nepelaloTesd yceaoBus Ha rpanunax. [[ns ompegenenns K03 UITUEHTOB IpUMe-
HSIETCsl METOJ HAMMEHBIINX KBaIPATOB, KOTOPHIH JIaeT JIydIle 00yCIOBJIEHHYIO TI0 CPABHEHUIO C
JIDYTUMU METOJIaMU MATPUILy CUCTEMBI JJIsl olpejieieHns Ko3hMOUINEHTOB PA3IOKEHNS pelle-
HUsI 110 6a3ucy “‘pes3yabTupyomeil cucrembr" .

*Pabora BbImosiHEeHA TIpH (DUHAHCOBOI TOJIepKKe Poccuiickoro dbonma dyHIaMEHTATBHBIX HCCIEI0BAHNUIA,
rpant Ne96-01-01888.
© JL.T. Cemun, B.II. Ilamees, 1998.
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OmubIT pereHnst LIUITHYECKIX 33789 HA aHU30TPOIHBIX CeTKaX 2| mokasasi, 4ro mpu mc-
I10JIb30BaHUH JIArPAHKEBBIX NHTEPIOISHTOB B KaXK/I0i d4eiike CeTKU 1 KJIACCUYECKUX COIJIaco-
BaHHBIX KOHEYHBIX 9JIEMEHTOB ITOJIyYaIOTCS I1JI0X0 00YCIOBJIEHHBIE CUCTEMbI JIMHEHHBIX ajiredpa-
niIecKnX ypaBHeHnil. [loaToMy myis anmpokcnMarum ObLIN TPUMEHEHBI KyCOYHO-TOJINHOMHUAJIbHBIE
dbyuxum, coracoBanube B ciaaboM cumbiciae (cM. [2]). Wcnomp3oBamme TaKuX anmpoKCHMAImii
DU pelleHny KpaeBoil 3a/1a49n jiuis ypasHeHuit Hasbe — CToKca HECKOJIBKO 3aTPY/IHSAET IIPHMe-
HEHKE XOPOIIIO U3BECTHBIX UTEPAIIMOHHBIX METOJIOB, Pa3paboTaHHbIX j1ist 9TuX 3aja4 [5]. Tlosro-
MY 3J€Ch HCIIOIb30BaH MeTO UTepalnii 1o 110100/1acTM, ¢ KOTOPBIM MOYKHO IO3HAKOMUTBCH,
Harpumep, B [6]. lyist ycKOpeHust CXOAMMOCTH JIMHEHHBIX UTEPAIUi IIPUMEHSIICS METOJI, OCHO-
BAHHBII HA MPOEKIUHU MOTPEITHOCTH Ha MOJNPOCTPAHCTBO HEBS30K [7].

C nomorpio Meroia KHK npoBesien pacuer Teuenns: B IpsSMOYTOIbHON KaBepHE C JBUXKY-
Iielicss BepxHeil rpanuiieil. 3ajada 0 TeUeHUU B KaBepHEe MHTEPECHA TeM, YTO OHA IPeJICTaBIIAET
€000l OTHOCUTEJILHO IIPOCTYIO MOJIEJIb, Ha KOTOPOil MOYKHO IPOBEPSATH U CPABHUBATL YHCJICH-
Hble MeTobl. [Tosromy psi uceemoBaresneii [11-15] u ncnosnb3oBasm 9Ty 3a/1ady st CDABHEHUS
CBOWX PE3YJIbTATOB.

1. IlocTanoBKa 3aaa4n

PaccmarpuBaercs kpaepast 3aj1a4a Jiyist ypaBuenuit Hasbe — Crokca:

v, ov;  Op

R'Av —v—L —vy—2L — = = f; e, 7=12

U U1 81:1 U285L’2 an fj7 (xlwrQ) ) ) & .
dive = 0, (1)
oo = V.

[IpubsimzkeHHOE PellleHre OTBICKUBAETCS B BUJIE KYCOYHO-IIOJIMHOMUAIBHON (DYHKIMU Ha pery-
JISIpHOIE ceTke. BBoisiTes ciie iy tonue 0603HaMeHnst: i — [OJOBUHA UPUHBL A9HKY, (L1, Tom ) —
KOODJIMHATHI TIEHTPa M-ii staeiiku, y; = (1 — T1m)/h, Yo = (X2 — Top,)/h — JOKATBHBIE KOODIH-
HaTHI B stueiike, U(yy,y2) = U(x1, x2), ¢(y1,y2) = hp(x1, z2). Torga ypasaenus (1) B JIOKaJIbHBIX
IIEPEMEHHBIX TIPUMYT CJIeYIONuii BUJI:

ou; ou; dq .
Au—hawJ+u—Q+—J:Rm, =1,2, 2
! ( (18311 “dya) Oy, Jir @
diva =0, (3)
oo =U. (4)

[IycTh u3BeCTHO HEKOTOPOE MPHUOJIMZKEHHOe pererue (U, Uz, ). VICKoMoe yTOYHEHHOe pe-
IIeHKE IIPEJICTABUM B BUJE U1 = 1l + U, Uy = Ug + Uz, ¢ = ¢+ ¢. I[lojcraBus 310 npejicrapienne
B ypaBhenusi (2) um upenebperas 9JIeHAMH BTOPOIO TOPsijiKa MAaJIOCTH, HOJIYyYUM YDPABHEHUSI
Ozeena:

Aﬂj — Rh(ﬁﬁlﬂﬂ + ﬁgﬂjﬂz + Q/L\1’lutj7y1 + agﬁjyyg) — RZ]\yj = Fj, ] = 1, 2, (5)

o 2 Vg o v o o
rae Fj = R(R? f; + h(Uyt,1 + Uty ye) + 4y, ) — Aty
B Kaxk/10it a4eiike yTOYHEHNe PelleHns] OTBICKUBACTCA B BHJIE

aZ - Z AimPj, (6)
J
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e p; — OasucHble QYHKINH (BEKTOPBI ¢ TPeMsI KOMIIOHEHTaMN), 1M — HOMep sHeiKI.
KosadduruenTs! aj,, OyIyT onpe/ienaThcd U3 ypaBHEHHH KOJIOKAIUN U yCIOBHIi COIJIAco-
BaHWA HA TPAHUIAX COCEIHUX si9eeK WJIM KPAeBbIX ycaoBuit Ha Of).

2. Ilpubamxennbie ypaBHEHUS

Bazucnble dpyHKIMu BHIOMpaeM Tak, YTOOBI KOMIIOHEHTHI BEKTOPA CKOPOCTH ITPEICTAB/ISLINCD
B BHUJIe ITIOJTMHOMOB BTOPOT'O IOPSJIKa, & JIABJCHUE BBIPAXKAJOCh B BUJIE JIMHEHHOW (DyHKIINH,
npudem TpebyeM, 9Tobbl perienue (6) yI0BIeTBOPAIO ypaBHeHUIO HepaspbisHOCTH divd = 0.
YuursiBas 310, 6a3ucHbIe PYHKIUN OEpeM B CJIETYIONIEM BHJIE:

L1112 3 [4]5(6] 7 8 9 10 11 12
LV1O| vu |y21010 yi Ys 0 —2y1y2 | YT T Y5 | —2u11

@k |01 =52 | O |w1 |0 =20 | O Y vi | —2yye | i+ 3
00l 0 [ 0|0 |1]|2R M | 2R "y | 2R 'ys | 2R Yys | O 0

Jljtst mosiydeHust €IMHCTBEHHOTO KYCOYHO-TIOJIMHOMUAJIBHOTO pelleHns] He0OX0MMO Ha I'pa-
HUTIAX MEXKJIy d9eifikaMi 3aJIaTh YCJIOBUs COrvIacoBaHus. B KadecTBe MOCIEIHNX pacCMaTpuBa-
FOTCsl YCJIOBUSI HEITPEPBIBHOCTHU BBIPaKEHUIA:

ou, oU,

on —p+nUy, %-FUU# (7)

B,ILGCI) Un n Ut — HOpMaJibHad U KacaTeJIbHasd K I'paHHuIe A9efiKI KOMIIOHEHTHI CKOpoCTH, N —
BEKTOD e,D;HHI/I‘{HOﬁ BHEIIHEN K d4YeilKe HODpMaJIA, 1) — HGKOTOprﬁ HOJIOXKUTEJIbHBINA IrapaMeTp, C

MIOMOTIIHI0 KOTOPOI'0 MOXKHO YIPABJIATH 00YCIOBIECHHOCTBIO TIO/TYYaIOIENCT CHCTEMBI JIMTHEITHBIX
aJiredOpanvIecKnX YpaBHEHUI U BJIUATH HA CKOPOCTH CXOJUMOCTH UTEPAITHil.

s onpenenernns K03 OUIMEHTOB a,, B IpeacTasieHnu (6) ObLI HCIOIb30BAH METO, HTe-
paruit o 1mo100/1acTAM, B KOTOPOM IOJI00/IACTAME ABJIANCH KayKjias U3 s4deek ceTKu. llpm
[OCTPOEHNH yTOYHEHUs pellleHusi B m-ii sideiike npumMensiuch yeiaosus (7). Boobire rosopst,
9TU YCJIOBUSI HE MOTYT OBITH YJIOBJIETBODEHBI Ha BCell IPAHUIE MEXKIY ddelKaMu. YI0BJIETBO-
puM uM, Tpedys, YTOOBI OHU BBITIOJHSIUCH B CMBIC/IE HAUMEHBIIINX KBa/IPATOB B BOCHMHU TOYKAX
IpaHunbl AYCHKHU.

Ecnu rpanuiia sdeiiku JIe)KUT Ha IpaHuiie obJIacTi, TO B JIBYX TOYKAX ITON I'DAHUIIBI 3314~
eTcst BEKTOop ckopocTu. Kpome Toro, B JIeBOM HUXKHEM YIJIy 0OJIACTU 33JIaeTCs JIaBJICHUE.

K ycmoBusim coriacoBanust (KpaeBbIM YCJIOBUSM) JIOOABJISIIOTCS YCJIOBUST KOJIJIOKAIIN yPaB-
HeHuit (5) B WeThIpeX TOUYKaX BHYTPHU sdveiiku. B pesysbrare mosydaercs cireayromas CHCTeMa
JIMTHEHHBIX ajrebpandeckux ypaBHEHUIL:

12

> Buagn =F, 1=1,...,24 (8)
k=1

B Heit mepBble deThIpe ypaBHeHUsl TOIyYeHbl U3 yCIoBuil coryacoBanust (7) WM KPaeBbIX YCI0-
BUl Ha HUXKHEH rpaHule, CJIeJyIollue 4YeTbipe — U3 COOTBETCTBYIOIIMX YCJIOBUI Ha IIPaBOM
rpanunie, ypaBuenusg npu [ = 9, ..., 12 — wu3 ycjoBuii Ha BepxHeil, a ypaBHeHUusd 1pu | =
13, ..., 16 — u3 ycjoBuii Ha JjieBoii rpanwute. Ypasuenus tpu | = 17, ..., 24 noysydeHsl u3
YCJIOBHI KOJIJIOKAITUU. YCJIOBUS COTJIACOBAHUS B JIOKAJbHBIX KOOPJIMHATAX 33/IaI0TCS B TOYKAX
¢ koopauHaTamu (+1, £(), (+(, £1), kpaeble yciaoBust — B Toukax (+1, +€), (£, £1), ycro-
BHUs KOJUIOKAIMM — B TOYKax (tw,tw). Besmuunsl ¢, £, w MOIOKUTEIBHBI, HE TPEBOCXOJAT
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€JINHUTIBI, UX MOXKHO BBIOMPATH Pa3IUIHBIM 00PA30M I IOy YeHUsT XOPOIIO 00YCJIOBICHHOM
MaTPHIbI CUCTEMbI JIMHEHHBIX aJIreOpanvdecKux ypaBHEHHII.

[Ipu mocrpoeHnr BapuaHTOB OIMUCAHHOI'O METO/a MOI'YT OBITH IOJIE3HbI HaiiaeHHbIe dOp-
MyJbl. HacTh M3 HUX HPUBEJIEHA B IPUIOKEHUN. DJIEMEHTbI MATPUILI B U BEKTOpa IPaBbIX
yacTeit F', MojydeHHble U3 yCJIOBUIl COTJIACOBAHUSA, IIPUBEJICHBI B IIPUJIOKEHUN 1, a MOy IeHHbIE
13 KPaeBbIX yCIOBHN — B npuiokeHnn 2. B stux dopmynax af, af, a?, a] — x03bdOUIIenTs!
a; W3 HUXKHEH, paBoii, BepXHel 1 JIeBOW siieeK COOTBETCTBEHHO, b; — KoddunmeHTo! a; u3
JaHHOW AYCHKU, B3ATHIC C HPEALIIYINE NTepaluu.

DJeMeHThI MaTpUIlbl B 1 BeKTOpa MpaBbIX dacTeil F', HaiieHHbIe U3 YCJIOBHIl KOJLIOKAITII
ypaBHeHUii (2), TPOMO3/IKHI, U TIOITOMY B paboTe HE MPUBOISITCS.

Cucrema (8) mepeornpejiesiena, B Heit 24 ypasHenusi u 12 HemspecTHBIX. JlJis TOTO, YTOOBI
ONPEIENTh, UYTO OHUMAETCS 101, PEIIEHUEM 3TOI CUCTEMBbI, PACCMOTPHUM JIBa (DYHKITHOHAJIA:

16 12
1= E g Bjjaj., — F
=1 \j=1

[lepBblit (hpyHKIMOHAT COOTBETCTBYET CYMME KBaIPATOB HEBSA30K YPaBHEHUI, ITOJYUYEHHBIX U3
YCJIOBUil COTyIaCOBAHUS UJIM KPAEBbIX YCIIOBUM, BTOPOil — CyMMe KBa/JIpPaToOB HEBA30K YPaBHEHUT
KoJUTOKaIuii. Perenne cucreMbl (8) HAXOMUTCA W3 YCJIOBHS MHHAMYyMa STUX (DYHKIHOHATIOB,

2 2

24 12
;2= | Y Bija—F| . (9)

1=17 \j=1

npudeM MUHUMYM | 6epercs 110 KOdpPUIuenTaM ajy,, j = 1, ..., 10 npu GUKCUPOBAHHBIX A11m,
U (12, & MUHAMYM 9 — 110 Qjm, § = 11,12 npu buKCupoBaHHBIX Qjp,, § = 1, ..., 10.
Takum obpaszoM, g oupefesieHns KodPQUIUEHTOB A, j = 1, ..., 12, nmeem cucremy

ypaBHEHU BUIA:
12
Y Djajm=F, 1=1,..., 12 (10)
j=1

pelenne KOTopoil HaX0JIUM METOJIOM MPSIMOT'O UCKJIIOYEHUS.

s ompejiesiennsl pelieHus 3a/iadu MPUMEHSIETCS UTEPAIMOHHBIN METOJl, B KOTOPOM pe-
IEeHNEe YTOUYHAETCH JIJIs KaXKJI0i sd4deiiku obJjiactu B oTjeabHocT. Ha KaxKj10it nurepanuu mnpu
YTOYHEHHUH PENIeHUs B M-ii gdeiike peleHne B COCETHUX d9eiiKaxX MO0 yKe YTOUHSIOCh, JTUO0
OepeTcs ¢ IpeIblLyIeil nTepalnn.

Paznuuamnch HECKONIBKO THIIOB siUeeK: BCEe CTOPOHDBI sUefiKU HAXOJATCS BHYTPU 00JIACTH
(“BHyTpeHHUe" sTUefiKN ); 0JIHA CTOPOHA sTIEHKM JIEXKUT Ha TPaHuUIle 00J1aCTH; JIBE COCETHUE CTOPO-
HBI sTIefiKN JIeyKaT Ha IpaHuiie 00/1acTu. AHATUTUIECKUE BBIPDAXKEHUsI JIJIsT 9JIEMEHTOB MaTPUIIBI
D u BeKTOpa IpaBbIX dacTeil F' cucreMsl (10) muist Becex yKa3aHHBIX THIIOB STU€E€K HAXOJUJINCH
nporpammoii, Hanucanuoii B cucreme REDUCE [8|. Ucxonuble ypaBHenusi, 6azucHbie dhyHKIUH,
BUJI peIleHns 3allicaibl B HEMl B KadeCTBE BXOJIHBIX JIAHHBIX. KOOPAMHATHI TOYEK MOCTAHOBKU
YCJI0BUil coryiacOBaHUd, 'PAHUYHBIX YCJIOBUI, YpPaBHCHUN KOJJIOKAIWN, IIapaMeTrp 7) BXOJAT B
MOJTy9eHHbIe (POPMYJIBI B CUMBOJILHOM BHUJIE, YTO TTO3BOJIET NIPU OPraHU3aIlud YUCIEHHOTO CUe-
Ta PacCMaTPUBATDL PA3/IMIHbIC BAPUAHTDHI, CBA3aHHDBIE C U3MEHEHUEM STUX BEJIMYUH, HE BHIBOJIA
dopMyIBI MeTO/Ia 3aHOBO. 3/1€Ch OYEBHUJIHA I10JIb3a OT IPUMEHEHHUA CUCTEMbl KOMIIBIOTEPHON
aJIreOphI.

[IpaBuabHOCTD TOTYYEHHBIX (DOPMYJI, CXOIUMOCTH U PabOTOCIIOCOOHOCTH METO/Ia ITPOBEPsi-
JINCh Ha Psijie TECTOBBIX 3aJa4 C U3BECTHBIM TOYHBIM perieHueM. Cpein HUX CJIeIyIolne.

1. Tedenune mMexkjy JByMs HapaslIe/IbHBIMUA ILJIACTUHAME. Pa3HOCTb JlaB/IeHUil Ha BXOJE W
BBIXOJIe PaBHA HYJII0, BEPXHsS IJIACTUHA JIBUKETCs, BHENTHIE CUJIbI OTCYTCTBYIOT.
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2. Tedyenne Mexx 1y AByMs IMapaJljieIbHBIMU ITOKOAITUMHUCS TIacTUHAMHY. /laBjieHne Ha BXOJe
1 BBIXOJIE Pa3HOE, BHEIIIHUE CHUJIbI OTCYTCTBYIOT.

3. Teuenne mexkty AByMs THapaJslleJIbHBIMU IIaCTUHAMU. BepxHdas TacTuHa JIBUZKETCH,
JaBJIeHIE Ha BXO/JIe W BBIXOJle Pa3HOE, BHEIITHUE CUJIbI OTCYTCTBYIOT.

4. Pacuernast obylacTb — €JIMHUYHBINA KBajpar. B KadecTBe TOYHOrO pEIeHUs B3ATHI BbI-
paxkenust jiisg (vy, Ve, p) B BUje TpUroHOMeTpudeckux yHkimii. [logcranoBka 9TOro pereHust
B ypaBHeHus (1) BHOCHT B mpaBble YaCTU WICHBI TUIA BHENTHUX CHJ ¥ UCTOYHHKOB, KOTODBIE
00€eCIIeINBAIOT JIBUZKEHUE YKUJKOCTH, 3aJ[aHHOE TUM perneHueM. /[jig moyrydeHHoit Takum 00-
pasoM cucrembl ypasaenuii ¢ quddepenimanbabivu oneparopamu (1) npumensiem meron KHK
711 HAXOZKJICHUsI YUCJIEHHOTO PEIIeHUS.

Bo Bcex mepeumncieHHBIX TecTaxX B IIPOIECCe UTEPAIUil YNCIIEHHOE DPeIleHne CXO/NIOCh K
TOYHOMY.

3. Pacder TedeHus B IpAMOYTOJIbHOI KaBepHe C JABUKYIIIeli-
Csl BepXHell IrpaHullen

o
Y 1.0 Y 1.0
0.9 0.9 -0.10
| -0.10
0.8 0.8
-0.05
0.7 0.7 -0.05
/—
0.6 0.6
0.5 | 001 0.5 -0.01
/7
0.4 0.4
0.3 0.3
6e-8
0.2 / 0.2 5¢-6
L 1e-5
0.1 (éj 0.1 [ leb
0.0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9 1.0y 0.0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 09 1.0x
6 2
Y 1.0 Y 1.0
0.9 0.9 -0.10
-0.10 | ——
L
0.8 0.8
-0.05
0.7 -0.05 0.7 -
/7
-0.01
0.6 0.6 | e
0.5 -0.01 0.5
0.4 0.4
le-4
0.3 0.3
| 2ed 1.5e-3
- 0.2
0.2 5e-4 Sed
0.1 0.1
3 — ) S
0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 08 09 1.0x 0.0 0.1 0.2 0.3 04 0.5 06 0.7 0.8 0.9 1.0x

Puc. 1. A =1, cerka 80x80. R=1(a), 100 (6), 400 (&), 1000 (2).
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C nomompio Meroga KHK mposejien pacder TedeHus B IpIMOYTOJIbHON KaBepHE C JIBUXKY-
melics BepxHeil rpanuneii. Pacaersr nmposoauimcs s yucest Peiinonbiaca R=1, 100, 400, 1000.
Kapruna nuHUMiT TOKA J71s1 pa3InaHbIX unces PefiHosbica B KBaJipaTHOI KaBepHe IIpeIcTaB/Ie-
Ha Ha puc. 1. 3HakoM '+’ 371ech 0003HAYEH TEHTP BUXPs. BUIHO, 9TO MpH yBeJMYEHUN 9UCTIA
Peitnosib/ica mponcxouT pocT yIVIOBBIX NMPHUJIOHHBIX BUXPEil M CMeIleHre IeHTpa IJIABHOI'O BU-
Xps cHavYaja B HAIPABJICHUU JIBUXKEHUsT KPBIIIKH, & 3aTeM K IEHTPY KaBepHbI. DTOT dpdeKT
HOJTBEPKIAeTCs (DU3MIECKUME SKCIIEPUMEHTaMU, OolucanubiMu B padore [10], u pacueramu,
uposesieHHbIME B |9, 12 — 15].

a 6
Yos5

Yos
0.4 -0.05 0.4 -0.05
— T — e

0.3 .+ 0.3 @
-0.01
| -0.01

A

T
0.1 0.1
0.0 0102 0.3 0.4 0.5 0.6 0708 09 1.0y 0.0 0.10.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 x
6 Yot
0.001 0.003
Yo.5 Yos5
-0.05 -0.05
0.4 -~ 04 2
-0.01
0.3 ~0.01 0.3 |
0.2 0.0001 \\/ 0.2
0.1 Q 0.0003 v 0.1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.10.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0x

Puc. 2. A = 0.5, cerka 80x80. R =1 (a), 100 (6), 400 (s), 1000 (2).

CpaBHeHIME MAaKCUMAJIBLHBIX U MUHUMAJILHBIX 3HAYEHUI CKOPOCTEN BJI0JIb BEPTUKAJILHON U
TOPU3OHTAJILHO CpeJIHel JIMHUKM KABEPHBI C Pe3yJbTataMu, OnybauKoBaHHBIME B [12 — 15],
npuBejieHo B Tabu1. 1. Bee mannbie npusenens: g A = 1. BugHo, 910 XapakTepHble BeJIMIUHBI
npoduieil cKopocTu, HaliJIcHHbIe HAMHU, HaXOJIATCA B XOPOIIEM COOTBETCTBUU C PE3yJIbTaTaMU
pacdeToB Jipyrux ucciaenopareseii. Ha puc. 4 npuBeersbl mpoduin KOMIIOHEHT CKOPOCTH U1 U
Vo JII pa3/IMIHBbIX 4unces PeiiHosbiica B KBaJIpaTHON KaBepHE.

KoopauaaThl eHTPOB BUXpell U 3HaUEHNsT (PYHKIIUU TOKA 1) B HUX IIPH PA3JIUIHBIX TUCTIAX
Peitromnb ica i KBaipaTHO# KaBepHbl npuBeieHbl B a0/, 2. lo 3HaveHusm dyHKIMN TOKA
BHUJ/IHO, YTO BTOPUYHBbIE BUXPU HA JIBa MOPAJIKA cjaadee riaBHoro. TeM He MeHee mpejiaraeMblii
B JIAHHOI paboTe METOoJI XOPOIIO UX IepeaeT.

ObozuaunM 1vepe3 A oTHomeHne T/yOMHBI KaBEPHBI K ee mmpuHe. Ha puc. 2, 3 nmpuBeieHbI
KapTUHBI TUHUI TOKa B ciaydasx A = 0.5 u 2, a Ha puc. 5 oKa3aHbI COOTBETCTBYIOIIIE TPOMUIN
TOPU30HTAJIBHON KOMIIOHEHTHI CKOPOCTH ¥1 BJIOJIb BEPTUKAJIBHON CpejiHeil TUHUM KaBEPHBI IIPH
A=2.

BujiHo, uro B orimune or caydaes A = 1 (kBajparHas kasepra) u 0.5 npu A = 2 obpa-
3yeTcsl BTOPOI BUXPb, 3aHUMAIONINI BCIO HUKHIOIO YacTh KaBEPHBI JaxKe MPU MAaJIbIX THCIaxX
Peitnonbica. 910 moarBep:kaaercs B 9kcrepuMenTtax [10], a Tak:ke pacderamu, IIpe/ICTABICH-
ubivu B [10 — 12|. Tlpu yBemwuennn unciia Peiinosbica pasmep BTOPOro BUXpsi BO3PACTaeT, XOTs
MIOCJIETHUI OCTAeTCsA BeChbMa, CJ1a0bIM.

Ha pucynkax oyksamu U u V' 0603Ha"9eHbBI COOTBETCTBEHHO TOPU30HTAIbHASI U BEPTUKAJIbHAS
KOMITOHEHTBI CKOPOCTU ¥7 U Ug; X U Y — ocu &1 U ZTs.
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Tabaouma 1.

B.I1. IIlamcesn

MeTO,H CGTK& U1 min V2 min V2 max
(ceblika Ha pabory )
R=1
Hacrogmaga padora | 40 x 40 | —0.2071 | —0.1844 | 0.1837
To xe 80 x 80 | —0.2074 | —0.1846 | 0.1839
R=100
[12] 128 x 128 | —0.2106 | —0.2521 | 0.1786
[13] 129 x 129 | —0.21090 | —0.24533 | 0.17527
Hacrogmasa padora | 20 x 20 | —0.2100 | —0.2462 | 0.1761
To xe 40 x 40 | —0.2133 | —0.2513 | 0.1782
To xe 80 x 80 | —0.2125 | —0.2497 | 0.1756
R=400
[13] 129 x 129 | —0.32726 | —0.44993 | 0.30203
[14] 64 x 64 | —0.32368 | —0.44862 | 0.29925
To xe 128 x 128 | —0.32751 | —0.45274 | 0.30271
[15] 49 x 49 | —0.2960 | —0.4051 | 0.2662
Hacroamasga pabora | 20 x 20 | —0.2780 | —0.3899 | 0.2477
To xe 40 x 40 | —0.3041 | —0.4174 | 0.2768
To xe 80 x 80 | —0.3222 | —0.4443 | 0.2970
R=1000
[12] 256 x 256 | —0.3764 | —0.5208 | 0.3665
[13] 129 x 129 | —0.38289 | —0.51550 | 0.37095
[14] 64 x 64 | —0.37436 | —0.51015 | 0.36364
To xe 128 x 128 | —0.38511 | —0.52280 | 0.37369
[15] 129 x 129 | —0.3689 | —0.5037 | 0.3553
Hacrogmasa padora | 40 x 40 | —0.3360 | —0.4752 | 0.3182
To xe 80 x 80 | —0.3590 | —0.4901 | 0.3463

Tabuauma 2. KoopauHaTsl IIeHTPOB BUXpeil U 3HAUEHUsT PYHKIIUN TOKA,
B HUX B KBaJpaTHON KaBepHE.

R ['maBHBIT BUXPD [IpaBblii IPUIOHHBIA BUXPh
Buauenne 1) | Koopaunare! (x,y) | Suauenne 1) | Koopauuars! (X,y)
1 -0.100 (0.5; 0.7625) 2e-6 (0.9625; 0.0375)
100 -0.103 (0.6125; 0.7375) le-5 (0.95; 0.0625)
400 -0.112 (0.55; 0.6125) 0.0006 (0.8875; 0.125)
1000 -0.110 (0.5375; 0.575) 0.0016 (0.8625; 0.1125)
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Puc. 3. A =2, cerka 40x80. R=1 (a), 100 (6), 400 (), 1000 (2).

4. 3aKJII0YeHue

Jlnst cucrembl crannoHapHbix ypaBaenunii Hasbe — Crokca moctpoen cerounsiii meton KHK Ha
pery/sipHOit KBajipaTHO ceTke. C ero moMoIbio MPOBEJIEH PAcieT TeUYeHUs B MPSIMOYTOJIBHOMN
KaBepHe C JIBUKYIIelics BepxHeil IpaHuIieil Ipu pas3/IMIHbIX duciax PeitHosbaca. CpaBHeHme
3HAUYECHUN TOPU30HTAJIBHOU KOMIIOHEHTBHI CKOPOCTHU U1 BJOJIb BEPTUKAJBHON CPEAHENA JIMHUU Ka-
BEPHBI U BEePTUKAJIHLHON KOMIIOHEHTBI CKOPOCTH VU BJIOJIb TOPU30HTAJIBHON CpeaHeil JIMHIU Ka-
BEPHBI C Pe3y/IbTaTaMi, IIPUBEJCHHBIMI B paboTax |9 — 15|, mokassiBacT XOpoIee COOTBETCTBUE
pacderoB 1o Meroixy KHK ¢ pacueramu 1o merogam, mpejjaraeMbiM B 3Tux padborax. Hanbo-
Jiee OJIN3KOE COBIIQJIEHUE 3HAYEHUN CKOPOCTH HAOJIIOMAeTcd IPU MaJIbIX duciax PefiHombica.
[Ipu Gosbiux guciiax PeitHo/b/ca HauIydInee CoBIIaJieHue MOJIYIeHO ¢ pe3yJIbTaTaMi pabOThI
[15]. Pacxoxaenue JaHHBIX cocTaBisier Menee 3%, npudem Hammm pacders 1m0 metogy KHEK
nposouinchk Ha cetke 80 x 80, a B pabore [15] — Ha cerke 129 x 129.

Kaprunb! muaunit Toka, nmoaydennnie mo Merogxy KHK npu pazymanbix uncinax Peitnosbica,
U aHAJIOTMIHBbIE KAPTUHBI, IPUBEJICHHBIE B YKA3aHHBIX paboTax, naeHTHIHbl. C yBe/jndeHneM
qncia PeitHosibica py Bcex 3HaYEHUSX mapaMerpa A MPONCXONT CMeIleHne eHTPa IIaBHOTO
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Puc. 4. Ilpoduan ropu3oHTAIbHON KOMIIOHEHTHI CKOpPOCTH U BIOJb BEPTUKAJILHON CpeIHEH JTUHAN
KaBepHbI (CJIeBa) U BEPTUKAJBHON KOMIIOHEHTBI CKOPOCTU V' BJIOJIb TOPU3OHTAJIBHON CpeHEl JIMHUM

kaBepubl (cmpasa), A =1, R=1(1), 100(2), 400(3), 1000(4).

Y 2.0
1 7‘%’
2
1.5 4
3
1.0 -
0.5 -
0.0 . P . . . .

-1.0 -0.6 -0.2 0 0.2 0.6 1.0 ¢

Puc. 5. Ilpocdunaun ropusoHTaIBEHON KOMIIOHEHTHI cKopocTu U BIOJIbE BEPTUKAJIBLHON cpemqHel JTUHUN

kaBepubl, A = 2, cerka 40x80. R=1(1), 100(2), 400(3), 1000(4).

BUXPs CHaYa/la B HAIPABJIEHUM JIBUXKEHUS KPBIIMIKH, & ITOTOM K IEHTPY KaBepHbI. KapTuHb
TeYeHNs C YKA3aHHBIME BBIIIIE JeTasMi HabIIoMauch B (pusmaeckoM skcepumente |10].

ABTOpHI H/1aromapsT ’A. I'. CurenimoBa | 3a BHMMaHue K padoTe.

ITpunoxxkenne 1. DiemeHTHhl MaTpuilbl B 1 BeKTOpa MpaBbIX YacTeil F' mnepeomnpe-
JIeJIEHHOM cucTteMbl (8), MOJIyYeHHbIX U3 yCJIOBUM COIIaCOBAHUSI.

DJieMeHTbl MaTpuilbl B

Il =1 By = -7 Be=Bs = 3162: By =0, Bis = 5C Bu = 1, By = -5,
Bis = —12, Big = Bup = 2(, By = — 2,

[ = 2: Tlo cpaBHenuio co ciydaeM [ = 1 U3MEHWIUCH TPHU jIeMeHTa: B3 = —n"?g‘ , Bjo =
Byip = —2¢.

=3 By=Bu=0,Ba=Bu =~ Bs=—1, Bs = 75C, B = —75, By = 22,



METOJ KOJIJIOKAITNUI 1 HAUMEHBIIINX KBAJIPATOB 81

2 24+ 1)n+2
Bis = -2, By = =532, By = 2, Bup = — 002

[ = 4. Ilo cpaBuennio co ciaydaeMm [ = 3 U3MEHWINCH YeTbIpe 3jIeMeHTa: Bz = —#C,
_ _2(n+2) _ 2 _
Bl7 - n+1 Ca BlS - _77+1<.7 Blll - _QC

2
=5 Bn=Bu=DBis=DBg=0,Bp= 1, By =5¢, Bis = 1, By = Bui = 2(, By = 117,

_n 2 _ (CHDnt2
Bio = mg , Bz = EErTSE
[ = 6: Ilo cpaBrenuto co ciaydaeM | = 5 U3MEHUINCH TPU JIeMeHTa: B3 = —#C , Bir = B, =
—2C.

2-2
=T Bp= #, Bia =Bj5 =0, Bz =1, By = —,]%C, B = —%, Bir = #7 Big = ngﬂ ;
2 2(n+2 24+1)n+2

B = 27(, Buo = 22¢, By = 2 By, = 2.

[ = 8: [TIlo cpaBuenuio co ciydaem | = 7 UBMEHWINCH YeThIpe 3jIeMeHTa: By = #C , Big =

—25¢, Bao = —22¢, By = —2(.

1=9: Buy=k, Ba=Dis =D =DBw=0, By=—;5( Bu=1, By = 75(* Bis = Z%f’

Biio = Bna = 2¢, B = %){7”

[ = 10: [Ilo cpaBuenuto co ciaydaeMm | = 9 U3MEHWINCH TPHU IeMeHTa: Bj3 = #C , Bjio =

Bjp = —2¢.

l=11: By =Bu= 0 Biz = Buo = 5, Bis = =1, Bis = —15(, Bis = —47, Bir = %C}

24+ )n+2

Bis = :%:C, Bio = 52, By = 2, B = SH2

[ = 12: TIlo cpaBuenuio co ciaydaem | = 11 u3MEHUIUCH 4YeThIpe dj1eMeHTa: By = #C,

Bl7 = :jf C BS - +1<7 Blll - _2<

I =13 Bu = Bu = Bis = Bis =0, By = =, Bz = =75, Bis = 1, Bir = By = 2(,
24+1)n+2

By = n+1’ Bpo = —;5C% Bus = —%-

[ = 14: Tlo cpaBrHenmio co ciaydaeMm | = 13 M3MEHWINCH TPHU 3jIeMeHTa: Bz = #C , By =

B = —2¢.

I = 15 Bll =~ B = Bis = 0, By = 1, Bu = ;5¢, Bis = —35, Br = —.h,

2(n+2 +1)n+2
BlS = 77+1 ) B9 ni1<—7 BllO - (77+1)<7 Blll (CT{? B 12 = 2(
[ = 16: Ilo cpaBuenuio co ciaydaem | = 15 u3MeHUIUCH YeTHIpE jieMeHTa: By = —#C ,

__ 2 2(n+2)
Bl9 - 77+1<7 Bll(] n+1 C BllQ 2C
KomMmnoneHTBI BekTOpa [

Fy = {nC?(by + by — af — a¥y) + n¢lal — bg — 2(byg + b1 + afy + ay)] + n(by — by + bg + b1y —
af — aj — ag — afy) + 2¢(afy + afy — bio — biz) — by + ajf + 2(bg + by + a§ + afy)}/(n + 1),

Fy = {U<2(57 + by — a¥ —aly) +n¢lbs — af + 2(bio + bia + a¥y + aly)] + n(by — by + bg + by —
al — aj — ag — afy) — 2¢(aYy + afy — bio — biz2) — by + ajf + 2(bg + by + a§ + afy)}/(n + 1),

Fg = —{[(b5 —(Zg+2(b7+b11 —|—a‘7*+a‘f1))(— (b9+612 —(Zg —G,If2>g2 —bg —b3 _b10 —b12+ag —a§+
afy+aiyn—(bs—ag)R+2((bs+b1 —ag —af; +2(by —aj)) —bs+a5+2(by—bia+ag —ajy) }/(n+1),

F4 = {[(65—a§+2(b7+b11 +a17{+alf1))c+<b9+b12 a‘g—a‘f2)C2+b2+b3+b10+bu—a§‘+a§‘—a§‘0—
aia)n+(be — ag)R+2((bs + b1 —ag — afy +2(br —ay7)) + by —az +2(—bg + b1 —ag +aiy) } /(n+1),

Fs5 = —{n¢*(bio + b1z — afy — afy) + 1¢[bs — a§ + 2(by + by + af + afy)] + 1n(ba + bs + b +
bz — a3 + a5 — ag — afy) + 2¢(br + biy — a7 — ayy) + bs — a5 + 2(by + biz + ag + ajy)}/(n + 1),

F6 = —{?7(2((?10 + b12 — a‘fO — a1112) — ’/]C[bg — ag + 2(67 + b11 + Cl;I + Cllfl)] + U(bg + b5 + bg +
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bz — a3 + a5 — ag — afy) — 2¢(br + buy — a7 — ayy) + bs — a5 + 2(by + bz + ag + ajy)}/(n + 1),
F7 = {[(b4—a2—2(b10+b12+a1f0+a‘f2))§—(bg—i—bn—ag—aTl)CZ—bl—bg—lh—bu —|—a‘f—a§+a$+
aiy]n+(be — ag)R —2¢(bg + bz — ag — ajy +2(bio — afy)) — bz + a5 +2(bs — b1 +ag —afy) }/(n+1),
Fg = {[—(b4—a2—2(blo+b12+a‘f0—|—a‘f2))§— (b8+b11 —ag—alfl)gz—bl —bg—b7—b11+a‘f—a§+
a?—i—aﬁ]n—l—(bﬁ—arﬁ‘)R—l—ZC(bg—i—blg—ag—a1f2+2(b10—a‘f0))—b3+a§+2(b8—b11+a§_a511)}/(7]+1),

Fy = _{TIC2(b7 + b1y — a% — afy) + n¢laf — by + 2(byg + bia + afy + aly)] + n(by + by + bs + by —
at + af — ag — afy) +2¢(byo + biy — afy — aly) + by — a} + 2(bg + by +ag +ajy)}/(n + 1),

Fro = —{n¢*(by + bix — a% — aty) + n¢[bs — a3 — 2(bio + biz + @iy + aiy)] + n(by + ba + bs +
by — a} +aj — ag — aty) — 2¢(bio + biz — afy — aty) + by — aj + 2(bg + by +ag +afy)}/(n+1),

Fi= {[(b5 —ag —2(b7+b11+a‘$+a‘f1))C— (b9+b12 —aﬁ—a‘b)(z —b2+b3 —bm —b12—|—a§+a§+
ato+ate]n+(bs —ag)R—2((bs+b11 —ag —ai, +2(br —ay)) +bs—az+2(bg—bia+ag—agy) } /(n+1),

Py = —{[{(bs— a3 —2(br+bi1 +az+ai)) ) +(bg+biz—ag —aiy)(*+ba—bs+bio+bi2—a3 —aj—ajy—
aga)n— (b — ag)R —2C(bs + biy —ag —ajy +2(by —az)) —bs+ a5 +2(—by +bio —ag +aiy) }/(n+1),

Fig = {nC*(bio + bia — afy — aly) + 1¢[bs — aj — 2(by + bu + a7 + afy)] + n(ba — b5 + by +
bz — a3 — az — ag — afy) — 20(br + by — a7 — ayy) — bs + a5 + 2(bg + biz + ag + a3y)}/(n + 1),

Fiy = {nC(bio + bz — afy — afy) — n¢lbs — aj — 2(by + by + af + afy)] + n(by — bs + by +
bz — a3 — az — ag — afy) + 2C(br + buy — a7 — ayy) — bs + a5 + 2(bg + biz + ag + a3y)}/(n + 1),
Fis = {[~(ba—af +2(bio+bra +afy+afy) )+ (s + b — ag —afy )P +by — by +br +biy —af —a3 —
az —aty]n+(bs —ag)R—2C(by +bra —ag —afy +2(bio—aiy)) —bs+a3 —2(bs —bu+-ag—aiy) }/ (n+1),

Fig = {[(ba—af +2(bio+bio+afy+afy))+ (bs+b11 —ag —af) ) (> +by —bs+br +byy —af —a3 —af —
a1+ (bs — ag )R+ 2((bg + bia — ag — afy +2(bio — ajy)) — by +az — 2(bg — b1y +ag —afy) } /(n+1).

ITpunoxkenue 2. DiieMeHTHI MAaTpPUIlbl B 1 BeKTOpa IpaBbIX YacTeil F' mepeomnpe-
JIeJIEHHOM cucTteMbl (8), IMOJyYeHHbIX U3 KPAeBbIX yCJIOBUIA.

DJieMeHTbl MaTpuibl B

l =1 By =DBs=1 By =Bz =DBg=DBy=0, By =—& Bu=—1, By =&,
Bpg = Bns = =26, By = £° + 1.
[ =2: Tlo cpaBaenuto co ciaydaem [ = 1 u3ameHuIUCh Tpu aeMenTta: Bz = &, Bjjg = Bjo = 2€.
| =3 By =DBy=DBg=DBg=0,By =Bz =DBn =1, Bs = ¢ By = Bjn = -2,
By =&, B =&+ 1.
[ =4: Tlo cpaBHeHHIO CO ciiydaeM [ = 3 UBMEHUJIUCH TPU 3jieMenTa: Bis = &, By = Byp = 2€.
=5 Bu=DBz=DB;=1,Bp=DBj=DBg=DByg=0, By=—¢, Bg =& Buo= Bua = 2¢,
By =&+ 1.
[ =6: Ilo cpaBHeHUIO cO ciiydaeM [ =5 UBMEHUIUCH TPH deMenTa: By =¢&, Bjjg= Bjo=—2¢€.
=T By=Bu=DBg=DBsg=0,By=DBs=DByg=1, Biy=¢, By = B1 = 2¢, Buuo = &,
Bpp =&+ 1.

= &8: Ilo cpaBHeHuio co ciydaeMm | = 7 U3MEHUJIUCh TpU djeMenTa: B3 = —&, By = Bjjp =
—2¢.
=9 By=DBu=Bs=1,By=DBj;=Bjgs=DBy=0, By=—¢ By =&, Biio = Bz = 2¢,
By =&+ 1.
[ = 10: TIlo cpaBHenmio co ciaydaem | = 9 u3meHm/IMch Tpu ieMmenTa: Bz = &, Byg = Biis =

—2¢.
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l =11: By =By =B =DBig=0, By =Bno=1, B3 =—1, Bis = —§, By = By = 2§,
By =&, Bja =&+ 1.

[ =12: Tlo cpaBrenuto co ciaydaem [ =11 usmenuiuch Tpu nementa: By =&, By = B = —2€.
| =13 By =By =1 By =Bz = Bg = Byg =0, By = —1, By = ¢, Bs = &,
Bio = Bps = —2¢, By = &% + 1.

[ =14: Tlo cpaBHenuio co ciydaeMm | =13 usMeHmIUCh Tpu dteMenTa: By =&, Bjg= Bjia=2€.
=15 By =By =B =Bg=0,Ba=Byg=1,Bs=¢, Bs =—1, By = By = —2¢,
Bio =& Bua =& +1.

[ =16: Ilo cpaBuenuio co ciyudaem [ =15 uamenuyiuch Tpu nemenTa: Bj3=—E&, By = B =2€.

KomMmnoneHThI BekTOpa [

Fy = (b3 + 2(bio + b12))€ = (6% + 1)buy — br€% — by + by — bg + U1 (=€, —1),
Fy = —[(bs 4 2(b1o + b12))€ + (€% + 1)biy + b7E> + by — by + bs — U1 (€, —1)],
Fy = (bs + 2(br + b11))€ — (€2 4 1)big — b€ — by — bg — byg + Us(—€, 1),
Fy = —[(bs 4 2(b7 + b11))€ + (€% + 1)bia 4 bo&? + by + bs + by — Ua (€, —1)],
Fy = —[(2(b1o + b12) = ba)€ + (€% + 1)1y + bs&® 4 by + bs + by — Un (1, =€),
Fs = (2(bio + bi2) — ba)€é — (€2 4+ 1)b1y — bs&? — by — bs — by + U1 (1, ),

Fr = —[(2(b7 + b11) + b3)€ + (€2 + 1)bia 4 b1o€% + by + bs + by — Ua(1, =€),
2(b7 + bry) + b3)€ — (£2 4 1)brg — b1o&* — by — bs — by + 02(175)’

by — 2(bio + b12))€ — (2 4 1)byy — br&? — by — by — bs + Uy (=€, 1),
Fig = —[(bs — 2(b1o + b12))& + (£ + 1)byy + br&® + by 4 by + bs — U1 (€, 1)),
Fii = (bs — 2(by + b11))€ — (&2 + 1)b1a — bg&? — by + bs — byg + [jQ(_f’ 1),
Fig = —[(bs = 2(br + b11))& + (€% + 1)big + bo&® + by — b3 + big — Ua(€,1)],
Fig = (2(b1o + b1z) 4 bs)€ — (€2 + 1)b1y — bs&® — by + by — by + Uy (—1, =€),
Fiy = —[(2(b1o + b12) + bg)€ + (€2 + D)byy 4 bs&> + by — bs + by — U (—1,€)],
Fis5 = (2(br 4 b11) — b3)& — (§2 + 1)b1a — b1o€% — by + by — by + Us(—1, —¢),
Fig = —[(2(b7 + b11) — b3)€ + (€2 + 1)b1a + b10€” + by — by + by — Ua(—1,€)].

Fy=(
Fy=(
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